
Math 4310

Homework 9

Due 11/10/16

Name:

Collaborators:

GRADES

Exercises / 50

Extended Glossary

Component Correct? Well-written?
Definition /6 /6

Example /4 /4

Non-example /4 /4

Theorem /5 /5

Proof /6 /6

Total /25 /25

Please print out these pages. I encourage you to work with
your classmates on this homework. Please list your collaborators
on this cover sheet. (Your grade will not be affected.) Even if you
work in a group, you should write up your solutions yourself!
You should include all computational details, and proofs should
be carefully written with full details. As always, please write
neatly and legibly.

Please follow the instructions for the “extended glossary” on
separate paper (LATEX it if you can!) Hand in your final draft,
including full explanations and write your glossary in complete,
mathematically and grammatically correct sentences. Your an-
swers will be assessed for style and accuracy.

Please staple this cover sheet, your exercise solutions, and
your glossary together, in that order, and hand in your homework
in class. Please hand your journal in separately, unattached to
your HW.

Reading. §4.2–4.3 in Cooperstein.

Exercises.

1. Let T : R3 → R3 be the transformation given by

T(v) =

 2 −1 3

1 0 2

−1 2 0

 · v.
(a) Show that e3 is a cyclic vector for T , and compute µT,e3(x).

(b) Set u = (T 2 + IV)(e3). Determine µT,u(x).

2. Let T : R3 → R3 be defined by T

 x1
x2
x3

 =

 −x3
x1 + x3
x2 + x3

.

(a) Show that e1 is a cyclic vector for T and compute µT,e1(x).

(b) Compute µT,e2(x).

3. Let V be a finite dimensional vector space. Assume that the linear transformation
T ∈ L (V,V) has no proper invariant subspaces. Prove that T is cyclic.

(A subspaceW ⊂ V is proper ifW 6= {~0} andW 6= V .)
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4. Assume that T is a cyclic operator on R4. Let N be the number of T -invariant subspaces.
Prove thatN ∈ {3, 4, 5, 6, 8, 9, 12, 16}. Give an example of a cyclic operator with exactlyN = 9
T -invariant subspaces.

5. Let V be a finite dimensional vector space, and T ∈ L (V,V) a cyclic transformation. Prove
that a transformation S ∈ L (V,V) commutes with T (i.e. S ◦ T = T ◦ S) if and only if there is
a polynomial g(x) ∈ F[x] so that S = g(T).

6. Prove that if T 2 is a cyclic operator, then so is T . Is the converse true?

7. Let T : R4 → R4 be the linear operator given by

T(v) =


2 0 0 0

2 0 0 −1
−1 1 0 −1
0 0 1 −1

 · v.
Determine µT (x) and find a maximal vector for T .

(You might want to use Wolfram Alpha for calculating the various matrix products!)

8. Let V be a finite-dimensional vector space and T an operator on V . Assume that µT (x) is an
irreducible polynomial. Prove that every non-zero vector in V is a maximal vector.

9. Let F = Z/5Z and T ∈ L (F5,F5). Assume that µT (x) = x5 − x. Prove that T has exactly 45

maximal vectors.

Extended Glossary. For any algebra A with identity over a field F, define the characteristic of A.
Remark in your glossary that F is an algebra over F, so the characteristic of a field is also defined
by your definition. Give examples of algebras of two different characteristics. Finally state and
prove a theorem about the characteristic of an algebra. If you want more guidance about some
interesting statements to try to prove, ask me or the TAs.

As ever, you may work in groups, but please write up your solutions yourself. If you do work
together, your group should come up with at least four examples and two theorems among you.
Each one (example and theorem) should be included in some group member’s extended glossary.
Your solutions should be written formally, so that we could cut and paste them into a textbook.
HOWEVER, your solution should not be directly copied from another source. Always cite
references that you used in preparing your extended glossary.

Journal entry. None this week.


