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Pseudo Eisenstein forms and the cohomology of
arithmetic groups III: Residual cohomology

classes.

Jürgen Rohlfs and Birgit Speh†

Abstract. Let G be a reductive algebraic group defined over Q
and fix a maximal compact subgroup K of G(R). A compact sub-
group KA = KKf ⊂ G(A) defines a locally symmetric space
S(Kf ) = G(Q)\G(A)/K KfAG. We consider the “residual Eisen-
stein cohomology” of S(Kf ). Its classes can be represented by
harmonic differential forms on S(Kf ), which are the residues of
Eisenstein forms. Then we construct pseudo Eisenstein forms rep-
resenting nontrivial cohomology classes with compact support in
the Poincaré dual of the “residual Eisenstein cohomology”. We
use these classes to prove that Sp4 defines a nontrivial modular
symbol in S(Kf ) for G =GL4. We also sketch the connection with
the formula for the volume of a locally symmetric space.

Dedicated to Freydoon Shahidi

I. Introduction

Let G be a semisimple algebraic group defined over Q and let Γ be
a torsion free arithmetic subgroup of G = G(R), K a maximal compact
subgroup of G, and X∞ = G/K the symmetric space. Denote by Γ\X∞
the associated locally symmetric space.

The deRham cohomology H∗(Γ\X∞,C) is isomorphic to the rela-
tive Lie algebra cohomology

H∗(g, K,A(Γ\G)),

where A(Γ\G) is the space of automorphic forms [9] and g = Lie(G).
Consider the (g, K)–module Acusp(Γ\G) of cusp forms. By a result of
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A.Borel [4] there is an injection

H∗(g, K,Acusp(Γ\G)) ↪→ H∗(g, K,A(Γ\G))

and its image is called the cuspidal cohomology of Γ.

In this paper we assume that Γ\G is not compact (mod center) and
and consider the “residual cohomology”

H∗res(g, K,A(Γ\G))

which is defined as follows: Consider the (g, K)–module of the residual
automorphic functions Ares(Γ\G). The inclusion

Jres : Ares(Γ\G) ↪→ A(Γ\G)

defines a map

J∗res : H∗(g, K,Ares(Γ\G))→ H∗(g, K,A(Γ\G)),

which is not injective. Its image is denoted by H∗res(g, K,A(Γ\G)).

The residual cohomology H0
res(g, K,A(Γ\G)) is always nontrivial

since the constant function representing the trivial representation is in
the residual spectrum and represents a cohomology class in degree 0.
Determining J∗res(H

∗(g, K,C)) is equivalent to determining the nontriv-
ial cohomology classes which are represented by invariant differential
forms. This was solved by J.Franke in [10].

In general for irreducible unitary representations Aq in the residual
spectrum J∗res(H

∗(g, K,Aq)) is unknown. In this paper we show

Theorem I.1. Suppose that Aq is a representation in the residual
spectrum and let rq be the lowest degree so that

Hrq(g, K,Aq) 6= 0.

Suppose that P = MAN is a parabolic subgroup of G, π tempered
irreducible representation of M and that I(P, π, ν) is a principal series
representation with Langlands subquotient Aq. Suppose that we have a
residual Eisenstein intertwining operator

Eres : I(P, π, ν)→ Aq ⊂ Ares(Γ\G).

Then

Jrqres(H
rq(g, K,Aq))

is a nontrivial class in

Hrq
res(g, K,A(Γ\G)).
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For all presently known subrepresentations of the residual spectrum
the assumptions of the theorem are satisfied, but since not all repre-
sentations π in the cuspidal spectrum are tempered, these assumptions
might not be always satisfied.

Denoting the cohomology with compact support by H∗c (Γ\X∞,C)
and using Poincaré duality and the ideas and techniques introduced
[25] we deduce

Theorem I.2. Under the assumptions of the theorem

Hdim X∞−rq
c (Γ\X∞,C) 6= 0.

The nontrivial classes in H
dim X∞−rq
c (Γ\X∞,C) are represented

by differential forms E(ω̃q,µo) with compact support given as pseudo
Eisenstein forms in section IV.

We use these results to describe some residual cohomology classes
of S(Kf ) = GLn(Q)\GLn(A)/K KfAG, (see also 5.6 in [11]) . Here A
are the adeles of Q, AG the connected component of the identity of the
scalar matrices and Kf is a open compact subgroup of the finite adeles
Af .

Theorem I.3. Suppose that G = GLn and that n = rm. Then for
Kf small enough

Hj(S(Kf ),C) 6= 0

if

(1) r and m even and j = r(r+1)m
4

+ r2m(m+2)
2

(2) r even and m odd and j = r(r+1)(m−1)
4

+ r2(m−1)(1+m)
2

,

(3) m=2 and j = r(r + 1)/2.

The second part of the paper is concerned with applications of the-
orem I.2 to modular symbols and to a formula of the volume of a
symmetric space.

Suppose that H ⊂ G is a Q–rational reductive subgroup so that
K ∩H is maximal compact in H := H(R). Then the inclusion

H → G

induces an inclusion

XH,∞ := H/H ∩K → X∞ = G/K
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and hence it induces a proper map

j : Γ ∩XH,∞\XH,∞ → Γ\X∞.
Assume that Γ\X∞ is not compact and that Γ∩H\XH,∞ is an oriented
noncompact manifold. If a closed d–form ω represents

[ω] ∈ Hd
c (Γ\X∞,C), d = dimXH,∞

then ∫
Γ∩H\XH,∞

j∗ω

is defined. This means that the integral over Γ ∩H\XH,∞ determines
a map

[XΓ∩H\H ] : Hd
c (Γ\X∞,C)→ C,

which is called the modular symbol attached to H. Using Poincaré du-
ality we identify the modular symbol [XΓ∩H\H ] with an element in
H∗(Γ\X∞,C). If we can find an class [ω] ∈ H∗c (Γ\X∞,C) such that
[XΓ∩H\H ]([ω]) 6= 0 then [XΓ∩H\H ] is a nontrivial modular symbol.

Ash, Ginzburg and Rallis list 6 families of pairs (G,H) and show
that the restriction of [XH ] to the cuspidal cohomology is zero. One of
these pairs is G = GL2n and H = Sp2n, n ≤ 2.

We consider generalized modular symbols corresponding to H =
Sp4 in GL4 in theorem VI.3. and detect a non trivial modular symbol
by use of a pseudo Eisenstein series.

Theorem I.4. Suppose that G = GL4 and H is a symplectic group
compatible with the choice of the maximal compact subgroup K ⊂ GL4(R).
For Kf small enough

[H(Q)\H(A)/(K ∩H(R))(Kf ∩H(Af ))]

is a nontrivial modular symbol in H3(G(Q)\G(A)/AGKKf ,C).

In the arithmetic of modular curves and automorphic forms modu-
lar symbols provide a link between geometry and arithmetic. “Period
integrals” of Eisenstein classes or cuspidal cohomology classes over com-
pact modular symbols have been used by G.Harder to obtain informa-
tion about special values of L-functions [15], [16]. We conjecture that
the value of the modular symbol on this residual cohomology class is
related to special values of Rankin convolutions of cusp forms.

In the last section we sketch the connection of our techniques with
the formula for the volume of a locally symmetric space due to Lang-
lands [21]. In the proof of theorem I.2 we have used a formula for the
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integral over a product of a pseudo Eisenstein form with an Eisenstein
form. We show how this formula is related to the computation of the
Tamagawa number τ(G) of G. We sketch this only in the simplest case,
i.e. if G/Q is split and simply connected.

The results of this article will be used in a sequel to this paper to
construct other nontrivial modular symbols.

The outline of the paper is as follows. We first introduce the no-
tation and then we relate the (g, K)-cohomology of principal series
representations to the (g, K)–cohomology of their unitary Langlands
subrepresentations. We exhibit in section III. nontrivial “residual” co-
homology classes of S(Kf ) and their harmonic representatives. In the
next section we discuss the example GLn. In section V. we construct
a family of differential forms with compact support which represent
classes in the Poincaré dual of the residual cohomology classes con-
structed in the previous section. In the section VI. we apply these
techniques to show that Sp4 defines a nontrivial modular symbol in
S(Kf ) for G=GL4. We sketch in the last section the connection of our
techniques with the well known formula for the volume of S(Kf ) for a
maximal compact subgroup Kf .

II. Representations with nontrivial (g0, K)–cohomology

In this section we first introduce the notation. Then we prove some
results relating the (g, K)-cohomology of principal series representa-
tions and their unitary Langlands subrepresentations. The results and
techniques of this section are purely representation theoretic. They will
be used in the later in the context of representations in the residual
spectrum.

2.1 Let G be a reductive algebraic group over Q, G = G(R), K a
maximal compact subgroup of G, AG be a maximal Q–split torus in
the center of G and connected component AG of AG(R). This defines
the symmetric space

X∞ = G/K · AG.
For a rational subgroup H of G the Lie algebra of H will be denoted

by h and we put hC = h ⊗ C. Let g0 be the Lie algebra of the real
points of the intersection of the kernels of all rational characters of G.
Then g/aG ' g0. The Cartan decomposition is denoted by g0 = k⊕ p.
Let θ be the corresponding Cartan involution.
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We fix a minimal parabolic subgroup P0 of G. Parabolic subgroups
and their decompositions are denoted by P = LN = MAPN. We de-
note the positive roots of (aP/aG, g0) defined by the parabolic subgroup
P by Σ+

P and define

ρP := 1/2
∑
β∈Σ+

P

β.

For a Cartan subalgebra hC of gC and positive roots compatible
with the choice of P0 we denote by ρG half the sum of the positive
roots of (hC, gC).

2.2 We consider a standard representation

I(P, πL, µ0) = indGMAPN
πL ⊗ eµ0+ρp ⊗ 1

with nontrivial (g, K)–cohomology

H∗(g0, K, I(P, πL, µ0)) 6= 0.

Recall that µ0 is the differential of a character of A and that πL is tem-
pered. We assume that P = MAPN is a standard parabolic subgroup
and that <(µ0) ∈ a∗P is in the interior of the dominant Weyl cham-
ber with respect to Σ+

P , so that there is a unique maximal nontrivial
subrepresentation U(P, πL, µ0) and Langlands subquotient

L(P, πL, µ0) := I(P, πL, µ0)/U(P, πL, µ0)

(section IV in [7]). Furthermore we assume in this section that the
Langlands subquotient L(P, πL, µ0)) is unitary and that A0

G acts triv-
ially.

This implies that the hermitian dual I(P, π̄∗L,−µ0) of the repre-
sentation I(P, πL, µ0)) is isomorphic to I(P, πw0

L , w0(µ0)) for a element
w0 6= 1 with w2

0 = 1 of the Weyl group WP = Norm(AP )/Cent(AP )
of the parabolic subgroup P. [30] Here π∗ is the contragredient repre-
sentation of π. Note that πL unitary implies that π̄∗L is isomorphic to
πL.

Since I(P, πL, µ0) has nontrivial (g, K)– cohomology the infinitesi-
mal characters of I(P, πL, µ0) and I(P, π̄∗L,−µ0) are equal to ρG. Using
the formulas in Borel-Wallach [3.3 in [7]] we conclude that there exists
s in the Weyl group W of (hC, gC) so that

µ0 = −(s ρG)|aP
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and there exists a finite dimensional irreducible representation Es of
M so that

H l(s)+q(g0, K, I(P, πL, µ0)) =

= (H∗(m0, KM , πL ⊗ Es)⊗ ∧∗(aP/aG)∗)q

= ⊕r+k=qH
r(m0, KM , πL ⊗ Es)⊗ ∧k(aP/aG)∗

where l(s) is the length of s and KM = K ∩ M . In particular the
highest weight of Es is (s(ρG)− ρG)|m.

Notation: For later reference we denote the lowest degree i in which

H i(g0, K, I(P, πL, µ0)) 6= 0

by e(P, πL, µ0). If no confusion is possible we drop the subscript L.

Poincaré duality implies that the (g, K)–cohomology of I(P, π̄∗L,−(µ0))
is non zero and isomorphic as a vector space to

H∗(m0, KM , π̄
∗
L ⊗ Ē∗s )⊗ ∧(aP/aG)∗.

where E∗s is the contragredient representation to Es.

2.3 We obtain a representative of the one dimensional space
He(P,π,µ)(g0, K, I(P, π, µ)) as follows:

Recall that p is the -1 eigenspace of the Cartan involution θ. Let ωN
be a harmonic form representing the lowest weight of the m-module Es,
let ωM be the highest weight vector of a representation in

∧∗(p ∩ m)
and v a highest weight vector in the lowest KM–type of πL. Then
v ⊗ ωN ⊗ ω∗M represents a nontrivial map in

HomM∩K(∧∗(p ∩m), πL ⊗ Es) = H∗(m0, KM , πL ⊗ Es).

Let

ψ : n→ p defined by X → X − θ(X).

Then ω∗M ∧ψ(ωN) is the lowest weight vector of a representation of K.
This representation of K is a K-type of I(P, π, µ) and thus it defines a

nontrivial element in HomK(
∧e(P,π,µ0) p, I(P, π, µ)). It represents the

nontrivial (g, K)–cohomology class in degree e(P, π, µ0).
For more details see [27] or [13]

2.4 For a connected semisimple Lie group with a maximal com-
pact subgroup K the unitary (g, K)–modules with nontrivial (g, K)–
cohomology have been constructed and classified by Parthasarathy, Vo-
gan and Zuckerman [31]. They are parametrized by equivalence classes
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of θ–stable parabolic subalgebras q of gC and are denoted by Aq. For
more general description for disconnected groups G see [20].

By 2.2 there exists an intertwining operator

M(P, πL, µ0, w) : I(P, πL, µ0)→ I(P, π̄L,−µ0).

Since all unitary representation with infinitesimal character ρG do have
non trivial (g, K)–cohomology there exists a θ–stable parabolic subal-
gebra q and the unique irreducible subrepresentation L(P, π̄L, µ0) of
I(P, π̄L,−µ0) is isomorphic to a representation Aq for a θ–stable par-
abolic q of g0 ⊗ C [26]. Here we extend the (g0, K)–module Aq to a
(g, K)–module by aG acting trivially on Aq.

If q = lq ⊕ nq is the Levi decomposition of q we define
rq = dim nq ∩ p. Then

H i(g0, K,Aq) = 0 if i < rq

= C if i = rq

Furthermore since Aq is unitary and irreducible

H∗(g0, K,Aq) = HomK(∧∗p, Aq).

Denote by tK the intersection of a fundamental θ–stable Cartan
subalgebra of g contained in l with k.. The minimal K–type Fq of Aq

has highest weight λq, the sum of the weights of tK on nq∩p. See [31].

Proposition II.1. Suppose that Aq is the Langlands subrepresen-
tation of I(P, π̄L,−µ0). Then

He(P,π,−µ0)(g0, K,Aq) 6= 0.

Furthermore the inclusion of Aq into I(P, π̄L,−µ0) defines an injective
map of He(P,π,−µ0)(g0, K,Aq) into He(P,π,−µ0)(g0, K, I(P, π̄L,−µ0)).

Proof: The formulas on page 82 of [31] show that a K–type of
∧e(P,π,−µ0)p which represents the nontrivial class in

HomK(∧e(P,π,−µ0)p, I(P, π̄L,−µ0))

has extremal weight λq and hence is equal to the K–type Fq, which
also occurs in in the subrepresentation Aq. This K–type has multiplic-
ity one in I(P, πL,−µ0) and hence the map HomK(Fq, I(P, π̄L,−µ0)))
factors over Aq. �

To prove that

H i(g0, K,Aq) = 0 if i < e(P, π,−µ0)

= C if i = e(P, π,−µ0)
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i.e that rq = e(P, π,−µ0) we review some results from exterior algebra.
See chapter I in [8].

Let V be a finite dimensional vector space. A subring I of ∧∗(V ∗)
is an ideal if
a.) α ∈ I implies α ∧ β ∈ I for all β ∈ ∧∗(V ∗)
b.) α ∈ I implies that all its homogenous components in ∧∗(V ∗) are
contained in I.

Given an ideal I of ∧∗(V ∗) its retracting space is the smallest sub-
space W ∗ ⊂ V ∗ so that I is generated as an ideal by a set S of elements
of ∧∗(W ∗), i.e an element of I is a sum of elements of the form σ ∧ α
with σ ∈ S and α ∈ ∧∗(V ∗).

Let W ∗ ⊂ V ∗ be a subspace of dimension r and let IW be the ideal
generated by ∧∗(W ∗). Then by 1.3 of [8] W ∗ is also the retracting
space of IW .

Theorem II.2. Suppose that Aq is the Langlands subrepresentation
of the standard representation I(P, π̄L,−µ0). Then

rq = e(P, π,−µ0).

Proof: Let P 0 be the kernel of the absolute values of the rational
characters of P. Since the symmetric space X∞ has a covering AP ×
P 0/KM we have a vector space decomposition

p = aP ⊕ pm ⊕ ψ(n),

where m = k∩m⊕pm is the corresponding Cartan decomposition of m.
Consider the subspace aP ⊂ p and the ideal I(aP ) of

∧∗(p) generated
by aP . Note that the ideal I(aP ) is a U(m)-invariant subspace of ∧∗(p).

The differential forms representing the nontrivial (g0, K)–cohomology
classes of I(P, π̄L,−µ0) have representatives in HomK(

∧∗ p, I(P, π̄L,−µ0))
and are determined by their values on the K–isotypic components of
∧∗(p). Consider the subrepresentation Fq of ∧∗(p) in degree e(P, π,−µ0).
We showed that this representation determines an nontrivial (g0, K)–
cohomology class of I(P, π̄L,−µ0) in degree e(P, π,−µ0).

Considering a realization of I(P, π̄L,−µ0) in the functions on G
we consider I(P, π̄L,−µ0) ⊗ ∧∗p∗ as differential forms on X. The for-
mula in 2.3 shows together with the results in [13], [27] that we can
find a harmonic representative of the nontrivial cohomology class of
I(P, π̄L,−µ0) in degree e(P, π,−µ0). This representative is not in
I(P, π̄L,−µ0)⊗ I(aP )∗ and none of its homogeneous components are in
I(P, π̄L,−µ0)⊗ I(aP )∗.
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Since Aq is unitary and irreducible

H∗(g0, K,Aq) = HomK(∧∗p, Aq).

Now Fq is the only subrepresentation of ∧∗p which is also a K–type
of Aq [31]. Write q = lq ⊕ nq for the Levi decomposition. D.Vogan
and G.Zuckerman show in [31] that the highest weight vectors of the
subrepresentations Fq ⊂ ∧∗(p) are of the form ωL ∧ Vrq where ωL is an
L–invariant differential form in ∧∗(p∩lq) and Vrq is representation with
highest weight 2ρ(nq∩p). These forms are harmonic representatives of
the cohomology classes.

Using that Aq ↪→ I(P, π̄L,−µ0) we can conclude that these forms
are also harmonic forms on X and in degree e(P, π,−µ0) there is also
a harmonic form representing a nontrivial class of I(P, π̄L,−µ0).

Now AP is the maximal R–split torus in Lq [31], and so the only
harmonic representative for the nontrivial (g0, K)–cohomology classes
of Aq which may not have a homogenous component in I(a∗P ) is in
degree rq.

Thus the previous proposition implies that rq = e(P, π,−µ0). 2

III. Residual Eisenstein classes

In this section residual Eisenstein forms and classes are introduced.
The main reference for Eisenstein series and their residues is the book
by C.Moeglin and Waldspurger [23]. We also freely use their terminol-
ogy.

3.1 Let Af ⊂ A be the finite adeles of the adele ring A over Q. We
give G(Af ) the topology induced by the topology of Af and define the
global symmetric space X = X∞ × G(Af ). G(Q) acts on X and we
obtain the global local symmetric space S = G(Q)\X. For a compact
open subgroup Kf of G(Af ) we consider the locally symmetric space

S(Kf ) = G(Q)\X/Kf .

We fix a minimal parabolic subgroup P0 of G defined over Q and a
Levi subgroup L0 of P0 also defined over Q.

3.2 Let P be a standard parabolic subgroup of G defined over Q with
Levi decomposition P = UPLP and let AP be the connected component
of the maximally split torus in the center of LP := LP (R). Following
Arthur we define the height function

HP : LP (A)→ AP .
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The kernel ofHP is denoted by L1(A) . We write P1(A) = UP (A)L1
P (A).

A parameter µ ∈ a∗P defines character χµ of LP (A) by

χµ(lA) = eµ(log HP (lA)), lA ∈ LP (A).

Let Σ+
P be the roots of AP on UP = UP (R) and ρP half the sum of the

positive roots. If no confusion is possible we omit the subscript P.

Suppose that G[ is a reductive subgroup of G. Recall that an
irreducible unitary representation πA of a reductive group G[(A) is
called automorphic of it occurs discretely in L2(G[(A), ξ) for character
ξ of which is trivial on AG[(Q) and AG[ .

We now fix a unitary character ξ of AG(A) which is trivial on AG(Q)
and AG.

Let πL(A) =
∏

v πv be an irreducible unitary automorphic represen-
tation of L(A) on Vπ which transforms under AG(A) by ξ. We define
using normalized induction a representation

I(P, πL(A), µ) = ind
G(A)
P(A)χµ+ρP ⊗ πL(A) =

=
∏
ν

ind
G(Qν)
P(Qν) (χµ+ρP )ν ⊗ πL(Qν)

This representation acts on the space of functions f on G(A) with
values in Vπ which satisfy

f(zAuAlAgA) = ξ(zA)πL(A)(lA)χµ+ρP (lA)f(gA).

Here lA ∈ L(A), uA ∈ U(A), gA ∈ G(A), zA ∈ AG(A).

The automorphic representation

πL(A) =
∏
ν

πL(Qν) = πL
∏
p

πL(Qp)

is in the cuspidal spectrum of

L(Q)AP\L(A)/KKf ∩ L(A)

if its factor πL at the infinite places is tempered [32]. We will therefore
assume this for the rest of the article.

3.3 Assume now as in the previous section that <(µ) is in the
dominant Weyl chamber with respect to Σ+

P . Let W (L) be the set of
elements w in the Weyl group of G of minimal length modulo the Weyl
group of L, and such that wLw−1 is also a standard Levi of G [23]. For
every w in W (L) there exists an intertwining operator

M(πL(A), µ, w) : I(P, πL(A), µ)→ I(P, πwL(A), w(µ)).
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Choosing an isomorphism

Aw : Vπ → Vπw = Vπ

we identify it with an intertwining operator MA(πL(A), µ, w), which has
for <(µ) large an Euler product

MA(πL(A), µ, w) =
∏
ν

M(πL(Qν), µ, w).

(see II.1.9 in [23] for details).
There exists a meromorphic function m(πL(Qν), µ, w) so that the

local intertwining operator

M(πL(Qν), µ, w) = m(πL(Qν), µ, w)M(πL(Qν), µ, w)

is holomorphic and nonzero for µ in the dominant Weyl chamber. See
[1]. There is also a meromorphic function m(πL(A), µ, w), which for
large dominant µ is the product of the local factors, so that

M(πL(A), µ, w) = m(πL(A), µ, w)MA(πL(A), µ, w)

is holomorphic and nonzero for µ in the dominant Weyl chamber.

We say that the operator M(πL(A), µ, w) has a pole of order r at µ0

if the function m(πL(A), µ, w0) has a zero at µ = µ0 of order r.

We fix the level Kf and are interested in automorphic forms on
G(Q)\G(A)/AGKf . Thus from now on we consider representations
I(P, πL(Af ), µ) with a Kf -invariant vector, i.e. I(P, πL(Af ), µ)Kf 6= 0.

3.4 By our our assumptions the representation πL(A) is a subrepresen-
tation of the cuspidal spectrum of L(Q)AL\L(A); hence we consider
I(P, πL(A), µ) as realized in the functions on P(Q)U(A)\G(A). A form

ηπL(A),µ ∈ ∧
ip∗ ⊗K I(P, πL(A), µ)Kf ∼= HomK(∧ip, I(P, πL(A), µ))Kf

defines a differential form on P(Q)U(A)\G(A)/KKf . For <(µ) large
and dominant we define following [13] the Eisenstein differential form

E(ηπL(A),µ) =
∑

g−1∈P(Q)\G(Q)

g∗ηπL(A),µ

on S(Kf ).
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The constant term E(ηπL(A),µ)P of the form E(ηπL(A),µ) with respect
to the parabolic subgroup P = LU is equal to

E(ηπL(A),µ)P =
∑

w∈W (L)

M(πL(A), µ, w)ηπL(A),µ

=
∑

w∈W (L)

m(πL(A), µ, w)−1M(πL(A), µ, w)ηπL(A),µ.

Recall that W (L) is the set of elements w in the Weyl group of G of
minimal length modulo the Weyl group of L, and such that wLw−1 is
also a standard Levi of G [23]. Furthermore

M(πL(A), µ, w)ηπL(A),µ ∈ ∧
ip∗ ⊗K M(πL(A), µ, w)I(P, πL(A), µ)Kf .

If the constant term E(ηπL(A),µ)P has a pole of order dim (aP ) for

µ = µ0 dominant, then so does the Eisenstein form E(ηπL(A),µ) [23].

We write E(ηresπL(A),µ0
) for the residue at µ = µ0 and call this a residual

Eisenstein form. The form

E(ηresπL(A),µ0
)

is square integrable.
Let w0 be the Weyl group element considered in 2.2. If the constant

term E(ηπL(A),µ)P has a pole of order dim (aP ) for µ = µ0 dominant,

then M(πL(A), µ, w0) has a pole at µ = µ0 of order dim aP [23]. The
image ofM(πL(QA), µ0, w0) is a unitary representation which is isomor-
phic to a representation in the residual spectrum.

The constant term of the residual Eisenstein form E(ηresπL(A),µ0
) deter-

mines its growth at infinity. Since a residual Eisenstein form is square
integrable, it is decaying at infinity and its constant term E(ηresπL(A),µ0

)P

has only the term

m(πL(A), µ0, w0)−1M(πL(A), µ0, w0)ηπL(A),µ0

for w0 ∈ W (L) as introduced in 2.2.

3.5 If in addition

H∗(g0, K, I(P, πL(A), µ0)) 6= 0

then the factor I(P, πL, µ0) of I(P, πL(A), µ0) at the infinite place sat-
isfies the assumptions of the previous section and we conclude that in
degree rq = e(P, π,−µ0) the form

E(ηresπL(A),µ0
) ∈ HomK(∧rqp, L2

res(G(Q)AG\G(A)))Aq
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where L2
res(G(Q)AG\G(A))Aq is the isotypic component of type Aq ,

i.e

L2
res(G(Q)AG\G(A))Aq = Hom(g,K)(Aq, L

2
res(G(Q)AG\G(A)))⊗ Aq).

The standard principal series representations I(P, πL, µ0) and
I(P, π̄L,−µ0) have Aq as Langlands subquotient, respectively subrep-
resentation, and they have both the same K–types. Thus we have a
nonzero closed form

ηq ∈ ∧rqp⊗K I(P, πL(A), µ0)

defined by the subrepresentation of ∧rqp with highest weight

2ρ(nq ∩ pC) =
∑

β∈Σ(nq∩pC)

β,

where nq is the nilradical of the θ–stable parabolic subalgebra q.

The constant Fourier coefficient E(ηresq )P is a nonzero multiple of
M(πL(A), µ0, w0)ηq. We have the exact sequence

0→ Im(M(πL(A), µ0, w0))→ I(P, πL(A),−µ0)

→ I(P, πL(A),−µ0)/Im(M(πL(A), µ0, w0))→ 0

and by 2.2 it induces in degree rq the isomorphism

Hrq(g, K, Im(M(πL(A), µ0, w0))) = Hrq(g, K, I(P, πL(A),−µ0)).

Hence
[M(πL(A), µ,w0)ηq]

defines a nontrivial class in He(P,π,−µ0)(g0, K, I(P, πL(A),−µ0)) and so
does [E(ηresq )P ].

3.6 To prove that there are nontrivial residual Eisenstein classes
[E(ηresΠL(A),µ0

)] in degree rq we follow the ideas of [13] and [27] and

consider the restriction of a form to a face

e(P, Kf ) = P(Q)\G(A)/K KfAP

of the boundary of the Borel Serre compactification. See [6] for details
on the Borel Serre compactification.

The cohomology of the face e(P, Kf ) is isomorphic to

ind
G(Af )

P(Af )H
∗(L(Q)\L(A)/KL(A)AP , H

∗(n,C))

where KL(A) = (K ∩ L)(KAf
∩ L(Af )) = KLKL(Af ). We have

H∗cusp(L(Q)\L(A)/KL(A)AP , H
∗(n,C))

⊂ H∗(L(Q)\L(A)/KL(A)AP , H
∗(n,C))
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and

H∗cusp(L(Q)\L(A)/KL(A)AP , H
∗(n,C))

is equal to the direct sum of

HomL(A)(ΠL(A), L
2
cusp(L(Q)\L(A)/KL(A)AP )⊗HomKL(∧∗pm,ΠL(A)⊗H∗(n,C))),

where pm = p ∩m.

Since πL(A) is a cuspidal representation, [E(ηresq )P ] defines by
section II a nontrivial class in

ind
G(Af )

P(Af )H
∗(m, KM , πL(A) ⊗H∗(n,C))⊗ ∧0aP .

But H∗(m, KM , πL(A) ⊗H∗(n,C))⊗ ∧0aP can be considered as a sub-
space of

H∗cusp(L(Q)\L(A)/KL(A)AP , H
∗(n,C)).

Hence [E(ηresq )P ] can be considered as a class in H∗cusp(e(P, Kf )).
In [13] it is proved that computing the restriction of an Eisenstein

form to the face e(P, Kf ) corresponds to taking the constant Fourier
coefficient. Thus we proved

Theorem III.1. Under our assumptions [E(ηresq )] is a nontrivial
cohomology class of S(Kf ) in degree e(P, π,−µ0) = rq.

IV. An example: Residual cohomology classes for GLn

Let A be the adeles of Q. We use the description of the residual
spectrum of the general linear group by C.Moeglin and J.L.Waldspurger
and the nonvanishing results of the cuspidal cohomology of [6] to prove
nonvanishing results for the residual cohomology of the general linear
group.

4.1 In [3] it is proved that there are cuspidal representations πA of
GLn(A) which are invariant under the Cartan involution, i.e are self
dual and which satisfy

H∗(g0, K, πA ⊗ Fλ) 6= 0

for a finite dimensional representation Fλ with highest weight λ pro-
vided that < λ, α >∈ 2N+. If n = 2 it is know from the classical theory
of automorphic forms that for all finite dimensional representations Fλ
of GL2(R) there exist cuspidal automorphic representations with

H∗(g0, K, πA ⊗ Fλ) 6= 0.
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C. Moeglin and J.L. Waldspurger proved that the representations
in the residual spectrum of GLn(Q)AG\GLn(A) are obtained as follows
as follows [24]: A partition (m,m, . . .m) of n = rm defines a parabolic
subgroup Pm. Then

Lm(A) =
∏

GLm(A).

Let πA,m be a representations in the cuspidal spectrum of
GLm(Q)AGm\GLm(A). Consider the standard representation

I(Pm,
∏

πA,m, µ) = ind
GLn(A)
Pm(A) χµ+ρP ⊗

∏
πA,m

for µ in the dominant with respect to ΣPm . If< α, µ0 >= 1 for all simple
roots of in ΣP0 the representation I(Pm,

∏
πA,m, µ0) is reducible and

its Langlands quotient L(Pm,
∏
πA,m, µ0) is in the residual spectrum.

Then L(P1,
∏
πA,1, µ0) is one dimensional and L(P2,

∏
πA,2, µ0) is a

Speh representation discussed in [28].

4.2 Now suppose that I(Pm,
∏
π∞,m, µ0) has nontrivial (g, K)–

cohomology. Then I(Pm,
∏
π∞,m, µ0) has infinitesimal character ρ.

This determines the infinitesimal character of π∞,m [7]. Since π∞,m
is tempered there exists exactly one representation of GL(m,R) with
this property. A computation shows that if r is even then the infini-
tesimal character of π∞,m satisfies the condition of [3] and hence there
exists a cuspidal representation πA,m with π∞,m as factor at the infinite
place. If m= 2 then such representation exist for all r.

Theorem IV.1. Suppose that r or m are even. Then there are
representations L(Pm,

∏
πA,m, µ0) with nontrivial (g, K)-cohomology in

the residual spectrum.

4.3 Since representations are tempered and hence induced, an straight
forward computation shows

Lemma IV.2. Suppose that

L(Pm,
∏

πA,m, µ0) = L(Pm,
∏

π∞,m, µ0)L(Pm,
∏

πAf ,m, µ0))

is in the residual spectrum and that

H∗(g0, K, L(Pm,
∏

π∞,m, µ0)) 6= 0.

If m is even, the Langlands subquotient L(Pm,
∏
πm, µ0) is unitarily in-

duced from a parabolic subgroup P2r and Speh representations on each
factor of L(A). If m is odd then it is unitarily induced from a parabolic
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for a partition (2r, 2r, . . . , 2r, r) On each of the factors of the Levi sub-
group isomorphic to GL2r we induce from a Speh representation and
from the trivial representation on the factor isomorphic to GLr.

Using the formula 4.2.1 in [28] we conclude

Lemma IV.3. We keep the assumptions of the previous lemma. If
m is even then

H i(g0, K, L(Pm,
∏

π∞,m, µ0)) = C if i =
r(r − 1)m

4
+
r2m(m+ 1)

2

= 0 if i <
r(r − 1)m

4
+
r2m(m+ 1)

2
.

If m is odd then

H i(g0, K, L(Pm,
∏

π∞,m, µ0)) =

= C if i =
r(r + 1)(m− 1)

4
+
r2(m− 1)(1 +m)

2

= 0 if i <
r(r + 1)(m− 1)

4
+
r2(m− 1)(1 +m)

2
.

Now II.2 implies

Theorem IV.4. Suppose that G = Gln and that n = rm. Then for
Kf small enough

Hj(S(Kf ),C) 6= 0

if

(1) r and m even and j = r(r+1)m
4

+ r2m(m+2)
2

(2) r even and m odd and j = r(r+1)(m−1)
4

+ r2(m−1)(1+m)
2

,

(3) m=2 and j = r(r + 1)/2.

Remark: All the residual cohomology classes in this theorem are in
degrees below 1/2 dim X∞.
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V. Some classes with compact support

If Kf is small enough S(Kf ) is orientable. We fix an orientation and
have Poincare duality; i.e. a nondegenerate pairing of H∗(S(Kf ),C)
and H∗c (S(Kf ),C). In this section we first recall the construction of
closed pseudo Eisenstein forms with compact support [25]. Then we
compute the integral of their cup product with residual Eisenstein
forms to show, that the residual Eisenstein forms represent nontriv-
ial classes in H∗c (S(Kf ),C).

5.1 Suppose that ρ : G→ End(V ) is a finite dimensional representa-
tion of G. Choose an admissible scalar product on g. The corresponding
volume form is denoted by

dx ∈ Ωd(X,C), d = dim X∞.

Fix an admissible inner product on V (II.2 in [7].) Then there is a

hermitian scalar product < > on
∧i(g0/k)

∗⊗V where the superscript
indicates the dual space, There is an induced pointwise scalar product
on Ωi(X, Ṽ ) and on Ωi(S(Kf ), Ṽ ) and we obtain a map

A : Ωi(X, Ṽ )× Ωd−i(X, Ṽ ∗)→ Ωd(X,C)

where V ∗ is the contragredient representation of V. Let V̄ ∗ be the com-
plex conjugate. Then there is map

∗ : Ωi(X, Ṽ )→ Ωi(X, ˜̄V ∗)

characterized by the equation

A(ω1, ∗ω2) =< ω1, ω2 > dx

for ω1, ω2 ∈ Ωi(X, Ṽ ) and similarly for forms on S(Kf ) and on
P(Q)\X/KKf .

5.2 Suppose that πL(A) is a cuspidal representation with π
Kf∩L(Af )

L(A) 6= 0

and that

H∗(m0, K ∩ L, πL(A) ⊗ FL) 6= 0

for an irreducible finite dimensional representation FL. Let rπ be the
lowest degree in which the (m, K∩L)–cohomology of πL(A) is nontrivial.
Consider a nontrivial cohomology class [ωπ] in degree rπL . Since πL(A)

is a cuspidal representation with a Kf∩L(Af )–fixed vector we consider
ωπ as a differential form representing a nontrivial class in

ind
G(Af )

P(Af )H
rπ
cusp(L(Q)\L(A)/AL (KKf ∩ L(A)), FL).
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We fix an admissible inner product on FL and a volume form dxL. Then
∗ωπ is a differential form with compact support representing a class in

ind
G(Af )

P(Af )H
dL−rπ
cusp (L(Q)\L(A)/AL (KKf ∩ L(A)), F̄L

∗
)

dual to it with respect to Poincaré duality. Here dL is the dimension
of the symmetric space of L.

On the other hand following I.1.4 and I.7.1 in [7] we can use repre-
sentation theory to defined the Poincaré dual

∗repωπ ∈ ind
G(Af )

P(Af )H
dL−rπ(m0, K ∩ L, π̄∗L(A) ⊗ F̄ ∗L)

of the form

ωπ ∈ ind
G(Af )

P(Af )H
rπ(m0, K∞ ∩ L, πL(A) ⊗ FL).

Since πL(A) is a unitary representation π̄∗L(A)
∼= πL(A) and thus we have

F̄L
∗ ∼= FL. The Poincaré dual of a cuspidal class is again a cuspidal

class and the results in section II of [7] show that [∗repωπ] and [∗ωπ]
represent the same cohomology class in

ind
G(Af )

P(Af )H
dL−rπ
cusp (L(Q)\L(A)/AL(KKf ∩ L(A)), FL).

5.3 We write AP = AGAL where aL ⊂ g0. Let ωA be a differential
form of compact support on AL in the top degree so that

0 6= [ωA] ∈ Hdim AL
c (AL)

and normalized so that
∫
AL
ωA = 1.

We use the notation and assumptions of section III. Suppose that
[E(ηresq )] is a nontrivial cohomology class of S(Kf ) in degree

e(P, π,−µ0) = rq

. Then rq = rπ + rN and there exists an irreducible cuspidal represen-
tation πL(A), a finite dimensional subrepresentation FL ⊂ HrN (n,C) of
L so that

Hrπ(m0, K ∩ L, πL(A) ⊗ FL) 6= 0.

We write ωπ for a closed and coclosed form so that

[ωπ] ∈ ind
G(Af )

P(Af )H
rπ(m0, K∞ ∩ L, πL(A) ⊗ FL),

represents the same class as E(ηresq )P .

Note that we have Poincaré duality on H∗(n,C). So we consider

F
∼−→ F̄ ∗ ⊂ Hdim n−rN (n,C). Then

[∗repωπ] ∈ ind
G(Af )

P(Af )H
dL−rπ(m0, K ∩ L, πL(A) ⊗Hdim n−rN (n,C))
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can be considered as a form in degree dL − rπ + dim n− rN .
We consider ∗ωπ as form on the face e(P, Kf ) of the Borel–Serre

boundary on S(Kf ) and use the natural identification

P(Q)\X/KKf
∼−→ e(P, Kf )× AP .

Then

ω̃π,µ := ∗ωπ ∧ χµ−ρPωA
is a closed form with compact support on P(Q)\X/KKf and we get a
compactly supported Eisenstein form

E(ω̃π,µ) =
∑

γ∈G(Q)/P(Q)

γ∗ω̃π,µ.

For more detail of this construction, see [25].

Theorem V.1. The pseudo Eisenstein E(ω̃π,µ0) series represents
a non trivial cohomology class with compact support such that∫

G(Q)\(G(A)

E(ω̃π,µ0) ∧ resµ=µ0E(ηq, µ) 6= 0 .

Proof: We have

∫
G(Q)AG\G(A)

E(ω̃π,µ0) ∧ resµ=µ0E(ηq, µ)

=

∫
P(Q)AG\G(A)

ω̃π,µ0 ∧ resµ=µ0E(ηq, µ)

=

∫
P(Q)N(A)AG\G(A)

ω̃π,µ0 ∧ resµ=µ0E(ηρ, µ0)P

= vol(KKf )

∫
AP /AG

∫
L(Q)L(A)/AP

∗ωπ ∧ ωπχµ0−ρPχρP−µ0ωA

= vol(KKf )

∫
L(A)∩KKf

||ωπ||2(x)dx 6= 0 .

Hence the second claim holds and by Stoke’s theorem E(ω̃π,µ0) can-
not be the boundary of a compactly supported form. q.e.d.

Corollary V.2. E(ω̃π,µ0) represents a nontrivial cohomology class
in the L2-cohomology of S(Kf ).
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Proof: The form E(ω̃q,µ0) is square integrable. Therefore we can
interpret our formulas in L2-cohomology. 2

The pseudo Eisenstein form E(ωq,µ0) is a differential form with com-
pact support. So we can use the methods of Langlands (as written up in
the Moeglin/Waldspurger) to compute its “Fourier ” expansion in the
L2– spectrum and in particular its projection on the residual cohomol-
ogy HomK(∧n−rqp, L2

res(G(Q)AG\G(A))). This idea will be pursued
in the following sections.

VI. A symplectic modular symbol

Suppose that G = GL4. We prove in the section that for Kf small
enough the symplectic group defines an nontrivial modular symbol for
S(Kf ).

6.1 Let G = GL4 over Q and let θ : g → (gt)−1. Define the skew
symmetric matrix

J =

(
0 I
−I 0

)
and let H be the symplectic subgroup of G defined as the fixed points
of the involution

σ : g → −J (gt)−1 J.

Since σθ = θσ the involution θ defines also a Cartan involution on H
for the maximal compact subgroup H ∩K.

We fix a Borel subgroup B consists of the upper triangular matrices.

6.2 Let q = l⊕n be the θ-stable parabolic subalgebra in gl4(C) defined
by J. Then the centralizer L of J in GL4(R) is isomorphic to GL(2,C).
Furthermore pC = (n ∩ pC)⊕ (pC ∩ hC). [31]

We denote by Aq also the unitary representation of the cohomolog-
ically induced Harish Chandra module Aq. It is a subrepresentation of
L2(H\G). [29]

The abelian subgroup

AP =




a1 0 0 0
0 a2 0 0
0 0 a−1

1 0
0 0 0 a−1

2

 , a1, a2 ∈ R∗


is a maximally split torus in H. Let P be a rational standard max-
imal parabolic subgroup of G with Levi factor L of GL2 × GL2. For
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Kf small enough there exists a representation ΠL(A) in the cuspidal
spectrum of L2(L(Q)AP\L(A)/L(Af ) ∩ Kf ) which has a discrete se-
ries representation at the infinite place with infinitesimal character 2ρ.
The Eisenstein intertwining operator

E(P, πL(A), µ) : I(P, πL(A), µ)→ C∞(G(Q)\G(A)/AG (KKf ))

has pole for µ0 = 1
2
ρP . The image of the residual intertwining operator

for µ0 = 1
2
ρP is a representation

ΠA = ΠA(πL(A), µ0) =
∏
v

Πv = Π∞ΠAf

with Π∞ = Aq with rq = 3. The representation ΠA is isomorphic to a
subrepresentation of the residual spectrum of L2(G(Q)\G(A)/AGKf ).
For details see [28].

By theorem III.1 the representation ΠA defines for Kf small enough
a residual cohomology class [E(ηresq )] in degree rq= 3. We have (see
V.2 )

0 6= [E(ω̃q,µ0)] ∈ H6
c (S(Kf ),C).

Following [29] we let 0 6= ωH ∈ ∧dim h∩p(h ∩ p)∗. Then

∗ωH ∈ ∧dim n∩pp∗ defines a differential form on S(Kf ). Assuming
that Kf is small enough and we have a compatible orientation on
SH(Kf ∩H(Af ) we identify

E(ω̃q,µ0) ∧ ∗ωH
with a function Eq 6= 0 on S(Kf ). There exists a measure dhA on
SH(Kf ∩ H(Af )) induced by a left invariant measure on
H(A)/(KKf ∩H(A)) so that

Lemma VI.1. Under our assumptions∫
SH(Kf∩H(Af ))

∗E(ηresq ) =

∫
SH(Kf∩H(Af ))

Eq(hA)dhA.

Proof: This follows from the arguments on page 5.6 in [29]. 2

6.3 The representations in the discrete spectrum of L2(G(Q)\G(A)/AG)
with nontrivial (g, K)–cohomology are [28] :

(1) tempered and in the cuspidal spectrum; they have nontrivial
(g0, K)–cohomology in degree 4 and 5,

(2) the trivial representation 1 in the residual spectrum; it has
non trivial (g, K)–cohomology in degree 1, 4, 5 and 9,
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(3) the representations ΠA in the residual spectrum described in
6.2; they have nontrivial (g, K)–cohomology in degree 3 and
6.

The L2–cohomology H∗L2(S(KF ),C) is infinite in degree 4 and 5 [5],
but finite in degree 1, 3, 6 and 9. In degree 3 it is represented by residual
harmonic forms E(ηresq ) ∈ HomK(∧3p,ΠA) for representations ΠA.

By the previous lemma and the results of Jacquet and Rallis for Kf

small enough [18]

ISH(Kf∩H(Af )) : ω →
∫
SH(Kf∩H(Af ))

ω

defines a map

ISH(Kf∩H(Af )) : HomK(∧6p, L2
dis(G(Q)\G(A)/AGKf ))→ C.

Let ΩπA be a smooth form with compact support representing the
same L2–cohomology class as ∗E(ηresq ). Then

∗E(ηresq )− ΩπA = dη.

The integral
∫
SH(Kf∩H(Af ))

dη is finite.

Let dH be the differential on SH(Kf∩H(Af )). An easy check shows
that for h ∈ SH(Kf ∩H(Af ))

dη(h) ∧ ∗ωH(h) = dHη(h) ∧ ∗ωH(h).

Thus by the L2–Stokes theorem for complete manifolds [12]∫
SH(Kf∩H(Af ))

dω = 0.

Thus we proved

Proposition VI.2. For Kf small enough the map

ISH(Kf∩H(Af )) : ω →
∫
SH(Kf∩H(Af ))

ω

defines a modular symbol

[ISH(Kf∩H(Af ))] ∈ H3(S(Kf ),C).

Theorem VI.3. Suppose that G = GL(4) and H is a symplec-
tic group compatible with the choice of the maximal compact subgroup
K ⊂ GL(4,R). There exists a Kf so that

[ISH(Kf∩H(Af ))]

is not zero.
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Proof: The linear functional

f →
∫
SH(Kf∩H(Af ))

f(hA)dhA

is not zero on the K–finite functions f by the work of Jacquet and Rallis
in the residual spectrum [18]. Let Eq be the function defined in VI.1.
By the previous considerations we may assume that this function is in
L2
res(G(Q)\G(A/AGKf ). There exists a g0 ∈ G(Q) near the identity

so that ∫
SH(Kf∩H(Af ))

Eq(g0hA)dhA 6= 0.

Here we integrate over the orbit of g0 under H(A). Since the rational
elements are dense in G we may assume that g0 is rational. There is a
subgroup Kg0,f of finite index in both Kf and its g0 conjugate so that
[SH(Kg0,f ∩H(Af )))](Eq) 6= 0 2

VII. On the volume of S(Kf )

In the proof of theorem V.1 we have used a formula for the inte-
gral of a wedge product of a pseudo Eisenstein form with an Eisenstein
form. We show how this formula is related to the computation of the
Tamagawa number τ(G) of G. We sketch this only in the simplest case,
i.e. if G/Q is split and simply connected.

7.1. Preliminaries. Let G/Q be a split semi simple connected
and simply connected algebraic group with Q–Lie algebra g. We fix a
system R of roots, a system R+ ⊂ R of positive roots and a Chevalley
basis {Xα, Hi}, i = 1, . . . , l, α ∈ R, of g is standard notation. Then
the Hi are a Q–basis of the Q–Lie algebra of a split torus T of G
which is contained in a Borel group B of G and B has unipotent radical
N, where the Q–Lie algebra of N has basis {Xα}α∈R+ . The Chevalley
basis determines an invariant differential form of highest degree and
hence invariant measures ωGν on G(Qν) for all places v of Q. Then the
restricted tensor product

ωG :=
⊗̂

v
ωv

is an invariant measure on G(A). The measure ωG induces a measure
dg on G(Q)\G(A) and by definition the Tamagawa number τ(G) is
defined as

τ(G) =

∫
G(Q)\G(A)

dg.
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For all this see [21].

Let p be a prime. Since G/Q is a Chevalley group G(Zp) =: Kp

makes sense. Put K∞ = K and let K ⊂ G(R) be a maximal compact
subgroup of G(R). For all places v of Q put Nv := N(Qv), Tv = T(Qv),
and Gv = G(Qv). Then we have the Iwasawa decomposition Gv =
NvTvKv.

Put

ρv(tv) = | detAd(tv)|nv |1/2v .

Here | |v is the normalized absolute value on Qv, nv the Qv–Liealgebra of
Nv and Ad(tv) is the adjoint action of tv ∈ Tv on nv. Put
|ρ|(t) =

∏
v ρv(tv) for t ∈ T(A). For v 6= ∞ let ωTv be the measure on

Tv given by the {Hi} with normalization volωv(T(Zv)) = 1 . If v = ∞
let ωTv be the measure determined by the {Hi}. Then the restricted
product

ωT =
⊗̂

v
ωTv

is a measure on T(A). We choose on N(A) the measure ωN = ⊗vωNv ,
where the measures ωNv are determined by the {Xα}α∈R+ . Then we
have for the finite places

ωGv = ρ−2
v ωNv ⊗ ωTv ⊗ ωKv ,

where ωKv is the measure on Kv given by restriction of ωGv . We choose
a measure ωK∞ on K∞ such that this formula also hold for v =∞ . To
simplify the notation we write for ϕ ∈ Cc(G(A) as usual∫

G(A)

ϕ(g)dωG(g) =:

∫
G(A)

ϕ(g)dg

=

∫
N(A)

∫
T(A)

∫
KKf

ϕ(ntk)|ρ|−2(t)dndtdk.

The measure dn induces a measure of mass 1 also denoted by dn on
the quotient N(Q)\N(A). The measure dt induces a measure again
denoted by dt on the quotient T(Q)\T(A).

7.2. Let ϕ : T(Q)\T(A) −→ R be a continuous compactly supported
function which is right (KKf ) ∩ T(A)–invariant such that∫

T(Q)\T(A)

ϕ(t)|ρ|−2(t)dt = 1.

Since

T(Q)\T(A)/(KKf ) ∩ T(A)
∼−→ N(A)B(Q)\G(A)/KKf
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we view ϕ as left N(A)B(Q)–invariant and right KKf–invariant func-
tion on G(A). Then the pseudo-Eisenstein series

E(ϕ)(g) :=
∑

γ∈B(Q)\G(Q)

ϕ(γg), g ∈ G(A) ,

is a compactly supported function on G(Q)\G(A). We use 7.1 and get∫
G(Q)\G(A)

E(ϕ)(g)dg = vol(KKf ).

where dg also denotes the induced measure on G(Q)\G(A). So if 1
denotes the constant function,

vol(KKf )/τ(G) · 1
is the projection of E(ϕ) on the constant function in the L2-spectral
decomposition.

We can also interpret this integral as the integral of a wedge product
of a residual Eisenstein form in degree 0 with a pseudo Eisenstein form
in degree d = dimX∞.

7.3 To determine another formula for projection of the function E(ϕ)
onto the trivial representation we use Fourier analysis on the torus. Let
λ : T(Q)\T(A) −→ C∗ be a continuous character and put

ϕ̂λ(g) =

∫
T(Q)\T(A)

|ρ|−1(t)λ−1(t)ϕ(tg)dt .

The function ϕ̂λ is N(A)B(Q)–left invariant and KKf–right invariant.
Moreover

ϕ̂λ(t) = λ(t)|ρ|(t)ϕ̂λ(1)

and

ϕ̂|ρ|(1) = 1

by our choice of ϕ.

As usual we put

E(ϕ, λ)(g) :=
∑

γ∈B(Q)\G(Q)

ϕ̂λ(γg).

It is well known that this Eisenstein series is convergent if Re(λ) is
sufficiently big. This holds in particular for λ = |ρ|s and 1 < s ∈ R .
We have ∫

N(Q)\N(A)

E(ϕ, λ)(ng)dn =
∑
w∈W

M(w, λ)ϕ̂λ(g),
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where

M(ω, λ)ϕ̂λ(g) =

∫
N(Q)\N(A)

ϕ̂λ(wng)dn.

It is well known that E(ϕ, λ) has a meromorphic continuation in λ with
a residue of order ` at λ = |ρ| which is denoted by resλ=|ρ|E(ϕ, λ) .
Moreover this residue is a multiple c of the constant function 1 on
G(Q)\G(A) . To obtain an exact formula for c and to calculate residue
it suffices to consider the one dimensional problem λs = |ρ|s, 1 < s ∈ R.
We use

(M(w, |ρ|s)ϕ̂|ρ|s)(t) = |ρ|(t)|wρ|s(t)(M(w, |ρ|s)ϕ̂|ρ|s)(1), t ∈ T(A).

It is well known that that for s > 1, (M(w, |ρ|s)ϕ̂|ρ|s)(1) can be cal-
culated as a product of local contributions using the results of Gindikin-
Karpelevic for all places v of Q . We get

ress=1(M(w0, |ρ|)s)ϕ̂|ρ|s)(1) = vol(KKf ).

Hence

ress=1E(ϕ, |ρ|s) = vol(KKf ) 1,

where 1 is the constant function on G(Q)\G(A) .
We use the notation given in the proof of V.1 and deduce that

M(πL(A),µ0, ω0)ηq = vol(KKf )1.

So integrating the projection of E(ϕ) on the constant function we
get vol(KKf )τ(G). On the other hand in 7.2 we showed that this in-
tegral is vol(KKf ). Hence

τ(G) = 1.

This is due to Langlands [21].

In a sequel to this paper we will use similar techniques to compute
the integrals defined by other residual modular symbols.
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