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On ExactODEsandIntegratingFactors

� Let
�
t � x��� Q � R2. GivenanODEof theform M

�
t � x � x�	� L

�
t � x ��
 0 onecansolve

it asanexactDE if thereexistssomeexactintegral functionF
�
t � x� s.t. L 
 ∂F

∂t and

M 
 ∂F
∂x . In thatcase,any solutionof theODE u

�
t � will alsosatisfyF

�
t � u � t ���

 C

for someconstantC.

Extra Credit Problem 1: Useimplicit differentiationto demonstratethatany γ
�
t �

definedon someinterval I andsatisfyingF
�
t � γ � t ����
 C will be a solutionof the

original ODE.Prove thatM
�
t � γ � t �����
 0 for all interiorpointsof theinterval I .� Theequalityof mixedpartialsimpliesthatthereis no hopeof finding sucha (con-

tinuouslydifferentiable)F if Mt �
 Lx. As shown in the lectureandin thebook,if
Mt 
 Lx andQ is a rectangle,thensuchanF alwaysexistsandis definedas

F
�
t � x ��
�� t

t0
L
�
τ � x0 � dτ ��� x

x0

M
�
t � y� dy�

More generally, anexact integral F alwaysexistson Q providedMt 
 Lx andQ is
simplyconnected. (A setis simplyconnectedif “therearenoholesin it”, i.e. every
closedcurve in Q canbecontinuously“shrunk” to a point thatalsolies in Q.)

Extra Credit Problem 2: SupposeQ is not simply connected.Prove that it’ s
possiblethatnosuchF existsevenif Mt 
 Lx everywhereonQ.� If the ODE is given in the canonicalform x� 
 f

�
t � x ��
�� L � t � x�

M � t � x � , the slopeof the

solutionis infinite (i.e. thesolutionis undefined)at
�
t1 � x1 � if M

�
t1 � x1 ��
 0. Nev-

ertheless,it is possiblethat sucha point belongsto a level setof F . (Numerous
examplesin thetextbook.)

Extra Credit Problem 3: Giventhat theODE is exact, prove theuniquenessof
thesolutionpassingthrougheverypoint whereM �
 0.� An integrating factorµ

�
t � x � might beusefulwhentheODE is not exact,but could

becomeexactaftermultiplicationby a non-zerofunctionµ, i.e. if it is possibleto
find F andµ suchthat

µL 
 ∂F
∂t

andµM 
 ∂F
∂x
�



Consider, for example,a non-linearnon-separableODE

x���! 1 " tx " x2

1 " tx " t2 #
definedeverywhereonR2 exceptfor two curveswhere1 " tx " t2 � 0. As you can
seein thebelow figure,thesolutionsaredefinedanduniqueeverywhereexcepton
thosecurves.(Notethepotentialapplicationsfor funnels/antifunnelshere.)
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Extra Credit Problem 4: Show thattheabove ODE is not exact (Mt $� Lx). Use
the integratingfactor µ % t # x &�� ext andshow theequalityof the new mixed partial
derivatives( % µM & t �!% µL& x). Find thecorrespondingF .

Extra Credit Problem 5: Find an exampleof a problem,wherethe neededin-
tegrating factor µ% t # x & is zeroat somepoints in Q. What canyou sayaboutthe
solutionsof theoriginalODE passingthroughthosepoints?
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Solutions:

Extra Credit Problem 1: As it is formulated,theproblemis not well-posed;two addi-
tionalassumptionsareneededto makethestatementmeaningful1.
Assumption 1: F ' t ( x ) andγ ' t ) arecontinuouslydifferentiableeverywhere.
This is neededto usethechainrule, to assertthecontinuityof M andL, and to claim that
theslopeof γ ' t ) is finite insideI .
Giventheabove,

d
dt * F ' t ( γ ' t )�),+.- Ft ' t ( γ ' t )�)�/ Fx ' t ( γ ' t )�) γ 0,' t )1- L ' t ( γ ' t )�)2/ M ' t ( γ ' t )�) γ 03' t )1- 0 (

thereforeγ ' t ) is asolutionto theODE.
Sinceγ ' t ) is continuouslydifferentiable,γ 0 ' t ) is well-defined(andfinite2 ) on I . For this
to imply thatM ' t ( γ ' t )�)�4- 0 we needanadditional
Assumption 2: L ' t ( γ ' t )�)54- 0. More generally, if the ODE wasgiven in the canonical
form, thentheslopeat thepoint ' t0 ( x0 ) becomesinfinite if f

l im 6 t 7 x8:9 6 t0 7 x0 8 M ' t ( x)
L ' t ( x ) - 0 ;

Thus,M ' t0 ( x0 )�- 0 is nota threatin itself - aslongasL hasazeroof evenhigherorderat' t0 ( x0 ) .
Extra Credit Problem 2: This problemshouldhave beenreminiscentof thesufficient
conditionsfor the vector field to be conservative. Here, however, we are askingwhy
suchconditionsarealsonecessary. Considerthesimplestpossiblenot simply-connected
Q - R2 < ' 0 ( 0 ) . Thetwo functions

M ' t ( x )1- t
x2 / t2 ; L ' t ( x )�- = x

x2 / t2

arecontinuouslydifferentiableeverywhere(exceptat theorigin). Moreover, Mt - Lx on
Q (check!). We will assumethe existenceof a continuouslydifferentiableF ' t ( x ) such
thatFt - L andFx - M, just to arriveat acontradictionlater.
Considerany closedsimplesmoothcurve in Q parameterizedby a periodicfunctiong ' s)
(i.e., g ' s)�->' g1 ' s)?( g2 ' s)�)�@ Q andg ' s1 )�- g ' s2 ) if f s1 = s2 - nT, whereT is theperiod
of g andn is someinteger).Notethat

d
ds * F ' g ' s)�),+.- ∇F ' g ' s)�)BA g0 ' s)
- Ft ' g ' s)�) g1 0 ' s)�/ Fx ' g ' s)�) g2 0 ' s)?;

1Sorry. I guess,nobodywill getfull creditfor thisone- includingtheinstructor.
2If theinterval I is open,thederivativecan beinfinite at theend-points.
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Thus,by theFundamentalTheoremof Calculus,C s1 D T

s1 E L F g F sG�G g1 H F sG2I M F g F sG�G g2 H F sG,J ds K C s1 D T

s1 L d
ds

F F g F sG�GNM ds K F F g F s1 I T G�GPO F F g F s1 G�GQK 0 R
Wewill now consideraparticularparameterizationof theunit circleg F sGQKSF cosF sGUT sinF sG�G
andproceedto computetheabove integral explicitly:

C 2π

0 L O sinF sG
cos2 F sG2I sin2 F sG F�O sinF sG�G2I cosF sG

cos2 F sG2I sin2 F sG F cosF sG�G M ds K C 2π

0
ds K 2π T

which is a contradiction.
NB: It is actuallypossibleto defineF evenin caseslike theoneabove; however, F will
have to be a strangeobject- a multi-valuedfunction. SeeProblem#2.8.3in “Ordinary
Dif ferentialEquations”by I.G. Petrovski for details.

Extra Credit Problem 3: This follows directly from the Implicit FunctionTheorem
appliedto F at that point. The unique(local) representationof x as a function of t is
guaranteedto exist in theneighborhoodof everypoint whereFx K M VK 0.
Incidentally, thetheoremsaysnothing aboutthepointswhereM K 0. Indeed,it canstill
be that the smoothrepresentationx K γ F t G is uniquethere. Or it canbe non-uniqueand
smooth.Or evennon-uniqueandnon-differentiable.(Canyoufind someexamples?)

Extra Credit Problem 4: Let L K 1 I tx I x2 andM K 1 I tx I t2. First,

Mt K x I 2t VK t I 2x K Lx T
andthereforetheODE is notexact.Secondly, for µF t T xG�K ext,F µM G t K xext F 1 I tx I t2 G2I ext F x I 2t G1KWF x I t G?F 2 I tx G ext ;F µLG x K text F 1 I tx I x2 G2I ext F t I 2x G�K!F x I t G?F 2 I tx G ext ;

thus,it truly is anintegratingfactor. Finally,

F F t T x G1K C F µM G dx I φ1 F t G1KWF t I xG ext I φ1 F t GUT
F F t T x G�K C F µLG dt I φ2 F x G1K!F t I x G ext I φ2 F t G?T

andwecantakeF F t T x G1KWF t I xG ext .

Extra Credit Problem 5: To usea really simpleexample,considerthenon-exactODE
2txH I x K 0, for whichµ F t T xG�K x is anintegratingfactor(check!).NotethatM F t T x G�K 2t
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is non-zeroeverywhereexcepton the x-axis; yet X µM Y asalsozeroon t-axis. Did we
manageto introducenew (irrelevant)pointswheretheslopeis infinite? Theansweris no,
andthereasonis statedin Problem1: theslopeis infinite (and,therefore,no solutionto
ODE exists)only at thepointswhere

l im Z t [ x\:] Z t0 [ x0 \ M X t ^ xY
L X t ^ x Y`_ 0 a

Sincewe aremultiplying by µ bot M andL, thelimit in questiondoesnotchangeevenif
µ is zeroat thatpoint.
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