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Space of marked groups

Marked groups

A marked n-generated group is (G , g1, g2, . . . , gn), where {g1, . . . , gn} is a
generating set of G .
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Space of marked groups

Marked groups

A marked n-generated group is (G , g1, g2, . . . , gn), where {g1, . . . , gn} is a
generating set of G .

In other words, a marked group G is a quotient of Fn with a choice of an
epimorphism Fn −→ G .

Let Gn be the set of marked n-generated groups. It can be identified with
the set of normal subgroups of Fn.
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Space of marked groups

Space of marked groups

The set Gn is a subset of the space 2Fn of all subsets of Fn.
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Space of marked groups

The set Gn is a subset of the space 2Fn of all subsets of Fn. It is closed
with respect to the natural direct product topology on 2Fn .
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Space of marked groups

Space of marked groups

The set Gn is a subset of the space 2Fn of all subsets of Fn. It is closed
with respect to the natural direct product topology on 2Fn .

The induced topology on Gn is given by the basis of open sets:

UA,B = {N C Fn : A ⊂ N, B ∩ N = ∅},

where A and B are finite subsets of Fn.
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Exponential growth

Growth exponent

Let G be a group generated by a finite set S .
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Let G be a group generated by a finite set S . Let ΓS(r) be the growth

function of G .
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Exponential growth

Growth exponent

Let G be a group generated by a finite set S . Let ΓS(r) be the growth

function of G . We have

ΓS (r1 + r2) ≤ ΓS(r1)ΓS (r2),
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Exponential growth

Growth exponent

Let G be a group generated by a finite set S . Let ΓS(r) be the growth

function of G . We have

ΓS (r1 + r2) ≤ ΓS(r1)ΓS (r2),

which implies

eS (G ) = lim
r→∞

log Γ(r)

r
= inf

r≥1

log ΓS(r)

r
.
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Exponential growth

Growth exponent

Let G be a group generated by a finite set S . Let ΓS(r) be the growth

function of G . We have

ΓS (r1 + r2) ≤ ΓS(r1)ΓS (r2),

which implies

eS (G ) = lim
r→∞

log Γ(r)

r
= inf

r≥1

log ΓS(r)

r
.

The function e : Gn −→ R : (G , g1, . . . , gn) 7→ e{g1,...,gn}(G ) is upper
semi-continuous.
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Exponential growth

A group G has non-uniform exponential growth if eS(G ) > 0 but

inf
S

eS (G ) = 0.
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Exponential growth

A group G has non-uniform exponential growth if eS(G ) > 0 but

inf
S

eS (G ) = 0.

The first examples of groups of non-uniform exponential growth were
constructed by J. Wilson (2003).
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Exponential growth

A group G has non-uniform exponential growth if eS(G ) > 0 but

inf
S

eS (G ) = 0.

The first examples of groups of non-uniform exponential growth were
constructed by J. Wilson (2003). Other examples are due to L. Bartholdi
(2003).
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Exponential growth

Proposition

Let Gk = (G , g1,k , . . . gn,k) ∈ Gn be a sequence of isomorphic groups of

exponential growth such that H = limk→∞ Gk has sub-exponential growth.

V. Nekrashevych (Texas A&M) Non-uniform growth November 08, 2007, MSRI 6 / 18



Exponential growth

Proposition

Let Gk = (G , g1,k , . . . gn,k) ∈ Gn be a sequence of isomorphic groups of

exponential growth such that H = limk→∞ Gk has sub-exponential growth.

Then G has non-uniform exponential growth and H has intermediate

growth.
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Backward iteration

Let C0,C1, . . . , be a sequence of planes and let Ai ,Bi ,Γi ∈ Ci .
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Backward iteration

Let C0,C1, . . . , be a sequence of planes and let Ai ,Bi ,Γi ∈ Ci . Let
fi : Ci −→ Ci−1 be 2-fold branched coverings with critical value Ai−1 such
that

fi(Ai ) = Bi−1

fi(Bi ) = Γi−1

fi (Γi) = Bi−1.
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Backward iteration

The fundamental group
of C0 \ {A0,B0,Γ0} acts
on the tree of backward
orbit of the basepoint.
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Backward iteration

The fundamental group
of C0 \ {A0,B0,Γ0} acts
on the tree of backward
orbit of the basepoint.

The quotient of the fun-
damental group by the
kernel of the action is
the iterated monodromy

group of the iteration.
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Backward iteration

Let us fix the bottom plane C0 together with a generating set {α, β, γ} of
π1(C0 \ {A0,B0,Γ0}, t) and consider all possible backward iterations of
the described form.
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Let us fix the bottom plane C0 together with a generating set {α, β, γ} of
π1(C0 \ {A0,B0,Γ0}, t) and consider all possible backward iterations of
the described form. We get (an uncountable) set G ⊂ G3 of iterated
monodromy groups.
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Backward iteration

Let us fix the bottom plane C0 together with a generating set {α, β, γ} of
π1(C0 \ {A0,B0,Γ0}, t) and consider all possible backward iterations of
the described form. We get (an uncountable) set G ⊂ G3 of iterated
monodromy groups.

The mapping class group of the punctured plane acts on this set by
post-compositions with f0,
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Backward iteration

Let us fix the bottom plane C0 together with a generating set {α, β, γ} of
π1(C0 \ {A0,B0,Γ0}, t) and consider all possible backward iterations of
the described form. We get (an uncountable) set G ⊂ G3 of iterated
monodromy groups.

The mapping class group of the punctured plane acts on this set by
post-compositions with f0, leaving the isomorphism classes invariant.
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Backward iteration
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Backward iteration

There is a natural identification of the trees of preimages of t with the tree
of binary words {0, 1}∗ and a labeling (Gw , αw , βw , γw ) ∈ G by infinite
binary sequences w ∈ {0, 1}N such that:
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Backward iteration

There is a natural identification of the trees of preimages of t with the tree
of binary words {0, 1}∗ and a labeling (Gw , αw , βw , γw ) ∈ G by infinite
binary sequences w ∈ {0, 1}N such that:

αw (xv) = xv ,

βw (0v) = 0αs(w)(v),

βw (1v) = 1γs(w)(v)

γw (x1v) = x1βs(w)(v),

γw (x1v) = x1v ,

Here w = x1x2x3 . . . and s(w) = x2x3x4 . . ..
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Backward iteration

The natural action of the mapping class group on G induces the action on
the labels w ∈ {0, 1}N generated by:
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Backward iteration

The natural action of the mapping class group on G induces the action on
the labels w ∈ {0, 1}N generated by:

a = σ, b = (a, c), c = (b, b).
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Backward iteration

The natural action of the mapping class group on G induces the action on
the labels w ∈ {0, 1}N generated by:

a = σ, b = (a, c), c = (b, b).

The group generated by a, b and c is the group of symmetries of a square
lattice.
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Backward iteration

The natural action of the mapping class group on G induces the action on
the labels w ∈ {0, 1}N generated by:

a = σ, b = (a, c), c = (b, b).

The group generated by a, b and c is the group of symmetries of a square
lattice.

〈
a, b, c | a2 = b2 = c2 = (ac)2 = (ba)4 = (bc)4 = 1

〉

V. Nekrashevych (Texas A&M) Non-uniform growth November 08, 2007, MSRI 12 / 18



Backward iteration

The natural action of the mapping class group on G induces the action on
the labels w ∈ {0, 1}N generated by:

a = σ, b = (a, c), c = (b, b).

The group generated by a, b and c is the group of symmetries of a square
lattice.

〈
a, b, c | a2 = b2 = c2 = (ac)2 = (ba)4 = (bc)4 = 1

〉

This group has dense orbits on {0, 1}N.
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Backward iteration

The natural action of the mapping class group on G induces the action on
the labels w ∈ {0, 1}N generated by:

a = σ, b = (a, c), c = (b, b).

The group generated by a, b and c is the group of symmetries of a square
lattice.

〈
a, b, c | a2 = b2 = c2 = (ac)2 = (ba)4 = (bc)4 = 1

〉

This group has dense orbits on {0, 1}N. Hence closures of Gw in the
automorphism group of the rooted tree coincide.

V. Nekrashevych (Texas A&M) Non-uniform growth November 08, 2007, MSRI 12 / 18



Backward iteration

Theorem

The following conditions are equivalent:
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Backward iteration

Theorem

The following conditions are equivalent:

1 Gw1 and Gw2 are abstractly isomorphic,
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Backward iteration

Theorem

The following conditions are equivalent:

1 Gw1 and Gw2 are abstractly isomorphic,

2 the actions of Gw1 and Gw2 on the rooted trees are conjugate,
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Backward iteration

Theorem

The following conditions are equivalent:

1 Gw1 and Gw2 are abstractly isomorphic,

2 the actions of Gw1 and Gw2 on the rooted trees are conjugate,

3 w1 and w2 belong to one orbit of the action of the mapping class

group,
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Backward iteration

Theorem

The following conditions are equivalent:

1 Gw1 and Gw2 are abstractly isomorphic,

2 the actions of Gw1 and Gw2 on the rooted trees are conjugate,

3 w1 and w2 belong to one orbit of the action of the mapping class

group,

4 w1 and w2 are cofinal.
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Exceptional groups

G000... is the iterated monodromy group of z2 + i .
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Exceptional groups

G000... is the iterated monodromy group of z2 + i . It has intermediate
growth by a result of Kai-Uwe Bux and Rodrigo Perez.
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Exceptional groups

G000... is the iterated monodromy group of z2 + i . It has intermediate
growth by a result of Kai-Uwe Bux and Rodrigo Perez.

G111... is one of Grigorchuk groups.
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Exceptional groups

G000... is the iterated monodromy group of z2 + i . It has intermediate
growth by a result of Kai-Uwe Bux and Rodrigo Perez.

G111... is one of Grigorchuk groups. Its growth was estimated by Anna
Erschler:
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Exceptional groups

G000... is the iterated monodromy group of z2 + i . It has intermediate
growth by a result of Kai-Uwe Bux and Rodrigo Perez.

G111... is one of Grigorchuk groups. Its growth was estimated by Anna
Erschler:

exp

(
n

log2+ε(n)

)
� Γ(n) � exp

(
n

log1−ε(n)

)
.
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Exceptional groups

Theorem

Let Ω be the set of sequences w ∈ {0, 1}N having infinitely many zeros.
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Exceptional groups

Theorem

Let Ω be the set of sequences w ∈ {0, 1}N having infinitely many zeros.

The map Ω −→ G3 : w 7→ (Gw , αw , βw , γw ) is a homeomorphic

embedding.
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Exceptional groups

Theorem

Let Ω be the set of sequences w ∈ {0, 1}N having infinitely many zeros.

The map Ω −→ G3 : w 7→ (Gw , αw , βw , γw ) is a homeomorphic

embedding.

The generators of Gw for w ∈ Ω satisfy the relations

α2
w = β2

w = γ2
w = (αwβw )8 = (αwγw )4 = (βwγw )8 = 1,

while in G111... we have
(βwγw )2 = 1.
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Exceptional groups

Replace the groups Gw for w /∈ Ω by the limit points of the groups Gw for
w ∈ Ω.
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Exceptional groups

Replace the groups Gw for w /∈ Ω by the limit points of the groups Gw for
w ∈ Ω. We get a family G̃ ⊂ G3 of groups G̃w such that
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Exceptional groups

Replace the groups Gw for w /∈ Ω by the limit points of the groups Gw for
w ∈ Ω. We get a family G̃ ⊂ G3 of groups G̃w such that

1 the map w 7→ G̃w is a homeomorphism of {0, 1}N with G̃,
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Exceptional groups

Replace the groups Gw for w /∈ Ω by the limit points of the groups Gw for
w ∈ Ω. We get a family G̃ ⊂ G3 of groups G̃w such that

1 the map w 7→ G̃w is a homeomorphism of {0, 1}N with G̃,

2 G̃w1 and G̃w2 are isomorphic as abstract groups if and only if w1 and
w2 are cofinal.
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Exceptional groups

Replace the groups Gw for w /∈ Ω by the limit points of the groups Gw for
w ∈ Ω. We get a family G̃ ⊂ G3 of groups G̃w such that

1 the map w 7→ G̃w is a homeomorphism of {0, 1}N with G̃,

2 G̃w1 and G̃w2 are isomorphic as abstract groups if and only if w1 and
w2 are cofinal.

In particular, the isomorphism classes are dense in G̃.
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Exceptional groups

Proposition

We have

1 −→ (Z/4Z)∞ −→ G̃111... −→ G111... −→ 1,
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Exceptional groups

Proposition

We have

1 −→ (Z/4Z)∞ −→ G̃111... −→ G111... −→ 1,

and the group G̃111... contains the lamplighter group (Z/2Z)Z
o Z,

generated by (βγ)4 and αβγ.

V. Nekrashevych (Texas A&M) Non-uniform growth November 08, 2007, MSRI 17 / 18



Exceptional groups

Proposition

We have

1 −→ (Z/4Z)∞ −→ G̃111... −→ G111... −→ 1,

and the group G̃111... contains the lamplighter group (Z/2Z)Z
o Z,

generated by (βγ)4 and αβγ.

Corollary

The group G̃111... has non-uniform exponential growth.
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Exceptional groups

Proposition

We have

1 −→ (Z/4Z)∞ −→ G̃111... −→ G111... −→ 1,

and the group G̃111... contains the lamplighter group (Z/2Z)Z
o Z,

generated by (βγ)4 and αβγ.

Corollary

The group G̃111... has non-uniform exponential growth.

Corollary

The set of growth types of groups Gw is uncountable and contains

uncountable chains and anti-chains.
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Airplane and Rabbit

Open problem

What is the growth of the “airplane” group?

α = σ(1, γ),

β = (1, α),

γ = (β, 1).
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Airplane and Rabbit

Open problem

What is the growth of the “airplane” group?

α = σ(1, γ),

β = (1, α),

γ = (β, 1).

It is locally isomorphic to the “rabbit” group

α = σ(1, γ),

β = (1, α),

γ = (1, β),

which contains a free subsemigroup.
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