
Math 4310

Homework 11

Due 12/2/16

Name:

Collaborators:

GRADES

Exercises / 50

Extended Glossary

Component Correct? Well-written?
Definition /6 /6

Example /4 /4

Non-example /4 /4

Theorem /5 /5

Proof /6 /6

Total /25 /25

Please print out these pages. I encourage you to work with
your classmates on this homework. Please list your collaborators
on this cover sheet. (Your grade will not be affected.) Even if you
work in a group, you should write up your solutions yourself!
You should include all computational details, and proofs should
be carefully written with full details. As always, please write
neatly and legibly.

Please follow the instructions for the “extended glossary” on
separate paper (LATEX it if you can!) Hand in your final draft,
including full explanations and write your glossary in complete,
mathematically and grammatically correct sentences. Your an-
swers will be assessed for style and accuracy.

Please staple this cover sheet, your exercise solutions, and
your glossary together, in that order, and hand in your homework
in class. Please hand your journal in separately, unattached to
your HW.

Reading. We’ll be skipping around in Chapters 5 & 6 in Cooperstein. Also, I’ll email you a couple
of articles that convey the power of linear algebra

Exercises.

1. Prove that any matrix A ∈Mn(C) is similar to its transpose Atr. (Warning: If you think you
have a way of proving this without working with the Jordan canonical form, it’s probably
wrong.)

2. Let 〈·, ·〉 : R2 × R2 → R be defined by

〈(α,β), (γ, δ)〉 = 5α · γ− 2(α · δ+ β · γ) + β · δ.

(a) Show that 〈·, ·〉 is an inner product.

(b) Determine the lengths of the vectors

(1, 0), (0, 1), (1, 3), (−1, 2)

using this inner product.

(c) Draw a picture of the circle of radius 1 about the origin (i.e. the vectors of length one)
in this inner product.
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3. Let V = C∞(R,R) be the inner product space of continuous functions R → R with inner
product

〈f(t), g(t)〉 =
∫ 1
0

f(t)g(t)dt.

Use the Gram-Schmidt process on the linearly independent set
{
t, et, cos(πt)

}
to get an or-

thogonal set. (You can use Wolfram Alpha or whatever else to calculate the integrals that
come up when doing this. You can also in theory normalize the vectors, but that’s an even
worse mess than it already is!)

4. Let C0
(
[0, 1],R

)
denote continuous R-valued functions on the interval [0, 1]. As above, this

has inner product,

〈f(t), g(t)〉 =
∫ 1
0

f(t)g(t) dt.

This has a three-dimensional subspace W = Span(1, t, t2). Compute the orthogonal projec-
tion of the following functions onto that subspace.

(a) h(t) = t3

(b) `(t) =
√
t

These projections are the best approximations to the original functions that are in the sub-
spaceW. “Best” means closest in terms of the norm defined by this inner product.

5. Let V be an inner product space. A linear transformation T : V → V is called an orthogonal
reflection if there exists a n − 1-dimensional subspace W such that T(w) = w for w ∈ W,
and there exists a vector v orthogonal toW such that T(v) = −v. Show that given this v, and
assuming v is scaled so ||v|| = 1, then T must be given by the formula

T(u) = u− 2〈u, v〉v.

6. Let V =M2×2(C) be equipped with the inner product 〈A,B〉 = trace(Atr · B). Let T : V → C
be the map

T

([
a11 a12
a21 a22

])
= a11 − a22.

Find a vectorW ∈M2×2(C) so that T(A) = 〈A,W〉.

7. Let S, T : V → V be linear operators on an inner product space, and let S∗ and T∗ denote
their adjoints. Prove:

(a) (S+ α · T)∗ = S∗ + α · T∗.

(b) (S ◦ T)∗ = T∗ ◦ S∗.

(c) T + T∗ is self-adjoint.
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8. Play around with Wolfram Alpha! Compute the following:

(a) Diagonalize A =

 0 1 1

1 0 1

1 1 0

.

(b) Compute the exact values of the singular values of B =

[
1 0 2 0 −3
0 3 −1 0 1

]
.

Compute the SVD.

(c) Compute the SVD of C =

 1 0 2 0 −3
0 3 −1 0 1

−1 1 −2 0 0

.

Notice that C is just B with one extra row. Play around a bit with the extra row you
might add and see if you see any patterns or nice examples. Write a little bit about
what you found (if anything interesting).

(d) Compute the Jordan decomposition of

D =


0 −1 0 0

1 0 0 0

1 2 0 1

−1 3 −1 0

 and E =


2 1 −1 0

0 0 1 0

0 0 0 1

1 0 0 0

 .

Extended Glossary. Give a definition of an symplectic form on a vector space. A vector space
equipped with a symplectic form is called a symplectic vector space. Give an example and a
non-example of a symplectic form. Then state and prove a theorem about symplectic forms or
symplectic vector spaces. (A symplectic form is a different sort of “geometric structure” we can
impose on a vector space from an inner product. Symplectic forms are important in differential
geometry and are the formalism behind the Hamiltonian formulation of classical mechanics!) If
you want more guidance about some interesting statements to try to prove, ask me or the TAs.

As ever, you may work in groups, but please write up your solutions yourself. If you do work
together, your group should come up with at least four examples and two theorems among you.
Each one (example and theorem) should be included in some group member’s extended glossary.
Your solutions should be written formally, so that we could cut and paste them into a textbook.
HOWEVER, your solution should not be directly copied from another source. Always cite
references that you used in preparing your extended glossary.

Journal entry. None this week.


