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The eigenvalues of A are the roots of the polynomial det(A - Al). Since A — Al is the
5-A -2 6
triangular matrix 0 —-1-A 9 |[andsince the determinant of a triangular matrix
0 0 3A
is the product of its diagonal entries, det(A—AI) = (5-2)(-=1-A)(3-A). The eigenvalues
are 5, —1 and 3. Since the eigenvalues are distinct, A is diagonalizable by Theorem 3.4.14.
There are six diagonal matrices to which A is similar, those whose diagonal entries are
any of the six ways in which 5, -1, 3 can be ordered.

We must determine whether or not A has 4 linearly independent eigenvectors. If x =

is an eigenvector for A = —1, then x is a solution to the homogeneous system (A+I)x = 0.
Gaussian elimination starting with A + I proceeds

1310 1 -3 -1 0 (1 -3 -1 0
-1 310 O 0 00 0 1 0 -5
-4 3 4 1[7]0 -9 01 o o o0 11|
0 0 0 3 0 0 01 0O 0 0 0
1 ’xl
SOX3=t,X4=0,X7_=0,X1=tandX=t(1) fx = iz is an eigenvector for A = 2,
0 X4

then x is a solution to the homogeneous system (A -~ 2I)x = 0. Gaussian elimination
starting with A — 2I proceeds

-4 31 0 1 0 -1 0 1 0 -1 0
-1 01 0 0 3 -3 0 01 -1 0
4311|7]l0o3 31|00 01}
0 0 0O 00 0O 0 0 00
1
soxs =0,x3=10x2=1, xlztandx:t} . We cannot find more than two linearly
0

independent eigenvectors, so A is not diagonalizable.

(a) The characteristic polynomial of A is -4 -2-A -5
2 2 5-A

=(3=A)[(=2-A)(5-A)+10)]+4[(5—-A) = 2]+ 2[-5—-(-2-Q)]
“A3+6AZ-11A+6=(1-A)(A-2)(A-3).

(b) Since the 3 x 3 matrix A has three different eigenvalues, 1, 2, and 3, A is diagonalizable
by Theorem 3.4.14.



(c) The desired matrix P is a matrix whose columns are eigenvectors corresponding to

14. (b)

(0

1, 2 and 3, in that order. To find the eigenspace for A = 1, we solve A — Ax = 0 with
A = 1. Gaussian elimination proceeds

2 1 1 1 1 2 1 1 2 112 X1
-4 -3 -5| - |~-4-3-5|-{0 1 3| ~—-1{013|.Withx=|x2|,we
2 2 4 2 1 1 0 -1 -3 000 X3
1

have x3 =t free, x, = =3x3 = =3t,and x; = —x2 —2x3 =1,S0 X = t[—3 . To find
1
the eigenspace for A = 2, we solve A — Ax = O with A = ~1.

1 1 1 111 111
Gaussian elimination proceeds | -4 -4 -5 | — {0 0 -1} — 10 0 1.
2 2 3 00 1 000
X1 -1
With x = | x> | , we have x, =t free, x3 = 0,and x; = —xp —x3 = ~t,sox=¢f| 1].

X3 0
To find the eigenspace for A = 3, we solve A — Ax = 0 with A = 3.

0o 1 1 1 1 1 1 1 1
Gaussian elimination proceeds | -4 -5 -5 | — [ -4 -5 -5 | — |0 -1 -1}.

2 2 2 0 1 1 0 0 O
X1
With x = |x2 |, we have x3 = t free, x, = -x3 = —t,and x; = —x2 —x3 = 0, s0
X3
0 1 -1 0
Xx=t|-1}.WeobtainP= | -3 1 -1].
1 1 0 1
. . . -A 1 2
The characteristic polynomial of Ais | =, _, | = “AR-AD+1=A"-2A+1=

(A — 1)2. There is only one eigenvalue, A = 1, so if if A were diagonalizable, say
P-1AP = D, then D = I. But P~1AP = | implies A = I which is not true. So A is not
diagonalizable.

The characteristic polynomial of A is ’ > —)1\ 2 __i I =5-A)R2-A)+2=2A%-
7A + 12 = (A - 3)(A —4). Since A has two distinct eigenvalues, A = 3 and A = 4, it is

diagonalizable. For A = 3, a corresponding eigenvector is [i] and, for A = 4, [i] .
12

_ 1 _ 130
Let P = [1 1].'IhenP AP =D = [04 .
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(i) The characteristic polynomial of A is

3-A 0 6
0 -3-A 0

=(—3—/\)|
S 0 2-A

3-A 6
5 2-A

=(=3-A)(A2 =52 -24) = (-3 -2 (A-8)(A+3),
s0 A has eigenvalues A = -3 and A = 8. The eigenvectors for A = -3 are found

a
6 06

by solving (A — AI)x = O with A = —3. Gaussian elimination proceeds |0 0 0} —
505

il
w E)-[44

- 6
Alx = 0 with A = 8. This time, Gaussian elimination proceeds [ 0 -11 0} -
5 0 -6

,80 x» =t and x3 = s is free and x; = —x3 = —s. Eigenvectors are of the

OO
o OO
OO =

O = 0O

-1
} +5 [ 0} . To find the eigenvectors for A = 8 we solve (A—
1

, 80 x3 = tis free, x, = 0, and x; = %X3 = gt. Eigenvectors are of the

6
0
0
St
S
form[ } ol = ’[
t
6

l:l} and one for A = 8 1is [0} . These three eigenvectors are linearly independent,
0 5

—
o O v
o= O

oo,

-1
} . Two obvious eigenvectors for A = —3 are [ 0} and
1

—_— O
o = O
viIo o,

so A is diagonalizable. The matrix P = [ } whose columns are the three

} .

OO w
oS w o
o OO

indicated eigenvectors is invertible and P"!AP =D = I:



