1 ()

3 ()

(e)

This system is homogeneous. The elementary row operations will not change the
right hand column of 0s, so we omit these in performing Gaussian elimination (but

remember they are there)!
T 1 -2
0 0 11

The variable z = t is free. Back substitution gives y + z = 0, s0 Y =

-2 1
-7 2

-2 1
-1 -1

-z = -t and

ERi

X
X-2y+2=0,80x =2y ~z=-3t. The solution is [y] =
A4

1-34 1 o

CiVi + V2 +C3v3 +Cavy = 0iS Ac = 0withA = |2 02 1| andc= €2
C3

3 1213 ca

Gaussian elimination proceeds

1 -3 4 1 1 -3 4 1 1 -3 41
A-|0O0 6 -6 -1|]-70 1 -1 1|-]0 1 -1 14,
0o 0o o0 -7 0 0 01

0 10 -10 10
Since ¢3 is a free variable, this homogeneous system has nontrivial solutions. For
example, —v;1 + vz + v3 + Ovg = 0. The vectors are linearly dependent.

4

4 8
Cy
C1V] + Covo + C3vy = 0is Ac = Owith A = i lg _g and ¢ = |:C2j|. Gaussian
7 8 4 €3
elimination proceeds
1 10 -3 1 10 ~§ 1 10 -3
A—-0_3216~»01—5_.01'%
: 0 -44 17 0 0 -5 0 0 1
0 -62 25 0 0 -6 0o 0 o

The solution is ¢3 = ¢z = ¢; = 0. The vectors are linearly independent.



lﬂ (c) The given system is Ax = b where

X111 .
-1 0 0 -1 2 : X2 -2
A=| 3 12 4 -1/, x=|x3| and b=| 1.
4 -1 1 0 2 x4 1
-1 0 0 -1 2| -2 ;
The augmented matrix is 3 1 2 4 -1| 1 }. Gaussian elimination pro-
-4 -1 1 0 2 1

ceeds : S .

-1 0 0 -1 2] -2 1 00 1 -2 2

3 1 2 4 -1 1j-]0 i 2 1 51 =5

4 -1 1 0. 2 1 60 -1 1 -4 10| -7

1 00 1 -2

100 1 -2 2 7
~l0 12 1 5{ -=5|~]01 2 I 5
0 0 3 -3 15]-12 0 01 -1 5
Variables x4 = t and x5 = s are free. Back substitution vields x3 — x4 + 5x5 = —4, 50

X3 = ~44X1-5X5 = —4+1-58, x242x3+X4+5x5 = —5,80x2 = ~5-2x3—x4-5x5 =
w5 =2(—4+t-58)—t-58=3-3t+585, X1 +Xx4-2x5 =2,%0x;1 =2 ~t +25. The

solution is -
2—-t+2s 2 -1 2
3-3t+5s 3 -3 5
X=|-4+t-5s|=|-4{+t]|] 1|+s|-5
t 0 1 0
K 0 0 1
2 -1
3 -3
which is of the from x, + xp with x, = [ -4 a particular solutionand x = f; 1| +
0 1
0 0
2
5

s/ —5]| a solution to the corresponding homogeneous system.
0
1



7. (a) This is Ax = b with

X1
1 -2 3 1 3 4 X2 -1
| -3 6 -8 2 -11 -15 _x3 | 2
A= 122 2.4 6 ol *|xul> =3
-2 4 -6 -2 -6 -7 Xs 1
X5
1 -2 3 1 3 4] -1
-3 6 -8 2 -11 -15| 2
® [ARI=] 3 5 2 _4 & 9l 3
-2 4 -6 -2 -6 -7| 1
1 -2 3 1 3 4]-1 1 -2 31 3 4]-1
0O 0 1 5 -2 -3]|-1 0 015 -2 -3]|-1
“fo 0 -1 -5 3 5| 4|70 o000 1 2| 3
o 0 0 0 0 1]|-1 0o 0006 0 1]|-1

This is row echelon form. The variables x; = t and x4 = 5 are free. By back substitu-
tion, we get xg = —1, X5 = 3—2x6 = 5,X3 = —1-5x3+2x5+3x¢ = ~1-55+10-3 =
6-5s,andx; =—-1+2x2~3x3-x4—-3x5—4xg=—-1+2t—-18+158§—-5-15+4 =

X1 —-30+ 2t + 14s
P o] t
. . X3 6—5s
—30 + 2t + 14s. In vector form, the solution is x = x| = R =
. X5 5
X6 -1
-30 2 14
0 1 0
6 ] -5
ol *tlof +5| 1
5 0 0
-1 0 0
-30 e 14
0 1 0
This is x, + xp with X, = 6 and xp =t 0 +5 -5
p X 4 ) h 0 1
5 0 0
-1 0 0
307
¢ -1
(c) In part (b}, we saw that A g = § s0, in view of 2.1.33, we have
5 1
L —1.
-1 1] -2 3 1 3 4
2 -3 6 -8 2 -11 -15
3——301'*“0,.,2 +62+0_4+5 6| = e
1 -2 | 4 -6 -2 =6 -7




by
16. (a) The vector b = Z; is a linear combination of the given vectors if and only if there
b4 )
exist scalars ¢, €2, €3, ¢4 such that ¢yv; + cove + c3v3 + c4v4 = b. This is Ac = b with
1111 c1
A= i % é g and ¢ = Z . Gaussian elimination proceeds
1000 Cyq
1 1 1 1 b 11 1 1 by
A= 0 0 0 -1ibr-b 0 1 1 1|{by~by
0 0 -1 -1|b3-by | |0 0 -1 ~1|b3-Dby
0 -1 -1 -1|bg-b; 0 0 0 -1|b-by
1111 b,
0111 b-»b . . .
“lo o011 b: _ b: . This system has a solution for any b, so every b is a
0 0 0 1|b1-0b;

linear combination of the given vectors.

26. We apply Gaussian elimination to the augmented matrix of coefficients:

1 0 1[-1 1 0 1} -1
2 -1 0O 2 o0 -1 -2 4
0 1 2/-4]7}t0 1 21 —4
a b c 3 0 b c-a|3+a
1 0 1 -1 1 0 1 -1
01 2 -4 0 1 2 -4
“10 0 0 0 T 0 0 (c-a)-2b}(3+a)+4b
0 O (c-a)-2b|(3+a)+4b 0 0 0 0
1 01 -1
S ‘ 0 1 2 -4
(a) If c —a - 2b # 0, row echelon form is 0 0 1| 3taxsb and there is a unique
c—a-2b
0 0 0O 0
s o _ 3+a+4b _ —
solution: z = =55, X = -4 -2z, x = -1-2.

) Ifc—a—-2b=0and 3 +a + 4b # 0, the third equation says0 =3 +a+4b # 0, a
contradiction. There is ho solution in this case.

1 0 1]-1
" 01 2|-4
() fc—a+2b=0and3+a+4b = 0, then row echelon formis | o o | o |
0 0 0| O
z = tis a free variable, and there are infinitely many solutions.
1 1 2}1 1 1 2} 1 112 1
27. We have 3 -1 -2|3|(-10 -4 -8 O -101 2| 0
-1 3 6|k 0 4 8jk+1 0 0 O|k+1

(a) There are no solutions if k + 1 # 0; that is, if k # —1.
(b) There are infinitely many solutions if k + 1 = 0; that is, if k = ~1.






