Mathematic20, Spring2002
On ExactODEsandIntegratingFactors

e Let(t,x) € Q C R%. GivenanODE of theform M(t, X)X + L(t,x) = 0 onecansolve
it asanexactDE if thereexists someexactintegral functionF(t,x) s.t.L = %F and

M= %—f( In thatcase ary solutionof the ODE u(t) will alsosatisfyF(t,u(t)) =C
for someconstantC.

Extra Credit Problem 1: Useimplicit differentiationto demonstratéhatary y(t)
definedon someinterval I andsatisfyingF(t.y(t)) = C will be a solutionof the
original ODE. Prove thatM(t, y(t)) # O for all interior pointsof theinterval |.

e Theequalityof mixedpartialsimpliesthatthereis no hopeof finding sucha (con-
tinuouslydifferentiable)F if My # Lx. As shavn in thelectureandin the book, if
M; = Lx andQ is arectanglethensuchanF alwaysexistsandis definedas

t X
Pt = [ Lxodr+ [ Mity)dy
to X0
More generally anexactintegral F alwaysexistson Q providedM; = Ly andQ is
simplyconnected(A setis simply connectedf “therearenoholesin it”, i.e. every
closedcurve in Q canbe continuously‘shrunk” to a pointthatalsoliesin Q.)

Extra Credit Problem 2: Suppose&Q is not simply connected.Prove thatit’s
possiblethatno suchF existsevenif My = Ly everywhereon Q.

e If the ODE is givenin the canonicalform X' = f(t,x) = _ML((tt)S) the slopeof the

solutionis infinite (i.e. the solutionis undefinedat (t1,x;) if M(t1,x1) = 0. Nev-
erthelessit is possiblethat sucha point belongsto a level setof F. (Numerous
examplesin thetextbook.)

Extra Credit Problem 3: Giventhatthe ODE is exact, prove the uniquenessf
the solutionpassinghroughevery pointwhereM # 0.

e An integrating factor p(t, x) might be usefulwhenthe ODE is not exact, but could
becomeexact after multiplication by a non-zerofunction, i.e. if it is possibleto
find F andp suchthat

_OF anduM = a—F

Hb= ot oX



Considerfor example,anon-lineamon-separabl®©DE
14 tx+ X2
T lrtxtt2
definedeverywhereon R? exceptfor two curveswherel + tx+t% = 0. As you can

seein thebelaw figure, the solutionsaredefinedanduniqueeverywhereexcepton
thosecurves. (Notethe potentialapplicationdor funnels/antifunnelsere.)
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Extra Credit Problem 4: Show thatthe abose ODE is not exact (M; # Ly). Use
the integratingfactor p(t, x) = € andshav the equality of the nev mixed partial
derivatives((uM), = (pL),). Find thecorrespondingr.

Extra Credit Problem 5: Find an exampleof a problem,wherethe neededn-
tegrating factor p(t, x) is zeroat somepointsin Q. What canyou say aboutthe
solutionsof the original ODE passinghroughthosepoints?



Solutions:

Extra Credit Problem 1. As it is formulatedthe problemis not well-posed;two addi-
tional assumptionsreneededo makethe statementmeaningfut.

Assumption 1: F(t,x) andy(t) arecontinuouslydifferentiablesverywhere.

Thisis neededo usethe chainrule, to asserthe continuityof M andL, and to claimthat
theslopeof y(t) is finite insidel .

Giventheabove,

% [F(t, ()] = R(t, y(1)) + Fx(t, Y)Y (1) = L(t, ¥(t)) + M(t, v(1))Y () = O,

thereforey(t) is asolutionto the ODE.

Sincey(t) is continuouslydifferentiabley (t) is well-defined(andfinite’ ) on 1. For this
to imply thatM(t, y(t)) # O we needanadditional

Assumption 2: L(t,y(t)) # 0. More generally if the ODE wasgiven in the canonical
form, thentheslopeatthe point (tg, Xo) becomesnfinite iff

: M(t, x)
||m(t,x)—>(t0,x0)7|_(t X =

Thus,M(tg, Xp) = O is notathreatin itself - aslongasL hasazeroof evenhigherorderat
(to, X).

Extra Credit Problem 2: This problemshouldhave beenreminiscentf the sufficient
conditionsfor the vector field to be conserative. Here, however, we are askingwhy
suchconditionsarealsonecessaryConsiderthe simplestpossiblenot simply-connected
Q = R?\(0,0). Thetwo functions

t —X

M(t,x):m; L(t,x):m

arecontinuouslydifferentiableeverywhere(exceptat the origin). Moreover, M; = Ly on
Q (check!). We will assumehe existenceof a continuouslydifferentiableF (t,x) such
thatk = L andFR = M, justto arrive at a contradictionater.

Considerary closedsimplesmoothcurvein Q parameterizetly a periodicfunctiong(s)
(i.e.,9(s) = (91(9),02(9)) € Qandg(s1) = 9(sp) iff s; — s, = nT, whereT is the period
of g andn is someinteger). Note that

dES[F(g(S))] = OF(g(9) - g'(s) = R(9(9))91'(s) + Fx(9(5))92' ().

1Sorry | guessnobodywill getfull creditfor this one- including theinstructor
2|f theinterval | is open,thederivative can beinfinite attheend-points.
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Thus,by the Fundamental' heoremof Calculus,

s1+T |: d

[ et - masnes] os= [ | SFals)] ds=Fiotsi+ ) -Flats) =0

1 S1

ds

Wewill now consideraparticularparameterizatioof theunitcircleg(s) = (cogs), sin(s))
andproceedo computethe above integral explicitly:

2m —sin(s) . coys) e
/o Lo§(s)+sin2(s)(_sm(s))+co§(s)+sin2(s)(cos<s))} ds= 0 ds=2m,

whichis a contradiction.

NB: It is actuallypossibleto defineF evenin casedike the oneabove; however, F will
have to be a strangeobject- a multi-valuedfunction SeeProblem#2.8.3in “Ordinary
DifferentialEquations™dy I.G. Petrorski for details.

Extra Credit Problem 3: This follows directly from the Implicit FunctionTheorem
appliedto F atthat point. The unique(local) representatiorf x asa functionof t is

guaranteedo exist in the neighborhoodf every pointwhererR, = M £ 0.

Incidentally thetheoremsaysnothing aboutthe pointswhereM = 0. Indeed,it canstill

be thatthe smoothrepresentatiox = y(t) is uniquethere. Or it canbe non-uniqueand
smooth.Or evennon-uniqueandnon-differentiable (Canyou find someexamples?)

Extra Credit Problem 4: LetL = 1+tx+x% andM = 1+ tx+t2. First,
Mt = X+ 2t £t 4 2x= Ly,
andthereforethe ODE is not exact. Secondlyfor p(t, x) = €4,
(UM); = X€ (14 tx+t%) + € (x+ 2t) = (x+1)(2+tx)e%;
(UL)x = te(1+tx+ x%) + €4(t 4+ 2x) = (x+1)(2+ tx)e4;

thus,it truly is anintegratingfactor. Finally,
F(tX) = [ (M)t @u(t) = (t+ )8 + au(t),
Pt = [ (ML) dt+ 92(x) = (£ 06" + gg(t).
andwe cantakeF (t,x) = (t +x)e*.

Extra Credit Problem 5: To useareally simpleexample,considerthe non-exact ODE
2tX + x = 0, for which p(t, x) = x is anintegratingfactor (check!). NotethatM(t, x) = 2t
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is non-zeroeverywhereexcepton the x-axis; yet (UM) asalsozeroon t-axis. Did we
manageo introducenew (irrelevant)pointswherethe slopeis infinite? Theansweris no,
andthereasons statedin Probleml: theslopeis infinite (and, therefore no solutionto
ODE exists) only atthe pointswhere

M(t,X)

|im(t,x)—>(t0,x0)7|_(t X

Sincewe aremultiplying by p bot M andL, thelimit in questiondoesnot changeevenif
M is zeroatthatpoint.



