
Math 4310

Homework 7

Due 10/20/16

Name:

Collaborators:

GRADES

Exercises / 50

Extended Glossary

Component Correct? Well-written?
Definition /6 /6

Example /4 /4

Non-example /4 /4

Theorem /5 /5

Proof /6 /6

Total /25 /25

Please print out these pages. I encourage you to work with
your classmates on this homework. Please list your collaborators
on this cover sheet. (Your grade will not be affected.) Even if you
work in a group, you should write up your solutions yourself!
You should include all computational details, and proofs should
be carefully written with full details. As always, please write
neatly and legibly.

Please follow the instructions for the “extended glossary” on
separate paper (LATEX it if you can!) Hand in your final draft,
including full explanations and write your glossary in complete,
mathematically and grammatically correct sentences. Your an-
swers will be assessed for style and accuracy.

Please staple this cover sheet, your exercise solutions, and
your glossary together, in that order, and hand in your homework
in class. Please hand your journal in separately, unattached to
your HW.

Reading. §2.4–2.6 and §3.1 in Cooperstein.

Exercises.

1. Find the gcd of x3 + x2 + x+ 1 and x5 + 2x3 + x2 + x+ 1 in R[x].

2. For two polynomials f(x), g(x) ∈ F[x], set

Jf,g = {a(x)f(x) + b(x)g(x) | a(x), b(x) ∈ F[x]}

to be the set of polynomial combinations of f(x) and g(x).

(a) Prove that Jf,g is an ideal in F[x].

(b) Prove that if f(x) and g(x) are both non-zero, then Jf,g is the ideal Id(x) of all multiples
of d(x), where d(x) = gcd(f(x), g(x)).
(Note that Id(x) is also denoted 〈d(x)〉)

3. Let F be a field. Prove that a degree 3 polynomial p(x) ∈ F[x] is reducible if and only if it has
a root.

4. Identify all the monic irreducible polynomials of degree at most 3 in F[x] for F = Z/3Z.
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5. For this problem, let F = Z/2Z. Define F4 to be the set of all 2× 2 matrices

F4 =

{[
a b

b a+ b

] ∣∣∣∣ a, b ∈ F

}
.

(a) Prove that with the operations matrix addition and matrix multiplication, F4 is a field
having exactly 4 elements.
(HINT: Use the properties of matrix addition and multiplication to deduce most of the
axioms!!!)

(b) Prove that F4 is isomorphic to F[x]/〈x2 + x+ 1〉.
(Since these both have four elements, it may be easiest to find the isomorphism by
comparing the addition and multiplication tables.)

6. (Lagrange Interpolation) The goal of this exercise is to prove that for a field F and n+1 pairs
(x0, y0), · · · , (xn, yn) with xi, yj ∈ F, xi 6= xj for i 6= j, and yi 6= 0, there is a unique degree n

polynomial p(x) ∈ F[x] so that p(xi) = yi.

(a) Prove that `j(x) =
∏

0 ≤ k ≤ n

k 6= j

(
x− xk
xj − xk

)
is a well-defined polynomial of degree n in

F[x].

(b) Prove that p(x) =
n∑
j=0

yj`j(x) is a polynomial of the desired form.

(c) Prove that p(x) is the unique polynomial of degree at most n of this form.
(HINT: Suppose there is another, and think about roots of the difference.)

7. For polynomials in multiple variables, there are not necessarily interpolating polynomials
as in the above example.

Let R(k)[x, y] denote the polynomials with R coefficients in two variables of degree at most
k. For a set of points {(ai, bi) ∈ R2 | i = 1, . . . , n}, there is a linear transformation given by
evaluating at these points.

E : R(k)[x, y] → Rn

p(x, y) 7→
 p(a1, b1)

...
p(an, bn)

 .

(You do not need to prove this is linear, but should convince yourself of this fact.) There will
exist an interpolating polynomial taking on certain values at each point (ai, bi) if and only
if the list of values is in the image of E. (Again, don’t prove, but convince yourself of this.)

Prove that for any list of 10 points on the unit circle in R2, there is a list of values so that
there is not an interpolating polynomial of degree at most 3 taking on those values at the 10

prescribed points.
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Extended Glossary. You have two choices this week (one inspired by a question in class).

1. Give the definition of a Euclidean domain. Then give an example of a Euclidean domain
that we have not yet seen in class, an example which is not a Euclidean domain, and state
and prove a theorem about Euclidean domains. (The natural choice is that in a Euclidean
domain, there is a Division Algorithm!)

2. Give the definition of a group. Then give an example of a group that we have already seen
in class but not called it such, an example from class which is not a group, and state and
prove a theorem about groups.

As ever, you may work in groups, but please write up your solutions yourself. If you do work
together, your group should come up with at least four examples and two theorems among you.
Each one (example and theorem) should be included in some group member’s extended glossary.
Your solutions should be written formally, so that we could cut and paste them into a textbook.

Journal entry. None this week.


