
Math 4310

Homework 4

Due 9/22/16

Name:

Collaborators:

GRADES

Exercises / 50

Extended Glossary

Component Correct? Well-written?
Definition /6 /6

Example /4 /4

Non-example /4 /4

Theorem /5 /5

Proof /6 /6

Total /25 /25

Please print out these pages. I encourage you to work with
your classmates on this homework. Please list your collaborators
on this cover sheet. (Your grade will not be affected.) Even if you
work in a group, you should write up your solutions yourself!
You should include all computational details, and proofs should
be carefully written with full details. As always, please write
neatly and legibly.

Please follow the instructions for the “extended glossary” on
separate paper (LATEX it if you can!) Hand in your final draft,
including full explanations and write your glossary in complete,
mathematically and grammatically correct sentences. Your an-
swers will be assessed for style and accuracy.

Please staple this cover sheet, your exercise solutions, and
your glossary together, in that order, and hand in your homework
in class. Please hand your journal in separately, unattached to
your HW.

Reading. §1.4 pp. 20–23 and §1.7–1.8 in Cooperstein.

Exercises.

1. Compute the dimension of the following vector spaces.

(a) F(k)[x], the polynomials of degree at most k, as a vector space over F.

(b) The vector space ofm× nmatrices with entries in a field F, as a vector space over F.

(c)
{
f ∈ C∞(R)

∣∣∣ dnfdtn = 0
}

as a vector space over R.

(d) For F = Z/5Z,
{
p(x) ∈ F(k)[x]

∣∣∣ p(x) = p(−x) } as a vector space over F.

2. Let V be a finite-dimensional vector space over a field F, and let U,W,X be subspaces.

(a) If U ∩W = {~0}, prove that dim(U+W) = dimU+ dimW.

(b) In general, prove dim(U+W) = dimU+ dimW − dim(U ∩W).

(c) If you’re familiar with the “inclusion-exclusion principle”, you might guess that part
(b) generalizes to the equality

dim(U+W+X) = dim(U)+dim(W)+dim(X)−dim(U∩W)−dim(U∩X)−dim(W∩X)+dim(U∩W∩X).

Provide a counterexample to show this “equality” can be false!
(Hint: You can take the field F to be R and the vector space V to be R2).
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3. Let Fun(X,F) denote the vector space of functions from a set X to a field F. (You do not need
to prove that this is a vector space over F.) Let Funfin(X,F) denote the subset of functions
with finite support: functions f for which there are only finitely many elements x ∈ X with
f(x) 6= 0.

(a) Suppose thatX is a finite set (and so Fun(X,F) = Funfin(X,F)). What is dim(Fun(X,F)?

(b) Suppose that X is an infinite set. Find a basis for Funfin(X,F). What can you say about
dim(Fun(X,F)?

4. Let F = Zp denote the integers modulo a prime p, and consider the vector space V = Fn

over F. How many bases are there of this vector space? (Your answer should be a formula
in terms of p and n.)

5. Let R∞ = {(α1, α2, . . . ) | αi ∈ R} be the set of sequences of real numbers. Let U ⊂ R∞ be the
subspace of sequences

U =

{
(α1, α2, . . . ) ∈ R∞ ∣∣∣∣ αi+2 = αi + αi+1 for all i

}
.

(You do not need to prove that U is as subspace for this HW, but you should check it for
yourself!)

(a) Prove that U is finite-dimensional and compute its dimension.

(b) Find a complementary subspace V so that U ⊕ V = R∞. (Note: V will not be finite-
dimensional!!)

(c) It follows from (a) and (b) that dim(R∞/V) = 2 and dim(R∞/U) = ∞. (You do not
need to verify those dimensions for this HW, but you should check them for yourself!)
Find a third subspace W of R∞ and a complement X so that both R∞/W and R∞/X are
infinite dimensional.

6. Let F be a field, and S : F3 → F3 and P : F3 → F3 linear transformations defined by

S(α1, α2, α3) = (0, α1, α2) and P(α1, α2, α3) = (α1, α2, 0).

Calculate S ◦ P((1, 0, 1)), P ◦ S((1, 0, 1)), (S+ P)((1, 0, 1)) and (P − S)((1, 0,1).

Describe Im(S) and ker(S).

7. Let V be a finite dimensional vector space over a field F, let S be a non-empty finite set, and
let Fun(X,V) denote the vector space of functions from the set S to the vector space V . (You
do not need to prove that this is a vector space over F.) Fix an element a ∈ S, and define a
function

Ta : Fun(S, V) → V

f 7→ f(a).

Prove that Ts is a linear transformation, and find ker(Ta) and Im(Ta).
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Extended Glossary. None this week.

Journal entry. Please write a journal entry this week. You can address any of the following, or just
tell me about some cool math you’ve been thinking about or what to know more about. Let me
know how the course is going. Do you have any concerns with the Prelim coming up? Are you
finding the resources you need to succeed in the course? Did you go to Jo Boaler’s talk, and if so,
do you have any comments?


