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(b) v; is not an eigenvector: an eigenvector is, by definition, not zero.

(b)

AVZ

4
Avsz = v3, S0 v3 is an eigenvector of A corresponding to A = 1.
Avy = —2vy, SO vy is an eigenvector of A corresponding to A = 2.
Avs = 5vs, 80 vs is an eigenvector of A corresponding to A = 5.

5
[4j| is not Av, for any scalar A, so v is not an eigenvector.

12
Avg = li 8 } is not Avg for any scalar A, so vg is not an eigenvector.
6
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Call the given matrix A. The characteristic polynomial of A is 5 A

“A(=1-A)=6=A2+A-6 = (A+3)(A-2),50 A = —3 and A = 2 are the eigenvalues of
A. To find the eigenspace corresponding to A = —3, we must solve the homogeneous
system (A — AI)x = 0 with A = —3. We have

2 3 2 3
A‘M=[2 3]“[0 0]‘

The variable x> = t is freeand 2x; = -3x2 = —3t,50x = —%t. The eigenspace corre-
3
—_2t _2
sponding to A = —3 is the set of vectors of the form of x = [2} = [ tz } = t{ 12] .

To find the eigenspace corresponding to A = 2, we must solve the homogeneous
system (A — AI)x = 0 with A = 2. We have

-3 3 1 -1
A'M=[ 2 -2]*[0 o]'

Again, x; = t is free, but x; = x2 = t. The eigenspace corresponding to A = 2 is the

t 1
set of vectors of the form of x = |2} | = =t|.].
X2 t 1

[1-A 6 0 0

Call the matrix A. Then A — Al = (5) 2 o A 3 9 A _02 and the characteristic

0 0 1 -A
L
polynomial of Ais det(A—AI) = A*=6A3-17A%2+78A-56 = (A-1)(A-2)(A=7)(A+4).
There are four eigenvalues, A = 1, A = 2, A = 7, and A = —4. To find the eigenspace
for A = 1, we must solve the homogeneous system (A — Al)x = 0 with A = 1. We have

06 0 0 510 O
510 O 010 O
A-M=149 92 27|00 1 -1
0 01 -1 0 0 0 O
so x4 = tis free, x3 = x4 = t, x, = 0, and x; = —zx2 = 0. The eigenspace consists
X 0 0
of vectors x = iz = (t) —t(l) . To find the eigenspace for A = 2, we must solve
X4 t 1



(b)

(©)

the homogeneous system (A — AI})x = 0 with A = 2. We have

-1 6 0 0 1 -6 0 0
5 00 0 0 30 0 O
A-M=1 o091 2|7lo 01 -2
0 01 -2 0 0 0 0
S0 x4 = tis free, x3 = 2x4 = 2t, x» = 0, and x1 = 6x2 = 0. The eigenspace consists
X1 0 0
of vectors x = ’;g = 20t =t (2) . To find the eigenspace for A = 7, we must solve
X4 t 1

the homogeneous system (A — AI)x = 0 with A = 7. We have

6 6 0 0 1 -1 0 0 1 -1 0 0

5 -5 0 0 0 0 2 1 0 01 -7
A-M=1 49 o 4 2|~lo 01 -7|"]0o o0 15|

0 0 1 -7 0O 00 O 0 00 0

s0 x2 = tis free, x4 = 0, x3 = 7x4 = 0, and x; = x2 = t. The eigenspace consists of

X1 t 1
vectors X = iz = (t) =t (1) . To find the eigenspace for A = —4, we must solve
X4 0 0

the homogeneous system (A — AI)x = 0 with A = —4. We have

56 0 0] 5 6 0 0
56 0 0 0 01 4
A-M=14597 217|000 30|
0 0 1 4| 0 0 O 0
s0 xo = tis free, x4 = 0, x3 = —4x4 = 0, and 5x; = ~6xy = —61,50 X3 = ——g. The

X1 ——gt _g
. . _ X7 _ t _ 1
eigenspace consists of vectors x = X3 0 t 0
X | 0 0

We are given Ax = Ax with x # 0. Since A is invertible, Ax # 0, so A # 0.
Multiplying Ax = Ax by A~} gives x = AA"!x, so A~!x = ix. Thus x is also an
eigenvector of A™!, with eigenvalue %

[BB] The answer is yes. Since Av = Av, (5A)v = 5Av = (5A)v, so v is an eigenvector of
5A with eigenvalue 5A.

The answer is yes since Av = Av, (5A)v = 5Av = A(5v), so 5v is an eigenvector of 54
with eigenvalue A.

The answer is yes, and this is a consequence of the fact that eigenvectors correspond
to fixed linc : —see 3.3.4 and Exercise 9. Since Av = iv, A(5v) = 5Av = 5(Av) = A(5v),
S0 5v is an eigenvector of A with eigenvalue A.



