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1. (a) False: There are many counter-examples, e.g., A4 or S5.

(b) True: Let A,B ≤ G cyclic subgroups. Then A∩B ≤ A is a subgroup of a cyclic group, and thus
is cyclic.

(c) True

(d) False: the Klein four subgroup V = {e, (12)(34), (13)(24), (14)(23)} ≤ S4
(e) True

(f) False: e.g., Z2 × Z2 � Z4. Indeed, in Z2 × Z2 every element has order 2, whereas Z4 has an
element of order 4.

(g) True: Let G be a group of prime order p. By Lagrange’s theorem every element g ∈ G has order
dividing p. But p is prime, therefore o(g) = 1 or p. So every non-identity element of G has order
p. Any element of G\{e} has order p and therefore generates G. Therefore G is cyclic. Finally,
there exists a unique (up to isomorphism) cyclic group of order p.

2. (C×, ∗) is a group:

(a) i. Closure: clear

ii. Identity: 1

iii. Inverse: 1
a2+b2

(a− bi)
iv. Associative: clear.

(b) Suppose r = 1. Then if θ is a rational multiple of 2π we have a finite cyclic subgroup consisting
of element on the unit circle in C. If we have an irrational multiple we generate an infinite cyclic
subgroup again on the unit circle. The behavior is similar if r 6= 1 except that we get a spiral, as
the modulus is increasing or decreasing (depending on wether r > 1 or r < 1).

3. (a) Clearly I ∈ SL2R. Finally, if A,B ∈ SL2R then

det(AB) = det(A) det(B) = 1

hence AB ∈ SL2R.

(b) Let A,B ∈ Σ2R. Then

AB =

(
a b
c d

)(
x y
z w

)
=

(
ax+ bz ay + bw
cx+ dz cy + dw

)
and we can check

ax+ bz + ay + bw = a(x+ y) + b(z + w) = 1

cx+ dz + cy + dw = c(x+ y) + d(z + w) = 1

So Σ2R is closed under multiplication. Finally,

A−1 =
1

ad− bc

(
d −b
−c a

)
and again we can check

d− b
ad− bc

=
d− b

ad+ (bd− bd)− bc
=

d− b
d(a+ b)− b(c+ d)

=
d− b
d− b

= 1

and similarly for the second row.

4. The key here, as with so many questions of this type, is to use Lagrange’s theorem. H ∩K ≤ H,K
and therefore any x ∈ H ∩K has order dividing both |H| and |K|. There is only one candidate; the
group identity.

5. We will actually prove that G contains infinitely many cyclic subgroups. We attack this in two cases.

Case 1. Suppose G contains an element g of infinite order. Then the cyclic subgroups generated by powers
of x are distinct, and there are infinitely many of them!
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Case 2. Suppose every element of G has finite order. Consider the union of all cyclic subgroups generated
by elements of G,

G =
⋃
g∈G
〈g〉

Since G is infinite, and each 〈g〉 is finite, there must be infinitely many, distinct such cyclic
subgroups.

6. The idea here is that a permutation σ : X → X can be ‘turned into’ a permutation σf : Y → Y by
conjugation as follows,

σf : Y
f−1

−−→ X
σ−→ X

f−→ Y

Moreover, this process can readily be reversed! It is therefore clear that the map

φ : SX → SY

σ 7→ f−1σf =: σf

is an isomorphism (it is clearly a homomorphism, and it has an obvious inverse).

7. One easy way to understand why these groups are isomorphic is to consider an equilateral triangle
with vertices labelled with 1, 2, 3.

1 2

3

Now any permutation of S3 determines an isometry of the triangle, in other words, an element of D6.
Conversely any isometry of the triangle determines an element of S3, just by checking to see where
the elements got sent. In this way we can establish an isomorphism between S3 and D6. For example,

1 2

3

(123)

3 1

2

This is of course just intuition. We can use it to construct a map

Φ : S3 → D6

by sending (123) 7→ ρ, and (12) 7→ σ. One can readily verify that this is a homomorphism. Finally
one checks that it is injective, and thus, since we have an injective homomorphism between groups of
the same order, we have an isomorphism.


