
Math 2130 Workshop: Electron Orbitals
A hydrogen atom consists of one proton and one electron. In quantum mechanics,

this electron is modeled as a wavefunction around the central proton. Mathematically, a
wavefunction associates a number to every point in three dimensional space. Näıvely, we
can think of the electron as moving randomly around the atom, with the wavefunction
giving us (when squared) the relative probability of finding the electron at any particular
location. Once one is more comfortable with quantum physics, it helps to think of them
as their own sort of thing.

The electron typically occupies the lowest energy electron orbital, known as 1s. In this
state, its wavefunction is given (in spherical coordinates) by:

f(ρ, θ, φ) =
1√
π
e−ρ

1) When observing the electron, the probability of observing it in a particular region
R is

∫∫∫
R

(f(ρ, θ, φ))2 dV . Verify that this integral, taken over all space, is 1.



This wavefunction is the solution to Schrödinger’s Equation:(
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2

)
= Af +Bf

1√
x2 + y2 + z2

Where A and B are combinations of physical constants.

2) Recall that f(ρ, θ, φ) = 1√
π
e−ρ. Compute ∂2f

∂x2
. You can pick one of two ways to solve

this: either plug in ρ =
√
x2 + y2 + z2, or make very clever use of the chain rule.

3) You can figure out ∂2f
∂y2

and ∂2f
∂z2

by replacing x by y and z. Add them together to

figure out what the constants A and B are.

4) Appreciate that you could solve these problems for more com-
plicated wavefunctions, such as that for the dz2 orbital, which starts
to show up in the neighborhood of iron:

f(ρ, θ, φ) =
1

81
√

6π
ρ2e−

ρ
3 (3 cos2 φ− 1).


