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16. (a) Since Au = |i 1} # 0, u is not in the null space.
2

(b) Gaussian elimination proceeds | -3 6 3 -9 1 29
-4 8§ 3 -10 1 33

6 -12 -5 16 -2 =53 6 -12 -5 16 -2 =53
~-lo o % -1 0 % ~lo o 3 -1
2 1
0 0 -3 z o 0 0 0 -3 -
from which we see that Ax = b has a solution. Thus b is indeed in the column space.

Setting the free variables x; and x4 equal to 0, we obtain one solution x; = -4, x; = 0,
-4
0

6 -12 -5 16 -2 —S3j|
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x3="5,%x4=0,x;5=2 Thus A = b; so

5
0
2

b = —4(Column 1) + 0(Column 2) + 5(Column 3) + 0(Column 4) + 2(Column 5)
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(c) To find the null space, we solve Ax = 0 for x = | x3
Xg
X5
6 —12 -5 16 -2
As we have seen, A can bereduced to [ 0 0 % -1 0:| ,80x2 = tand x4 = s are
0o 0 0 0 -3
=2s,x1 =2X2 — X4 = 2L - 5.

free variables. Back substitution gives x5 = 0, x3 = 2x4

Thus the null space consists of vectors

X1 2t —s 2 -1
X2 t 1 0
x3| = 28 =t|0| +s| 2
X4 Ky 0 1
X5 0 0 0

by
b,

, we see that the
b3

(d) Applying the elimination process to solve Ax = b, where b = [

system can be solved for any b. The column space is R3.

(e) rank A = 3.
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17. (a) Since Au = [ Al} # 0, u is not in the null space of A.
0

(b) The question asks if Ax = b has a solution. Applying Gaussian elimination, we obtain
2 -8 7 -4 3 -4
6 -24 24 -7 10 5
10 -40 41 -8 24 7

2 -8 7 -4 3 -4 2 -8 7 -4 3 -4
-10 0 3 51 17 |-}0 03 5 1 17
0 0 6 12 9 27 o 00 27 -7

from which we see that Ax = b has a solution. (There are free variables.) Thus b is
indeed in the column space. Setting the free variables x; and x; equal to 0, we obtain

one solution x4 = —%, 3x3=17-5x4 = 6—29, S0 X3 = % 2x1 = —4-7x3+4x4 = _1_@2;1,
i
0

x1=—1?1—7. Thus A gzg = b; so
7
)
0
b = -7 (Column 1) + 0(Column 2) + 2 (column 3)

- %(Column 4) + 0(Column 5)

2 -8 7 —4 3
=———197 6 | +0]-24 +§ 24 -7z -7] +0j10] .
4 |10 ~40 2 1a1] 2|-8 24
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(c) To find the null space, we solve Ax = 0 for x = | x3
X4

Xs

2 -8 7 -4 3
As we have seen, a row echelon form of A is { 0 03 51 } ,s0x =tand x5 =5
0o 00 27
are free. Back substitution gives 2x4 = —7Xs, SO X4 = —%5, 3x3 = —5X4 — X5 = —235,
S0 X3 = 1—21—5, 2x1 = 8%y — 7x3 + 4x4 — 3X5 = 8t - %—13 so x1 = 4t - 1—}%5. Thus the
null space consists of vectors

w

3 r 1117
4t - 1—l—l—sT -
X1 4 4 4
X7 t 1 101
x3| = lls =t|0] +5 >
X4 % 0 7
xs y 0 2
LS L 1 ]
b,
(d) Applying the elimination process to solve Ax = b, where b = | bz |, we see that the
b3

system can be solved for any b. The column space is R3.
(e) rank A = 3.



4.3

1. (b) dimR3 = 3 and we are given three vectors. These form a basis if and only if they are
linearly independent, so we investigate the system Ax = 0, where the columns of A
are the given vectors. Gaussian elimination proceeds

1 2 3 1 2 3 1 2 3
4 56|-10-3 -6]-1012
7 8 9 0 -8 -18 0 00

There are nontrivial solutions; the vectors are linearly dependent; they do not form a
basis.

(f) Five vectors in a vector space of dimension four cannot form a basis.

1235
9. [BB] W is the null space of A = [1 01 3] . Using Gaussian elimination,
2359

1 2 3 5 1 2 3 5 1 2 3 5
1013|~]0 -2 -2 -2]-70111
2 359 o -1 -1 -1 00 0 O
sox3 = t and x4 = s are free, x; = -t — s, x3 = -2(-t —s) -3t - 55 = ~t - 3s,
—t—3s -1 -3 -1 -3
—t-s -1 -1 -1 -1 .
and x = ¢ =t 1l T3 of- The vectors 1 and ol area basis for W:
s 0 1 0 1

dimW = 2.



