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a curve, obviously, is a straight line segment. The reader may look
throtgh our hook Shorrest Pathis? for examples of such problems,
There is a larpe selection of int eresting extremal m._z.__..__E.:x aboul con-
vex fipures in the book by I. M. {ﬁF_c_.: and Y. G. Boltyanski
mentioned at the end of Chapter 1.

We have previously considered the simplest of such prablems,
that is, finding the smallest convex figure contaiming three non-
collinear points A, &, C. It turned out to be the triangle A8C In
sections 32 and 40 we shall consider the so-called dsoperimerric
problem, that is. the problem of finding the plane figure having the
greatest area for a boundary of given length.

We shall now give an interesting extremal problem connected
with the arrangement of E..::.u_-mu__::zr:.? convex figures in a lattice
of integers. A plane convex figure (convex solid) @ is said to covera
point P if P is an interior point of . Suppose that we are given a
plane lattice of integers and a convex central-symmetric figure 0
with its center a one of the lattice points and not covering any other
lattice point. G. Minkowski stated and solved the problem of find-
ing the maximal possible area of such a figure and the analogous
problem for a three-dimensional lattice. The following theorem gives
the selution,

MENKOWSKI'S THEOREM. (a) The greatest area of a plane central-
symetric convex figure O whese center of svmmetry coincides with
ane of the lattice points of an integral lattice and which does not cover
any other lattice points is equal to 4.

(b)Y The greatest velume of a three-dimensional convex ceniral-
simumeiric sofid whose center of symmetry coincides with ane of the
lattice points of an integral lattice and w hich does not cover any other

o

fartice point i equectl fo B2

Proof of (a). Let Ry denote the square with vertices at the
lattice points My, Mo, M1 1. M1 and center at the point
() = My, (Fig, 63). The area of this square is equal to 4, and the
square Ry does not cover any lattice points other than its center .

If we translate Ry, by vector OM,,,. then It goes over to square
R, with area also equal to 4 and with center at lattice point M,

oA _|._.._.__,.._._.._m.:_.n: Sharress Paths: Variationa! Probfems (New York-Loendon _.__...q,_m"_._:..”_“__
Press, |Yed),

* Thie thegrem hus been proved Tor spoces with o dimensions. The maximal #-climensional
volume under the conditions of the theorem is 2" (forn = 2and # = 3, 2% equals 4
and 8, respectivelyl.

b

and vertices at lattice paints My Mu-1ne1 Ma—i—1, and
._E.:_... 1,n=1-

Now let Oy be a convex central-symmetric figure with center
at 0 = My, covering no lattice points other than its center. Let
O denote the figure obtained by trunslating Qg0 by vector :_:_._ .
We must prove that the area of Jp.o (and, therefore, of each of the
figures () does not exceed 4 (the area of Rop).

We consider the set of squares Ke,», with centers at points
Man 2y with even integral coordinates. The entire plane 15 thus
divided into an infinite set of such squares, which fill the plane and
do not overlap cach other. Two figures are said to overlap each
other if they have common interior points. We also consider the set
of all figures oy, .. We shall now prove the tollowing:

LeMMA. If Qo does not cover any lattice points other than
its center, then the figures Quy, 2 do not averlap cach other,

Proof. Suppose that the figures Qo oz, and Oay- 0y with centers
at the points Muy 0y = M _:_1 Moy 0qe = M overlap each other.
that is, have a common interior point . We consider the two pos-
sible cases:

Case 1. The common interior point C does not lie on the line
MM’ (Fig. 64).

Nrrr’ll!

Figure (Juyz, is obtained from Qa0 by translation by the

vector M'M; the segment M'C lies entirely inside Qa0 2, (since M’

and C lie inside the convex figure Quyuy). If we translate the

figure Oz, e by vector M’ M so that it coincides with oy an, then
the segment M'C goes into an equal and parallel ,_.:EE: MO

lying entirely inside Qup e Let MO denote the segment equal
and parallel to MC' but ?:._c on the opposite side of point M. This
sepment is also equal and parallel to M'C. Since Qay 2a has a center
of symmetry at point M, segment MC", as well as segment M’
symmetric to MC " with respect to point M, lies entirely in Qg 24
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In the preceding paragraph we saw that the area of the ligure
@o.01s cqual to the sum of the areas of the parts Ay, Ba, By, .., By of
the figures Qup 1, lying in the square Ry

Because of this, we have the following;

(L) IF the area of Ohg is less than 4. then the parts A, B,
By, .. .. By of the figures Oy, 0, do not completely fill the square R, g,

{2) If the area of Q4 is equal to 4 (that is. equal to the arey
of fy 0 itsell), then these parts of the fipures Qay, 4, completely fill
the square Ry (without gaps). Also, the parts of the figures Guy, o,
will completely fill any square Ry, 5. And since the entire plane is
divided into these sguares, the figures Oy, o cover the entire plane

without gaps and without overlapping cach other, as was shown
above.
We have obtained the following:

(a'). If a convex figure Oy has the maxinuan area, 4, then the

Sigvres Qs o fill the eniire plane withet gaps. Conversely, if the convex
Sfigtires O

with centers at the lattice poinis having even integral
chardinates cover the whaole plene witheour paps and withous averlap-
ping each other, then the area of each is 4.

Thus, the problem of determining the figures Cog having maxi-
mum arca and the problem of determining the figures Chayy o, cover-

ing the plane without gaps and without overlapping are equivalent,

A corresponding  development can be given in the three-
dimensional case, Let Rynodenote a cube with center at the arigin,
and edges 2 units long and parallel to the coordinates axes. Its ver-
tices lie at the lattice points for which each of the coordinates is equal
to 'or — 1. The interior of the cube Ry, contains only one lattice
point, that is, its center (.

Let us consider for a moment 4 convex solid o.o0 with center
at the origin and whose interior contains no lattice point other than
its center. By reasoning entirely analogous with that above, we can
prave the following statements in order:

l. The preceding lemma for the three-dimensional case: Lel
Uoromz2n denote one figure with center of symmetry at the lattice
point with coordinates 2/, 2w, 25 obtained from Qoan by trunsla-
tion. If Qu i does not cover any fattice poinis ather than ity center,
then the solids Oap o, s, do not overlup each arher.

50

2. Part (b) of Minkowski's theorem: Inside cube Koo are
found part 4, of solid Gy and parts 8s, By, .. ., By of other solids
apaman- 1 e sum of the volumes of these paris Ay, Bs, Ba ..., Biis
equal to the volume of solid .00 On the other hand, this volume
does not exceed the volume of Rynp, that is, 2% = &,

3. (), corresponding to (a') above: If safid Qoon has the
mraxitnal possitle volwne Ceqreal to &), rthen the solids Oat o ai JH the
entive three-dimensionaf space without paps. Conversely, i the salfeds
Cuiiman [l three-dimensional space, then these solidy have the
greatest passible valime, 8,

16. FILLING THE PLANE AND SPACE WITH
CONVEX FIGURES

We have seen in section 15 that the maximal central-symmetric
figures O, 0 in an integral lattice fill the plane without gaps, Now
we shall determine the form of these figures.

since the figures Qs 4, do not overlap each other, and, on the
other hand, do not leave any gaps, they must adjoin each other, that
is, have common parts of their boundaries. Since a common part
of the boundaries of bounded convex figures can be only a straight
line segment, the boundary of cach of the Agures (o, o, consists of
several straight line segments. Thus, all the figures oy oy are
polvgons, Since the polvgons a0, are central-symmetric, they
have an even number of sides (the boundary of such a polygon may
be divided into several pairs of symmetric sides). Chviously, the
number of sides of Qu,, 0, is not less than 4.

Two cases may oceur in covering the plane with the polygons

Case |. Al least one side of the polygon Oy adjoins two or
more sides of other polygons Oy, 4.

Case 2. Each side of polygon O, adjoins one side of one of the
neighboring polygons.

First we shall examine Case 1.

Let us establish a positive dircction on the boundaries of polygon
Oye and all polygons Ou,, sy, that is, the direction in which we
Would travel iff we were to make a counterclockwise journey around
the polygon. Then a common side of two polygons is assigned op-
Posite directions by the two polygons.

h



