Solutions to the Practice Problems for the Final, Fall 2006

1. Find the plane that contains the lines L; : =z =1+t y=1—-1t 2z = —t and

Ly: x=1+43t, y=—-3t, 2= -3—3t.

SOLUTION: The lines are parallel. We choose two points on Ly, say (1,1,0) with
t =0and (2,0,—1) with t = 1. We also choose a point on L, say (1,0, —3) with ¢ = 0.
The plane goes through the three points, so it is 2x + 3y — z = 5.

. Find and classify the critical points of the function f(z,y) = 4z%e¢¥ — 22% — e%.

SOLUTION: An easy computation shows that the first order partial derivatives of f
exist at every point. So the only critical points for f are the ones in which both f,
and f, vanish:

fo=8ze =823 =0 <& 8z(e? —12?)=0 <& z=0ore’=2a? (1)
{ fy=4a%e¥ —4e" =0 & 4e¥(a? —e¥) =0 & ¥ =g? (2)
_ 2
We notice that z = 0 is not a solution of equation (2), and we solve { Ezy_:xxg'
system gives:
=eVsed(l-e)=0e¥=1y=0

and 22 = €’ = 1, hence v = +1.
There are two critical points: P = (1,0) and @ = (—1,0). To classify them as
max/min/saddle, we compute the second order partial derivatives:

f:rx = 8e¥ — 24.772
fyy = 4a?e¥ — 16e®
fay = 8weY.

At P = (1,0), we have det( _56 _812) =128 > 0, and f,, = —16 < 0, so

P =(1,0) is a local maximum.

—-16 =8
At Q = (—1,0), we have det( 8 19

Q = (—1,0) is also a local maximum.

) =128 > 0, and f,, = —16 < 0, so



3. Find the absolute maximum of the function f(x,y,z) = z*yz on the triangle cut by
the plane = + y + z = 12 and the first octant.

SOLUTION: We apply the method of Lagrange multipliers, with f(z,y, 2) = 2?yz and
g(z,y,2) =2 +y+2—12. Since

V(f) = (2ayz,a2,0%) and V(g) = (1,1,1)

we need to solve the system

2eyz = A (1)
2z =\ (2)
v’y =\ (3)
r+y+z=12 (4).

From equations (2) and (3) we get 222 = 2%y, sox =0 or 2 = y.

First, note that the value of f is 0 at any point on the boundary of the triangle. Now
assume that z # 0, y # 0, and 2 # 0. Hence 2z = y, so A = 2%y and equation (1) gives

2vyz =1’y & ay(2z —x) =0=x=0o0ry =0 or v = 2z.
So, x = 2z (and again z = y). Plugging everything in equation (4), we get:
r+y+z=12224+24+2=12&2=3

so z = 6 and y = 3. We obtain the solution ) = (6, 3, 3), which gives f(Q) = 36-3-3 =
324.

We conclude that the absolute maximum value of f on the triangle is 324, and it occurs
at the point @ = (6,3, 3).

4. A thin wire lies along the curve r(t), 0 < ¢ < 1. The wire density ¢ (its mass per unit
length) increases linearly along the wire and is d(r) = s + 1, where s is the arc length
parameter, and s = 0 corresponds to the ¢ = 0 endpoint of the wire. Determine the
wire mass if |v(t)] = t* + 1.

SOLUTION: . .
s(t) :/ |v(t)|dt / P+ 1dt=1/3+1t
0 0
1

M:/ 5(r)|v(t)|dt:/1(t3/3+t+1)(t2—|—1) dt =20/9.



5. Find the flux of the field F = 22%i + xj — 32k outward through the surface cut from the
parabolic cylinder z = 4 — 2 by the planes z = 0, z = 1, and z = 0.

SOLUTION:

2yj +k 2zy — 3
g=z+y*—4, Vg=2yj+k, ]Vg|:\/4y2—|r1,n:L Fon= Y _°%

p=k, [Vg-p|=1, do=\/1y> +1dA.

Flux_// 3&\/42 1dA = //Qxy 3z dA = //Qxy 3(4—1?) dA

492 + 1

1 p2
://2asy—12+3y2dA:/ / 22y — 12 4 3y? dydr = —32.
R 0 J-2

6. Consider the gravitational field:

(zi +yj + 2k)

F=—GMmp

where G, M, m are constants.

a) Show that the field is conservative. (Hint: Set r = /22 + y2 + 22 , and use that
(a) y
o _ z )

ox — r’
(b) Find a potential function f(z,y, 2) for F'. (Hint: Try f of the form C/r where C
is a constant.)

(c) Let P and @ be points at distances s and ¢ from the origin. Find the work done
by the gravitational field F in moving a particle from P to @), i.e. evaluate the

Q
integral/ F - dr.

P
SOLUTION: Let F = Fji+ F5j + F3k and set a = GMm.
(a) F1 = —% and Fy = —% . Therefore:
OFy  3axdr  3awvz

9z rt 9z b
OFs  3azor  3axz
or  rtox >

The other two parts of the test can be verified in analogous way.

(b) Try f = C/r. Now: of _ Cx of Cy of  C=

ox B dy 3 FER
and f=GMm/r.
()

Therefore, C' = a

Work::/QF-dr:f(Q)—f(P):GMm (%—1> .

P s



7.

8.

9.

Let F be the vector field
F(z,y,2) = (2> +y+20°)i + ax(y + 1)j + (z° + y* + zyz°)k

where a is a real number. Find the parameters a such that the flux of curl F across
the unit upper hemisphere is zero.

SOLUTION: The flux is the circulation of F along the unit circle in the xy-plane. This
circulation is equal to the flux of Curl(F) across the unit disk, which turns out to be

//[)iSka(y—i-l)—ld:cdy:ﬂ(a—l),

and the answer is a = 1. It is also possible to compute directly the circulation (this is
not difficult).

Let
[y, 2) = (@® + 4>+ 2%)°

(a) Compute div(grad(f)).
(b) For which value(s) of a is div(grad(f)) = 07

SOLUTION:
grad(f) = 2a(a® + y* + 2*)* ! (ai + yj + k)

div(grad(f)) = 2a * (2(a — 1) + 3)(z® + y? + 22)*"

This vanishes when a = 0 and when a = —1/2.

(a) Graph the part of the spiral r = 6 for 0 < 6 < 8.
(b) Calculate the area of the shaded region, shown in the picture.

2 pO+27 2m
SOLUTION: (b) Area = / / rdrdf = 2w / (0 + m)df = 87
o Jo 0



Math 192 Final Exam Solutions. Dec 8, 2005

L@y =1-5-5=f=-50-5-%) h=-70-5-%) "
fr(172) = _17fy(172) = _Zaf(172) - %
a) Equation of tangent plane: —1(z — 1) — }l(y —-2)—(2— %) = 0.
b) Linearization:
L(z,y) = f(1,2) + fo(1,2)(z = 1) + f,(1,2)(y —2) = 5 — ( — 1) — 1(y — 2), L(0.8,2.4) = 0.6

2. a) Since the components of F and their partial derivatives are continuous everywhere, we may apply
Green’s Theorem with M = —y and N = z to get

/ﬁ fds—//l— —1)]dA = 2(Area of D).

—

b) F- 9 — (bsint)(asint) + (acost)(bcost) = ab. Therefore, [, (F - T)ds = OQW(ﬁ- ay gt = L [P (ab)dt =
2mab. Thus, area of ellipse = $(2mab) = wab.

2sin @

3. The circles intersect when 2sinf = 1 = sinf = l = 0= % %T Therefore, area = f f rdrdl —

4. Since z = pcos ¢, the plane and sphere intersect when 1 = 2cos ¢ = ¢ = 7. Also, p = sec¢ every-
where on the plane. Therefore, Volume = fo% fog fs Zec 4 p*sin ¢ dpdpdh = fo —sec® @ sin ¢ dpdh =
1 0% fog [8sin ¢ — tan ¢ sec? ¢| dopdl = %’r

5. f(z,y) = 2* — zy. There are no critical points in region R. The boundary is 2% + y* — 2y = 1. Let

g(z,y) =2+ y* —ay. Then Vf = AVg=2r —y=A\2x —y),-2= 2y —2) = A=1ory =2z
A=1l=—=a=2y—2r=>y=0,z=1,-1. But (1 0),(—1,0) are not in R.

y=2r=1"4+ 22?2 —2z22)=1=2= \/gﬂf The point (\/§7\2[> isin R.Ony =1, f(x,1) =2%> -z
n [0, 1]. This has critical point (1,1) and endpoints of this interval in R are (0,1) and (1,1). So f must

be evaluated at: (0,1),(1,1), (5 1) (% \%) The maximum value of f on Ris f(1,1) = f(0,1) = 0 and

the minimum value is f(\/ig, \2[) =3

) [ [z do, where do = \|vafl|g| dA.
Vf _ 1

fla,y,z) =a2+y*+ 22 = Vf =2ai+2yj + 22k = |V [ - k|_2,z:>‘vfk‘ .
Therefore, [ [yz do = [ [,z () dA where R is the region inside the circle r = cos 6 of radius 1/2. So,

6. Average distance of a point on S from the plane = (area

[ J4z do =7%. Now, area ofsurfaceS—fdea—ffR dA = fo COS& r2) =2 ¢ drdf
=—[f1-r 2)1/2)c0s0 qf) = — Jo (sin® — 1) df = m — 2. Thus, average dlstance = ;—g =3
7. a) Two pairs of partials are already equal. Solve =2a%z = %];f =22+1—-a’=a=1or —1.

b) ggzM—e cosy = f = e“cosy + g(y, 2). af:—e smy+£:N:—ersiny+z2:>g—Z:,22:>
9(y,2) = yz* + h(z). gﬁ =2yz + W (z ):P:2yz. = h(z) = C. Therefore, f(z,y,z) = e*cosy + yz* + C.

c) Work along curve C = fcﬁ-cfr = ff df = f(1,7/2,2) — £(0,0,7) =27 — 1.

8. Let S; be the surface of the cyhnder for y > 0. f(x,y) = 22 +y*> = Vf = 207 + 2yj = IVf| =

2/a% +y? = 4. So, do = L dA = L dA. Therefore, F-7i do = ﬁ- (2520) () dA =252 aa




= % dA. Thus, flux = [ [o Fiido = fng dA = f03 f_22 4(4—2*)"V? dxdz = 4f03 [sin™" (E)}: dz = 12m.

2
Similarly, the surface Sy of the cylinder for y < 0 also has flux 127. Therefore, total flux across the cylinder

= 247,

9. For the line integral around C, we use 7(t) = cos ti + sin tj, 4 — _ginti + cos tf. On C we have z =0
and so F = (2% 4+ y?)k. Therefore, F - & = () = Jo F.dr=0.
For the surface integral, the curl V x F = yi — 2. and Vf = 227 + 2yj + 5k. So (V x F) -t do =

(yi —xj) - (Mtéyfj:%%) <|‘vvfj-01|€|) dA = w dA = 0. Therefore, the flux of the curl of F = 0.

10. By the Divergence Theorem, ffsﬁ cido = [[ [, divF dV = fo% fol flel_r (1) dz rdrdf =
1
0% fol <61’7"2 - 1) rdrdf = 5 o [61”’2 + 7“2}0 df = (e — 2).





