
Math 4310

Homework 6

Due 10/20/16

Name:

Collaborators:

GRADES

Exercises / 50

Extended Glossary

Component Correct? Well-written?
Definition /6 /6

Example /4 /4

Non-example /4 /4

Theorem /5 /5

Proof /6 /6

Total /25 /25

Please print out these pages. I encourage you to work with
your classmates on this homework. Please list your collaborators
on this cover sheet. (Your grade will not be affected.) Even if you
work in a group, you should write up your solutions yourself!
You should include all computational details, and proofs should
be carefully written with full details. As always, please write
neatly and legibly.

Please follow the instructions for the “extended glossary” on
separate paper (LATEX it if you can!) Hand in your final draft,
including full explanations and write your glossary in complete,
mathematically and grammatically correct sentences. Your an-
swers will be assessed for style and accuracy.

Please staple this cover sheet, your exercise solutions, and
your glossary together, in that order, and hand in your homework
in class. Please hand your journal in separately, unattached to
your HW.

Reading. §2.4–2.6 and §3.1 in Cooperstein.

Exercises.

1. Give an example of a 2× 2 real matrix A so that A 6= 02×2 but A2 = 02×2. Use this to give an
example of a linear operator T : R2 → R2 such that T 6= 0 but T 2 = 0.

2. Let T ∈ L (R3,R3) and suppose
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Let S denote the standard basis e1, e2, e3. DetermineMT (S,S).

For the basis B =
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, determineMT (B,B).

3. Let A be an m× n matrix with entries in the field F and assume that the columns of A span
Fm. Prove that there is an n×m matrix B so that AB = Im×m is the m×m identity matrix.

4. Show that the columns of the matrix A =

 1 1 1 1

1 2 −1 3

1 0 3 −2

 ∈ Mat3×4(Q) span Q3. Then

find a 4× 3 matrix with Q entries so that AB = I3.
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5. An ideal in an algebra A with identity is a vector subspace I of A which further satisfies:
whenever r ∈ A and b ∈ I, then both rb and br are in I. An algebra A is simple if the only
ideals are A and {0}.

(a) For any polynomial p(x), let Ip(x) denote the set of all multiples f(x)p(x) of p(x). Prove
that Ip(x) is an ideal.

(b) Prove that Matn×n(F) is simple.

6. Let S be the operator on R(2)[x] given by

S(a+ bx+ cx2) = (a+ 2b+ c) + (2a+ 3b+ 2c)x+ (a+ 3b+ 2c)x2.

Show that S is invertible by explicitly exhibiting S−1.

7. Let V be a finite dimensional vector space over a field F. Prove that there is a one-to-one
correspondence between units in L (V,V) and the collection of all (ordered) bases of V .

8. Determine the number of units in L (F3,F3) for F = Z/3Z.

9. An operator S : V → V is nilpotent if Sk is the zero map for some natural number k. Prove
that if S is nilpotent, then IV − S is invertible.

(HINT: Consider the product of IV − S and IV + S+ S2 + · · ·+ Sk−1.)

10. Prove that is similar to is an equivalence relation on L (V,V).

Extended Glossary. None this week.

Journal entry. Please write a journal entry this week. You can address any of the following, or just
tell me about some cool math you’ve been thinking about or what to know more about. Let me
know how the course is going. Do you have any feedback after the Prelim? Are you finding the
resources you need to succeed in the course? Equally, I’d be very happy if anyone wants to write
a song explicating any of the theorems we’ve proved thus far in class!


