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Def. A (typically discontinuous) map be-
tween metric spaces f : X — Y isan (L, A)-
quasi-isometry if for all z1, zo € X, y €Y,

(a1, m2)- A < d(f(e1), f(22)) € Dd(e1,22)+A

and d(y, (X)) < A.

Two maps f, f/: X — Y are equivalent
if their sup distance is finite:

sup {d(f(:c),f’(a:)) |z € X} < 0.

A quasi-inverse of a quasi-isometry f :
X — Y Is a quasi-isometry g : ¥ — X such
that the compositions go f and f o g are
equivalent to the identity maps.

Def. If X is a metric space, the quasi-
iIsometry group of X is the collection of
equivalence classes of quasi-isometries X —
X, with the group multiplication given by
composition.



Def. Suppose G is a group, X, Y are
metric spaces, and G ~» X and G ~ Y are
actions.

A quasi-conjugacy is a quasi-isometry
f: X — Y such that

sup{ d(f(gz),9f(z)) | g€ G,z € X} < oo.

Fundamental lemma of Geometric Group
Theory. Suppose G is a group, X, Y are
proper geodesic metric spaces, and G ~ X,

G ~ Y are two discrete, cocompact, iso-
metric actions. Then there is quasi-conjugacy
X — Y. In particular, X and Y are quasi-
isometric.

Def. AN isometric action on a metric
space G ~ X is discrete if for every x € X,
R € [0,00), the set

{g e G|d(gx,z) < R}

is finite.



Cor. If GG is a finitely generated group
equipped with a word metric, then the ac-
tion of G on itself by left translation is
quasi-conjugate to any discrete, cocompact,
iIsometric action of G on a proper geodesic
metric Sspace. |

Cor. If M is a compact connected Rie-
mannian manifold, or a finite connected
polyhedron equipped with a piecewise Rie-
mannian metric, then «#(M) is quasi-isometric
to the universal cover M.



Rigidity problems

1. Given metric spaces X and Y/, is there
a quasi-isometry X — Y.

2. Given a metric space X, what is QI(X) 7

3. What groups are quasi-isometric to a
given metric space X7

4. How can one recognize when a space
IS quasi-isometric to X7



Motivation

e Determine the structure of the outer
automorphism group or the commensura-
tor of G.

e Extend Mostow rigidity to other geome-
tries.

e Develop deeper understanding of the
intrinsic/asymptotic geometry of a group
(or space).

e Develop new geometric, analytic, or com-
binatorial tools for the associated asymp-

totic geometry.

e Because it's there.



Thm. (Mostow, Kleiner-Leeb) Suppose
X, Y are symmetric spaces of noncompact
type. Then X is quasi-isometric to Y iff X
is isometric to Y (modulo normalization of
factor metrics).

Thm. (Pansu, Schwartz, Eskin-Farb, Es-
kin) Suppose G C Isom(X) and G’ C Isom(X')
are irreducible nonuniform lattices, where
X and X’ are symmetric spaces of noncom-
pact type. Then G is quasi-isometric to ¢’
iff G is commensurable to G’.



Fact. Nobody understands QI(R™), when
n > 2.

Thm. When n > 3, QI(H") is canonically
isomorphic to the group of quasiconformal

homeomorphisms of the standard sphere
sn—1,



Thm (Pansu, Kleiner-Leeb, Bourdon-Pajot,

Bourdon, Xie) Let X = [][; X; be a product,
where each X; is either

e An irreducible symmetric space of non-
compact type other than a hyperbolic or
complex hyperbolic space.

e A thick irreducible Euclidean building.
e A Fuchsian building.

Then (modulo renormalizing factor met-
rics), every quasi-isometry X — X is equiv-
alent to a product of isometries.

Thm. (Eskin-Fisher-Whyte) The quasi-
isometry group of three-dimensional Solv
geometry is, up to index two, isomorphic
to BiLip(R) x BiLip(R).



Thm. (Stallings, Dunwoody, Gromov,
Karrass-Petrowski-Solitar) Any group quasi-
isometric to a tree is virtually free.

Thm. (Gromov, Pansu, Bass) Any group
quasi-isometric to R™ is virtually Z™.

Thm. (Sullivan, Gromov, Tukia, Pansu,
Gabai, Casson-Jungreis, Hinkannen, Cannon-
Swenson, Kleiner-Leeb) Suppose X is a sym-
metric space of noncompact type. Then
any group G quasi-isometric to X admits
a discrete, cocompact, isometric action on
X.

Thm. (Schwartz, Eskin-Farb, Eskin) Sup-
pose (G is an irreducible nonuniform lat-
tice in Isom(X), where X is a symmet-
ric space of noncompact type. Then any
group quasi-isometric to G is commensu-
rable to G.



Thm. (Farb-Mosher) A group quasi-isometric
to a Baumslag-Solitar group BS(1,m) is
commensurable to it.

Thm. (Eskin-Fisher-Whyte, Dymarz) Let
M be a symmetric n X n matrix with no
eigenvalues on the unit circle. A group
quasi-isometric to semi-direct product Rix s
R™ is virtually a lattice in the semi-direct
product R X 370« R™ for some o #= O.
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Recognition
There are recognition theorems for
o RR.
e [ he trivalent tree.
e (Tukia-Vaisala, Bonk-Schramm) H=.
e (Cannon, Bonk-Kleiner) H3.

Recognition of R? is wide open.

11



Outlook
Conj. If G is a generic finitely generated
group, then the natural map G — QI(G) is

an isomorphism.

Prob. The quasi-isometry classification
of nilpotent groups is wide open.

Other classes of groups:

Solvable groups, Coxeter groups, build-
ings, Artin groups, Gromov-Thurston ex-
amples, ...
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Boundaries CAT(0) and CAT(—1)
spaces.

Let X be a CAT(0) space.

Given two constant speed geodesic rays
v1 : [0,00) — X, 9o : [0,00) — X, define
their (asymptotic) distance to be

i d(71(t),72(t))_

t—o0 t
This is a pseudo-metric on the collection
of geodesic rays; the quotient metric space
is the Tits cone CpX.

Given p € X, the inclusion of the set of
rays starting at p maps onto CpX.

Examples. R*. H*. CH™, Hf x H!. Sym-
metric spaces.

This Tits cone isometric to a Euclidean
cone over another metric space, the Tits
boundary orX.
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Alternate definition of 0 X. Givenp,z,y €
X, we denote by Zp(x,y) the (Euclidean)
comparison angle between x and y at p.

If v1, v are rays leaving p, then
Z7r(v1572)

= lim {Zp(x1,22) | z; € 4, d(z;,p) > R}
R—o0

The isometry group of X acts isometri-
cally on orX.
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Suppose X is CAT(—1). Then CpX is a
cone over a discrete space, which isn’t very
Interesting.

Pick p € X. Repeat the definition of the
Tits boundary, but using the hyperbolic
comparison angle:

~ T2
2o (2, y),
which is defined using comparison triangles

in H2.

The metric one obtains depends on the
basepoint, but only up to quasiconformal,
or quasimobius homeomorphism.

Examples. H*. \HF. CHPF.
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Relation between X and 90X:

e Complete geodesics in X are in bijection
with pairs of points in 0.X.

e Triples in 90X determine points in X,
up to uniformly bounded error. If Isom(X)
acts cocompactly, the converse is true.

Isom(X) does not act by isometries, but
by quasiconformal, or quasiMobius homeo-
morphisms.
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Boundaries of Gromov hyperbolic
spaces

Def. A geodesic metric space X is ¢-
hyperbolic if every geodesic triangle in X is
o-thin.

Convention. Unless otherwise indicated,
our Gromov hyperbolic spaces will be proper.
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Suppose X is a proper é-hyperbolic space,
and p € X.

The Gromov overlap of xz, y € X is

@) = 2 (d(p,2) + d(p,y) — d(x,9).

If v1, 72 C X are geodesic rays leaving p,
then their overlap is

(71 | 72)

= lim {(z1,z2) | 2; € v, d(z4,p) > R}

R—o0

Visual metrics. A visual metric on 90X
with parameter ¢ > 0 is a (pseudo)-distance
d on the collection of rays leaving p such
that

d(v1,72) ~ e ©{1h2),

When ¢ is sufficiently small, visual metrics
always exist.
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Thm. Every (L, A)-quasi-isometry
f: X—=Y

between o-hyperbolic spaces induces an n-
quasi-Mobius homeomorphism

of : 0X — 9Y,
where n = n(L, A,d).
If X and Y have cocompact isometry groups,

the converse is true. In particular we have
an isomorphism

QI(X) ~ QM(X) € Homeo(dX).
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Quasi-Mobius homeomorphisms

Def. Let Z be a metric space. The
cross-ratio of a quadruple (z,v,z,w) € Z4
IS
d(x,z)d(y,w)

d(z, w)d(y, z)

[aj7 y) Z? w] ::

Def. Suppose n : [0,00) — [0,00) is a
homeomorphism. Then a homeomorphism
f X — Y between metric spaces is n-
quasi-Mobius if for every quadruple (z, vy, z, w)

Lf(x), f(y), f(2), f(w)] < n([z,y, z, w]).
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