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e Mossel, Peres, Sinclair (2004)
Shuffling by semi-random transpositions.
o total variation upper bound of O(nlog n) for any semi-random
transposition shuffle
o lower bound of O(nlog n) for cyclic-to-random shuffle
@ M. Ganapathy developed independently and by similar arguments an
improved upper bound for semi-random transpositions. (2006)
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The associated Markov chain: X = (X,)§°

P(Xn = X’Xn—l =y, Xp—2=Xp_2,...,X0 = XO)

= P(Xn = x[Xp-1 =)

= Ka(x,y)
Let po be the distribution of Xy. The distribution p, of X, is

Z po(x)Ko,n(x, y)
xeV

where K, , = I and for m > n
Kn,m(Xay) = Z Kn,m_l(X, Z)Km(Z,y).
zeV

K, are matrices: K, m = Kpp1 ... K.
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Major assumption: There exists a measure 7 that is invariant for the
sequence (K,)7°, i.e.
K, = .

Large class of examples: random walks on groups.

Let V = G a finite group equipped with a probability measure p. The
Markov kernel

K(x,y) = p(x"1y)
has m = 1/|G| as an invariant measure.

Any sequence of probability measures (p;)7° on G gives a sequence (K;)3°

of Markov kernels with invariant measure .
Kn,m(X,¥) = Pns1 %+ % pm(x"1y)

where

urv(x) =Y u(y)v(y 'x)

vyeG
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Definition: Let Q = {Q1,....Qn} have invariant measure 7. (Q, ) is
ergodic if for any (K;){° with invariant measure 7 and K; € Q for infinitely
many i then

lim Ko n(x,z) — Kon(y,z) =0

n—oo

forall x,y,z€ V.

Remark:
o Let Q ={Q}. (Q,n) is ergodic is stronger than

Vx,y,z€e V, lim Q(")(X,Z) — Q(")(y, z)=0.
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Spectral analysis

(K,7) is a linear map on £2(V, ).
Let u,v € 2(V,T).

o Ku=3  cyK(.y)u(y)
o (u,v) =) ey u(x)v(x)m(x)
@ K™ has associated Markov kernel

K*(x,y) = m(y)K(y, x)/m(x).

Distances on /2(V, ):

drv(p,m) = sup |u(A) — m(A)]
AeVv
7 = Z|§‘§§§—1r2 )

Jensen’s inequality: 2d7y (u, ) < da(p, )
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Singular values of K on /2(V,7):
1=0o(K) > 01(K) = > 0ojy-1(K) 20

where

0i(K) = V/Bi(KK*) = /Bi(K*K).

Theorem: Consider (K, 7). Let (¢,~)gv‘7l be a basis of /2(V, ) such that
KK*1; = oi(K)?; (assume 1o = 1.) Then

(K (x,-),m)? = S oi(K)2[wi(x)|?
S ey da(Kon(x, ), m)2m(x) = LI ai(K)2.
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Main technical result

Theorem Let (K;)7° be a sequence in V with positive invariant measure

m. Forj>1and 0 </ < |V|—1 let 0i(Kj) be the singular values of K; on
?2(V,7) then

da(Ko.n(x. ), ) < (m(x)" ”2H01

and
[VI-1 n

ng(Kom(x,- , ) (x) < Z Ha,

xeV i=1 j=1
Main idea of proof:
Forall k=1,...,|V|-1
k k n
Y oi(Ki--Ky) < D[] os(Ki)?
j=1 j=1i=1

The inequality follows from chapter 3 in Topics in matrix analysis by Horn
and Johnson.
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Remarks:
o Let Q = {Q} have invariant measure 7.

(1) 01(Q) < 1 implies Q"(x,-) — = for all x
(2) (Q, ) irreducible, aperiodic and reversible w.r.t. 7 implies 01(Q) < 1
Counter example: Rudvalis shuffle
@ Potential weaknesses:
(1) K; transpose cards i,i + 1 or nothing with probability 1/2.
(2) O’l(Kl s K,,) < 1 but 0’1(K;) =1
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Theorem Let Q = {Q1, ..., Qk} be a family of kernels on V with
invariant measure 7.

e (Q,m) is ergodic iff 01(Q;) < 1 forall 1 <j < k.

o If (Q, ) is ergodic then for any (K;)7° with invarient measure 7 and
infinitely many K; € O we have

Vx, lim Konp(x,:)—m=0
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Application to time inhomogeneous random walks on finite

groups

Main technical result simplifies when V = G, in this case 7 = 1/|G]|.

@ (pi)7° a sequence of probability measures on G.

Ki(x,y) = pi(xty)

Kn,m(XaY) = Pp41 k% pm(Xil}/)

o Set Knm(x,y) = pnm(x71y)

For 0 < j < |G| — 1 set gj(p;) = 0j(K;) where singular values are
taken w.r.t m.
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Let (pi)7° be a sequence on G. Then
da(po,n, ) < (1G] — 1)/ T]{ o1(py)
G|—1 y7n 1/2
da(pon ) < (LI Ty oip)?)

Example: (5;)7° a sequence of generating sets of G s.t. id € S;. Set

. [ 115 ifxTlyeS;
Kily) = { 0 otherwise.
Well know eigenvalue estimates give us
1
o1(K)?> <1-—
: 5127

where d; is the diameter of the Caley graph associated to SJ-# =5U Sj_l.

. 1/2
1
(Kol ) m) < 162 | (1 i w)
1 I
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Semi-random transpositions

Let G =S, and m=1/n!. For 1 </ < nset

oy S 1/n ifx=(ij)for1<j<n
qi(x) = { 0 otherwise.

Theorem: For n>1,¢ > 0 and k > n(logn+ c)
dz(qgk)ﬂr) <V?2e ¢

Note: g; is reversible w.r.t. . For any i g1 and g; are images of each
other under some inner automorphism of S,.

@ g;'s have same singular values
k k n!
o da(ql,m)? = do(ql?, m)? = S0} om( 1)
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Semi-random transpositions

Definition: Let r = (r;)° with r; € {1,..., n}. The r-semi-random
transposition shuffle is associated to (p;){° where p; = gy,.

Pok = P1%---* py : distribution after k steps

Theorem For any r = (r;)$°, ri € {1,...,n}

k
(b s ) < (7).
For ¢ >0, k > n(logn+c), c > 0 then da(pg ,, ) < V2e e,

Proof From techniques just described

nl—1 k nl—1

da(po s m)? < S [Lom(an)? =Y om(@)* = da(¥), m)2.

m=1j=1 m=1
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Information can be lost with the inequality

k k n
Y oi(Kie Ka) < > T oi(Ki)

j=1 j=1i=1

Let r = (r;)7° be a sequence of i.i.d. uniform random variables taking
values in {1,...,n}.

Py« :random transposition shuffle

Diaconis-Shahshahani:
For ¢ >0, k > (n/2)(log n+ ¢)

d2(p6,k7 m) < fBe” .
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Semi-random insertions

cij: pick card in position / and insert it into position .

id if i =
cj=14 Uj—1,...,i+1i) ifl<i<j<n

Random insertion measure on S,:

1/n  ifx=id,
)2 ifx=cyif |li—jl=1
q(X)_ 1/n2 ifXZC,'J if ‘I'—j‘>1

0 otherwise.

Theorem (Diaconis and Saloff-Coste): For all n > 28, ¢ > 2 and all
k > 2n(logn + c)
do(§), 71) < 2e7(¢72),
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Semi-random insertions

Forie {1,...,n} set

Gi(x) = 1/n if x =c;j for some j, 1 <j < n,
)= 0 otherwise.

The adjoint §7(x) = §i(x~!) inserts uniformly chosen card into position .

Note that:
efForany1<i<n qgi*q =4qg.
o 0j(Gi) = 0j(§)1? 0<j<nl -1

Definition Let r = (r;)3° with r; € {1,..., n}. The r-semi-random
insertion shuffle is associated to (p;)7° where p; = §r,.

Po x = P1* -+ * Pk o distribution after k steps.
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Semi-random insertions

Theorem For any r = (r;){°,ri € {1,...,n}

(B 2k 7) < da(5H), 7).
For n > 28, ¢ > 2 and k > 4n(log n + ¢)

(B 1) < 267 (<.
Proof

nl—1 2k

d2(l~36,2k7 77)2 < Z H Um(ari)z

m=1i=1
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Theorem For any r = (r;){°,ri € {1,...,n}
da(BG o> ™) < co(§H), ).
For n > 28, ¢ > 2 and k > 4n(log n + ¢)
(B ) < 2e7(<2),

Proof

(B < 3 [[om(@n)?



