
Chapter 14

The Elements of Eigenvalue

and Eigenvector Theory

One of the mysteries of a first course on the calculus and analytic
geometry is sketching the graph of a quadratic curve, such as, for
example,

x

2+ 3x y + y2 = 11.

The secret to discovering the nature of this curve lies in rotating the
coordinate axes (x, y) to a new position (u, v) so that the set of points
that lie on the graph have in the new coordinate system a quadratic
equation without a cross product (here the 3x y) term. The theory of
eigenvectors and eigenvalues should remove the mystery and make the
solution of this, and analogous higher-dimensional problems routine.

The idea in back of eigentheory is, from among the many possible
matrix representations of a linear transformation T : 0/ ---+ 0/ to single
out the most simple and useful ones. So we start out in this chapter
by examining matrix representatives of a fixed linear transformation
T and what they reveal about T.

14.1 The Rank of an Endomorphism

Suppose that
T : 0/ ---+ 0/

is a linear transformation of the vector space 0/ to itself. Such linear
transformations have a special name (because their domain and range
space are the same) they are called endomorphisms of 0/.

PROPOSITION 14.1.1: Let T : 0/ ---+ 0/ be an endomorphism of the

finite-dimensional vector space 0/. Then there exist bases {AI, ... , An}
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228 14. The Elements ofEigenvalue and Eigenvector Theory

and {B l , ... , Bn } for 0/ such that the matrix of T is

1

o
1
o

o
o

for some integer k. The integer k is called the rank of the linear

transformation 1 T, and our proofwill show that k = dim(lm(T)).

PROOF: Let C l , ... , C
m

be a basis for ker(T). By the basis ex-
tension Theorem 6.3.2 we may find vectors Cm +l , ... , C

n

such that
C l , ... , Cm, C

m

+

l

, ... , C

n

is a basis for 0/. Thus n =dim( 0/). At this
point we need:

LEMMA 14.1.2: The vectors T(Cm +l ), T(Cm +2), ..• , T(C

n

) are lin�

early independent.

PROOF: Suppose to the contrary that the vectors T(Cm +l ), ... ,

T(C

n

) are linearly dependent. Then we may find numbers Cm+l, .•. ,
cn, not all zero, such that

Therefore,

Hence the vector Cm+lC

m

+

l

+ ... + cnC

n

belongs to the kernel of T.
Remember that we chose the vectors C l , ... , C

m

to be a basis for ker(T)
and therefore

for suitable numbers Cl, •.. , Cm' But then

which (since not all of Cl, ... , C
n

are zero) means that Ct, ... , C
n

are
linearly dependent, contrary to the fact that they are a basis for 0/.
Therefore, the vectors T(Cm+ l ), ... , T(Cn ) are linearly independent.o

1 The integer n - k is often called the corank.
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PRoOF OF PROPOSmON 14.1.1 CONTINUED: Note that

Im(T) = L(T(C1), ... , T(Cn»= L(O, ... , 0, T(Cm+1), ... , T(Cn»
=L(T(Cm+1), • •• , T(Cn»,

and hence T(Cm+I ), ... , T(Cn) span Im(T), so by the lemma they are a
basis for Im(T).

Apply the basis extension Theorem 6.3.2 again to choose vectors
Db ... , D s such that {D I , ... , D s , T(Cm+1), ... , T(Cn)} is a basis for
'l!. Note s = m since s + n - m = dim('l!) = n. Set

Al = Cm+b B1 = T(Cm+1),

An-m = Cn, Bn-m = T(Cn),
An-m+1 = Cb Bn-m+1 = Db

An = Cm, Bn = D s .

Then we have
T(AI ) = Bb
T(Az) = Bz,

T(An-m) = Bn-m,
T(An-m+1) = 0,

T(An ) = O.
If we put k =n - m, then the matrix of T relative to the basis pair
{AI, ... , An}, {B I , ... , Bn } is

1

o
1
o

o
o

as required. 0

For M EMatm,n we define the row rank to be the maximal number of
linearly independent rows of the matrix. Likewise, the column rank
is the maximum number oflinearly independent columns ofthe matrix.
The previous proposition implies that these two numbers are the same,
something that is not obvious directly.
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COROLLARY 14.1.3: Let M EMatm,n be an m x n matrix. Then the

row rank ofM is equal to the column rank of M.

PROOF: Let T : lRn -> lR

m be the linear transformation with ma-
trix M with respect to the standard bases. The columns of M span
Im(T), so the number of linearly independent columns is the rank of
the linear transformation T. Proposition 14.1.1 implies that the rank
of T is also the number of linearly independent rows ofM. D

14.2 Eigenvalues and Eigenvectors

It follows from Proposition 14.1.1 that whenwe study an endomorphism

T: 'l! -> 'l!

ofa finite-dimensional vector space through its matrix representatives,
we will perhaps learn nothing more useful about T than its rank if we
are free to choose different bases in the domain and range of T. Since
the domain and range of T are the same, it is reasonable, in seeking to
force the matrix to reveal more of the structure of T, to demand that
we use the same basis in both the domain and range of T. Ifin this way
we were to obtain a diagonal matrix, then the structure of T would be
completely revealed, as the following discussion shows.

Suppose that {E1 , ... , En} is a basis for 'l! such that the matrix of T
relative to this basis (used in both domain and range) is diagonal, say

What does this mean? Itmeans that

i=1, ... ,n.

That is, T is represented by a diagonal matrix if and only if there is a
basis {E1 , ... , En} for 'l! and numbers el, ... , en such that

i = 1, ... , n.

This discussion suggests that we introduce the following definition:

DEFINITION: Let T : 'l! -> 'l! be an endomorphism of'l!. A number

e is called an eigenvalue ofT ifthere exists a nonzero vector E such

that

T(E) =eE.
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Such a vector E is called an eigenvector of T associated to the
eigenvalue e.

Throughout our study ofendomorphisms we will insist that our matrix
representatives be constructed using the same basis for both the do-
main and range. 1fT: 'll ---+ 'll is an endomorphism and {AI, ... , An}
a basis for'll, we will use the phrase "the matrix of T relative to
{AI, ... , An}" (and similar such expressions) to mean the matrix A =
(ai,) representing T obtained by using the basis {AI,"" An} in both
the domain and range of T, that is,

n

TeA) = ai,jAi
i=I

for j =1, ... , n. In this way if Ai happens to be an eigenvector of T
corresponding to the eigenvalue ei, then

TeAi) = OAI + ... +OAi- I + eiAi +OAi+I + ... + OAn,

such that in the i-th column ofA we will find
o

o
i-th row.

o
In fact, using this terminology, we have the following important result.

PROPOSITION 14.2.1: Let T : 'll ---+ 'll be an endomorphism of the
finite-dimensional vector space'll. Then T is represented by a diagonal
matrix using the same basis in domain and range ifand only if'll has
a basis composed ofeigenvectors of T.

DEFINITION: An endomorphism T : 'll ---+ 'll ofthe finitedimensional
vector space 'll is said to be diagonalizable if there exists a basis of
'll with respect to which T is represented by a diagonal matrix.

Note that in view of Proposition 14.2.1 an endomorphism T : 'll ---+ 'll
is diagonalizable if and only if 'll has a basis composed of eigenvectors
of T. Thus, if'll is n-dimensional, T is diagonalizable if and only if
there exist n linearly independent eigenvectors of T. To diagonalize
T means to find, if possible, a basis of 'll composed of eigenvectors of T,
and the matrix of T with respect to this basis.

Sometimes it is possible to restrict the values of possible eigenvalues,
as the following proposition shows.
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PROPOsmON 14.2.2: Let P : 0/---+ 0/ be a projection, that is, p2 = P
(see Section 12.1). Then the only eigenvalues of Pare 0 and 1.

PROOF: Suppose that e is an eigenvalue of P and E Eo/a corre-
sponding eigenvector, so that

P(E) = eE.

Then, computing p2(E) in two different ways gives

p 2(E) = P(E) = eE

p2(E) =P(P(E)) = P(eE) =eP(E) = e(eE) =e2E.

Therefore,

or

(e2-e)E=O.

Since the vector E #0, this implies

o=e2 - e =e(e - 1).

So e =0 or e = 1. D

In fact, in Theorem 12.1.1, we even showed that a projection has the
diagonal form

o
1
o

o
o

r

where r = dim(ker(P)) and s = dim(lm(P)).

EXAMPLE 1: Let T :m? ---+ lR2 be the linear transformation given
by

T(x, y) =(x + 2y, 3x + 2y).

Find all the eigenvalues and eigenvectors of T.
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SOLUTION: Note that relative to the standard basis of m.2 , T is
represented by the matrix

which is hardly diagonal.

To discover the eigenvalues and eigenvectors of T, indeed, to determine
whether there are any eigenvalues at all, we must look for numbers e
and nonzero vectors E such that T(E) =eE. That is, ifE =(x, Y),

T(x, y) =(ex, ey).

Since by definition

T(x, y) = (x + 2y, 3x + 2y),

we must determine when the system of equations

x + 2y =ex,

3x +2y = ey

has a nontrivial solution, Le., a solution where not both x and yare
zero. So we must determine for which values of e the homogeneous
linear system

(1- e)x + 2y =0,
3x+(2-e)y=0

has a nontrivial solution. According to Theorem 13.1.3, this system has
a nontrivial solution if and only if the matrix

[I-e 2]
3 2-e

is not invertible. (That is, the linear transformation represented by
this matrix is not an isomorphism.) But Proposition 10.4.1 says that a
2 x 2 matrix A is not an isomorphism precisely when det(A) =o. Putting
all this together, we find that e is an eigenvalue of T if and only if

det [ 1 ; e 2: e] =O.

Evaluating the determinant, we find that

det [1; e 2 : e] = (1- e)(2 - e) - 6

=2-3e + e

2

-6

= e 2 -3e-4

= (e -4)(e + 1).
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Thus the eigenvalues of T are those numbers e such that

0= (e -4)(e + 1),

that is,
e = 4, e =-1

are the eigenvalues of T.

Next we find the eigenvectors of T associated to 4 and -1 respectively.
To do so means that we must solve the linear equations

{

-3X +2y =0,
3x-2y =0,

{
2x+2y = 0,
3x+3y =O.

The first system has as solution space the linear span of the vector
E =(2,3), and the second set has as solution space the linear span of
F = (1, -1).

Thus we see the eigenvalues of Tare 4 and -1, and all eigenvectors
associated to 4 are multiples of (2, 3) and all eigenvectors associated to
-1 are multiples of (1, -1).

While the preceding example is long and tedious, it is at least partly so
because we really do not have enough tools yet to work such examples
comfortably. In fact, the example suggests a few useful results.

PROPOSITION 14.2.3: Let T : 0/ ----> 0/ be an endomorphism of the

finite-dimensional vector space 0/. A number e is an eigenvalue of T if

and only ifthe endomorphism

T - el : 0/ ----> 0/

is not an isomorphism.

PROOF: Suppose that e is an eigenvalue of T. Let E be an eigen-
vector of T associated to e. Then

T(E) =eE.

Therefore,
(T - el)(E) = T(E) - eE = eE - eE = 0,

so 0 #E Eker(T - el). Hence by Proposition 8.6.1 T - el is not an iso-
morphism. Conversely, suppose that T - el is not an isomorphism. By
Proposition 8.6.1 again it follows that either

ker(T - el) # {o}
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or
Im(T - el) 0/.

From Theorem 8.4.2 we have the equation

n =dim(ker(T - el)) + dim(Im(T - el)).
Hence in either case, dim(ker(T - el)) > 0, that is, we must have

ker(T - e I) {o}

and
Im(T - el) 0/.

At any rate, ker(T - el) {o} and so we may select E eker(T - el), E O.
Then

0= (T - el)(E) = T(E) - e(E),

so
T(E) = eE,

and hence E is an eigenvector of T associated to the eigenvalue e. 0

DEFINITION: Let T : 0/ -+ 0/ be an endomorphism of the vector
space 0/. Suppose that e is an eigenvalue of T. Set

'lie ={E IT(E) =eE} .

'lie is called the eigenspace of T associated to the eigenvalue e.

Thus 'lie is the set ofall eigenvectors of T associated with the eigenvalue
e, together with the zero vector. Note that by definition an eigenspace
'lie always contains a nonzero vector, namely an eigenvector (at least
one), and therefore dim('lIe) is always positive.

PROPOSITION 14.2.4: Let T : 0/ -+ 0/ be an endomorphism of the
vector space 0/. Ife is an eigenvalue of T, then 'lie = ker(T - el). Hence
'lie is a subspace of0/.

PROOF: Immediate from the definitions. 0

Not every linear trimsformation has eigenvalues, but even if a linear
transformation has lots ofeigenvalues, it still may be impossible to rep-

resent it by a diagonal matrix. Recall that ker(T) ={E eo/I T(E) =O},
and so the number 0 is an eigenvalue of T : 0/ -+ 0/ if and only if
ker(T) {O}, in which case 'l!o = ker(T). The following result shows
that there are many nonzero endomorphisms for which 0 is the only
eigenvalue.
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PROPOSITION 14.2.5: Let T : 'l! ----+ 'l! be nilpotent. Then the only

eigenvalue of T is O.

PROOF: Since T is nilpotent there exists an integer k such that
Tk =O. Let k be the smallest such integer. Then Tk-l 0, so there is a
vector E E'l! with Tk-l(E) O. Since

T(Tk-1(E)) = Tk(E) = 0 = OE

it follows that 0 Tk-l(E) Eker(T), so 0 is an eigenvalue of T, and
'l!o =ker(T).
Conversely, if e is any eigenvalue of T, then there is a nonzero vector
F E 'l! such that

T(F) = eF.

Then
T2(F) = T(T(F)) = T(eF)) = eT(F) = eeF = e2F,
T3(F) = T(T2(F)) = e2T(F) = e3F,

and continuing in this way, we see that

Tk(F) =ekF.

But Tk =0, so

and therefore
ekF =O.

Since F is not the zero vector, this implies that e

k =0, so e =0, as
required. 0

The only diagonalizable transformation with 0 as its only eigenvalue is
the zero transformation. Therefore, the only nilpotent transformation
that is diagonalizable is the zero transformation! In a very strong sense
this is the reason why not all transformations can be diagonalized. In
fact, if complex scalars are used, then any transformation T : 'l! ----+ 'l!
can be written as a sum D + N, where D is diagonalizable with the
same eigenvalues (and multiplicities; see Section 14.5) as T, and N is
nilpotent. This is the Jordan canonical form, which is the subject of
Chapter 17.

In the following discussion it will be convenient to have a name for
endomorphisms T : 'l! ----+ 'l! that are not isomorphisms.

DEFINITION: An endomorphism T : 'l! ----+ 'l! is said to be singular
if T is not an isomorphism.

Note that in the course of proving Proposition 14.2.3 we also proved
(look at Proposition 8.6.1 again):
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PROPOsmON 14.2.6: Let 0/ be a finite-dimensional vector space

and T : 0/-+ 0/ an endomorphism. Then T is singular if and only if

ker(T) 1 {O}. 0

EXAMPLE 2: Let S : P(ffi,) -+ P(ffi,) be the linear transformation
given by

S(p(x» =xp(x).

Then S is an endomorphism ofP(ffi,). Clearly,

ker(S) = {o}.

On the other hand, S is singular, since the vector 1 is not in Im(S).
Thus Proposition 14.2.6 becomes false if we do not assume 0/ to be
finite-dimensional. (See also Exercise 10 in Chapter 9.)

EXAMPLE 3: Find the eigenvalues and associated eigenspaces for
the linear transformation T : ffi,2 -+ ffi,2 with matrix .

relative to the standard basis.

SOLUTION: The eigenvalues are those for which

is singular. (Note that since we have insisted on using the same basis
in domain and range, the matrix of I is

You should go back and look at Examples 1 and 2 of Section 11.1.) The
matrix

;] -e =
is singular if and only if its determinant vanishes. So we must have

[

1-e 2]O=det =(l-e)(3-e)-8
4 3-e '

so
o= (1- e)(3 - e) - 8 = 3 - 4e + e2

- 8

=e2
-4e -5 =(e -5)(e + 1).
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Hence, the eigenvalues of T must be e = 5, e = -1. To find the corre-
sponding eigenspaces of T, we must solve the equations

e =5: {
-4x +2y

4x-2y

=0,
=0,

e =-1: {
2x + 2y = 0,
4x + 4y =0,

so
0/5 = £«1,2)) = {(x, y) 12x - y = o} ,

0/..1 = £«(1,-1)) = {(x, y)lx + y = o}.
EXAMPLE 4: Find the eigenvalues and eigenvectors of the linear

transformation with matrix

relative to the standard basis ofm?.

SOLUTION: We must find when

[

-e 1]det -1 -e =O.

But

det = e
2

+ 1

and hence is never zero. Therefore, this linear transformation

has no eigenvalues. 2

14.3 Determinants

It should be clear from the preceding examples that the problem of
calculating the eigenvalues and eigenvectors ofa linear transformation

2 One can view this as a special case of a general defect of the real numbers:
quadratic equations do not always have roots. One way to correct this defect
would be to use complex numbers as scalars. See, e.g., chapter 15.
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for n > 2 depends on having a systematic method to test when T - el
is singular. Such a method exists, although for large n it is not really
simple (nor efficient), as it is enonnously tedious. It involves extending
the detenninant to square matrices of size greater than 2. We do this
by induction.

DEFINITION: LetA be an n x n matrix. The square matrix obtained

from A by deleting the i th-row and j th-column ofA is called theminor
of the element au ofA, or the (i, j)-minor of the matrix A, and is

denoted byM

i

,).

EXAMPLE 1: Let

A =
o 4

find the minors M1,2, M2,3, M3,3 of A.

SOLUTION: We have

M1,2 =

M2,3 =

M3,3 =

DEFINITION: Let A be a square matrix ofsize n. Then the deter-
minant ofA, denoted by det(A) is defined by the inductive fonnula

det(A) =a if A = [a] is a 1 x I-matrix,

det(A) =al,1 det(M1,1) - al,2 det(M1,2) + ... + (_l)n+l a1,n det(M1,n)
n

="(_1)1+)al . det(M I .) if A is a square matrix of size n > l.,J ,J
)=1

EXAMPLE 2: Calculate the detenninant of

[101]A= 2 1 2 .
046

SOLUTION: We have

det(A) =1 . det [ - 0 . det [ + 1 . det ]

=6 - 8 + 0 + 8 = 6.



240 14. The Elements ofEigenvalue and Eigenvector Theory

EXAMPLE 3: Calculate the determinant of

SOLUTION: We have

det(A)=1·det -2·det
o 2 1 1 2 1

-ldet i -Hot i
= 1 . ( det - 4 . det [ + 2 . det [ ])

-2· (0. det - 4 . det + 2 . det [ ])

- (0 . det [ - 1 . det [ + 2 . det [ ])

-3 (0 . det [ - det [ + 4 . det [ ])

=(-8 - 4 + 4) - 2(0- 4(-4) + 0)-(0 + 4-2) -3(0- 0 -4)
=-30.

Hopefully, the preceding example will convince you that the evaluation
of determinants of large matrices is a most painful process. However,
for small values of n, the utility of determinants cannot be denied.

There are a number of properties of determinants that make their
computation easier. The verification of these properties requires an
excursion into multilinear algebra, which is undertaken in Appendix
A. The basic properties of determinants are summarized in properties
(1)-(8) below, ofwhich we make free use in the sequel.

PROPERTIES OF DETERMINANTS: Let A be a matrix.
(1) IfA has a row of zeros, then det(A) = O.
(2) IfA has two rows equal, then det(A) = O.
(3) If B is obtained from A by interchanging two rows, then
det(B) = -det(A).

(4) If B is obtained from A by adding a multiple of one row to a
different row, then det(B) = det(A).

(5) IfB is obtained from A by multiplying a row ofA by a number
k, then det(B) = k det(A).
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(6) If A is upper triangular, then det(A) is the product of the
diagonal entries.

(7) det(AB) =det(A)det(B).
The final property of the determinant that we need requires a defini-
tion.

DEFINITION: The transpose of a matrix A = (ai,j) is the matrix

AIr = where =a
J
·;.

t,j , t,j'"

For example when n =4

[

1 5 9
2 6 10
3 7 11
4 8 12

13] Ir
14 =15
16

The transpose of A is the matrix AIr whose rows are the columns of A
(see Chapter 10 Exercises 21- 25).

(8) det(Alr) = det(A); hence everything we said about rows works
equally well for columns.

Using these properties, we may do Example 3 a little less painfully.

EXAMPLE 4 (Example 3 revisited): We have

[

1 2
o 1

det 0 1

1 0
- = det l1 ]

=det [jn =- det
224 1 224

= -det = -(_1)1+3 det
-6 -2 4

=-(6 + 24) =-30.

PROPOSITION 14.3.1: LetA beannxn matrix. Then A is invertible

ifand only ifdet(A) O.

PROOF: Suppose that A is invertible. Then

A·A-1=1.
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Taking determinants ofboth sides gives

det(A . A-I) = det(l).

Since I is upper triangular it follows from property 6 of determinants
that

det(l) =1.
From property (7) we find that

det(A . A-I) =det(A) det(A-1).

Equating gives
det(A)det(A-1) =1.

Hence det(A):f 0, and in fact, det(A-1) =(detAt1. Note the use of-Ion
the left of this equation indicates the inverse of the matrix A and on
the right the inverse of the number detA.

To prove the converse we will actually give a method for constructing
A-1. Let us introduce the numbers

The number Ai,j is called the cofactor of ai,j. Using this notation we
have:

LEMMA 14.3.2: det(A) = I:j ai,jAi,j for any i = 1, 2, ....

PROOF: Let B be the matrix obtained from A by interchanging the
1-st and i-th rows. Then

detA =-det(B) =-L b

1

,jB

1

,j.

Next note that the minors Mi,j(B) of the i-th row of B differ from the
minors M1,j(A) of the first row ofA in that the first row ofMi,j(B) is the
(i - 1)-st row ofM1,j(A). By interchanging this row with the one below
it in M1,iB) i - 2 times, we can put it in the (i - 1)-st row. Therefore,
for the cofactors we find that B

1

,j =-Ai,j, and hence det(A) =-det(B) =
- I:j b

1

,jB

1

,j =I:j ai,jAi,j. D

REMARK: Note that in view of the fact that det(A) =det(Atr ), it
follows from this lemma that det(A) may also be computed from the
minors of any column.

LEMMA 14.3.3: I: ai,jAk,j =0 ifk :f i.
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PROOF: Let B be the matrix obtained from A by replacing the k-th
row ofA by the i-th row. Then B has two rows equal, so det(B) =O. On
the other hand the cofactors ofA and B satisfy

so using the preceding lemma to evaluate det(B) by minors of the k-th
row we find that

as required. D

Next we define the matrix Acol = (ai), called the cofactor matrix of
A, by ai,j =Aj,i. (Note carefully the switch in the indices.) We then.
have:

LEMMA 14.3.4: A· Acol =det(A).1.
PROOF: Let A . Acol = C = (Ci,). Then

Ci,k =L ai,j aj.k =L ai,jAk,j,
j j

so by Lemma 14.3.2

. _{O
C1,k - det(A) i =k,

such that C = (detA)·1 as required. D

Returning to the proof of 14.3.1 we suppose that det(A) O. Let

1 col
B = det(A)A .

Then

A· B = A
col = =I,

i.e., B =A-I, as required. D

EXAMPLE 5: Calculate the inverse of the matrix ofExample 2.



244 14. The Elements ofEigenvalue and Eigenvector Theory

SOLUTION: We must calculate the cofactors of A. We find

Hence

A 1,1 = (-l)I+ldet

A 1,2 = (_1)1+2 det

A 1,3 =(-1)1+3det

A2,1 =(-1)2+1det

A2,2 = (_1)2+2 det

A = (_1)2+3 det [10

A3,1 =(_1)3+1 det

A3,2 = (_1)3+2 det [;

A =(_1)3+3 det [1a3 2

=6-8=-2,

=-12,

= 8,

=-(0-4)=4,

= 6,

=-4,

;] =-1,

;] = 0,

=1.

and therefore

1[-2 4-1]A-I =- -12 6 0 .
6 8 -4 1

EXAMPLE 6 (compare Section 6.3, Example 6): Determine when
the vectors (r, 1, 1),0, r, 1),0,1, r) are a basis for IR3.

SOLUTION: Consider the linear transformation

that is the linear extension of

n1, 0, 0) =(r, 1, 1),

T(O, 1, 0) = 0, r, 1),

no, 0, 1) =0, 1, r).
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Then T is an isomorphism if and only if {(r, 1, 1), (1, r, 1), (1, 1, r)} is a

basis for IR3 . The matrix of T relative to the standard basis of IR3 is

[

r 1
1 r
1 1

and so T is invertible if and only if

oI det ;] = r det [ + (-1) det [ + 1det [ ]

= r(r

2

-1)-(r -1)+(1- r)

= (r - 1)[r(r + 1) - 2] = (r - 1)(r

2+ r - 2)

= (r - 1)2(r + 2).

Therefore, T is invertible if and only if r 1 or -2, so {(r, 1, 1), (1, r, 1),

(1, 1, r)} is a basis for IR3 if and only if r 1 or -2.

As a method for computing, the above procedure is quite systematic
but fraught with the perils of arithmetic error.

14.4 The Characteristic Polynomial

Let us return to the problem of calculating the eigenvalues of an endo-
morphism T: '11 ----+ V of the finite-dimensional vector space '11. Choose
a basis {AI, ... , An} for '11 and let T be represented by the matrix
A =(ai,) in this basis.

DEFINITION: The characteristic polynomial of T is the polyno-

mial ofdegree n, L\(t) = det(A - t1), where t is a variable.

REMARK: It might seem as though the characteristic polynomial
of T depends on the choice of basis {AI, ... , An}. To see that this is
not so suppose that {Bt, ... , Bn} is another basis for '11 and that the
matrix ofT is B relative to this basis. Then by Theorem 11.3.1

B = PAP-I

(since we are using the same bases in domain and range). Thus

B - tl = PAP-I - tl = PAP-I - tPIP-I

=P(A - t1)p- l .


