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ONE-DIMENSIONAL BROWNIAN PARTICLE SYSTEMS
WITH RANK DEPENDENT DRIFTS

By Soumik PaL*, Jim PrrMant

Cornell University and University of California, Berkeley

We study interacting systems of linear Brownian motions whose
drift vector at every time point is determined by the relative ranks
of the coordinate processes at that time. Our main objective has
been to study the long range behavior of the spacings between the
Brownian motions arranged in increasing order. For finitely many
Brownian motions interacting in this manner, we characterize drifts
for which the family of laws of the vector of spacings is tight, and
show its convergence to a unique stationary joint distribution given
by independent exponential distributions with varying means. We
also study one particular countably infinite system, where only the
minimum Brownian particle gets a constant upward drift, and prove
that independent and identically distributed exponential spacings re-
main stationary under the dynamics of such a process. Some related
conjectures in this direction have also been discussed.

1. Introduction. In this paper we consider systems of interacting one-
dimensional Brownian motions X = (X;(¢),i € I, t > 0), where i ranges

over an index I, which is either the finite set {1,..., N}, or the countable
set of positive integers N.

For I = {1,2,...,N}, if we define ordered coordinates of any vector
z € RN by

T1) S Ty < .. S TN,

the locations X;(t) of the Brownian particles evolve according to the system
of stochastic differential equations

(1) axie) =Y 01 { Xilt) = X(jy(1) bt + dBi() (iel)
jel

for some sequence of drifts d1,0s,... € R. Here the B;’s are asumed to be
independent (F;)-Brownian motions for some suitable underlying filtration
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2 S. PAL ET AL.

(F). Less formally, the Brownian particles evolve independently except that
the ¢th ranked particle is given drift d;.

For these finite systems, with arbitrary initial distribution of (X;(0),7 €
I), and arbitrary drifts ¢;, the existence and uniqueness in law of such an N
particle system is guaranteed by the standard theory of SDE’s. See Lemma
6 for more details. We would also like to define SDE (1) when I is the entire
countably infinite collection N. This is trickier since the ordered process
might not remain well-defined anymore, and the existence of the solution of
SDE (1) depends both on the initial distribution and the sequence of drifts.
We consider one such system in Section 3 with a drift sequence (4,0,0,...)
(0 > 0) for which the finite-dimensional arguments can be suitably extended.
For this system to exist in the weak sense, starting from an initial vector
X1(0) < X2(0) < ..., we show that it suffices to assume

lim inf (Xn(0) — X1(0))°

n—00 n

> 0.

See Lemma 11 for the details of the proof.
Consider now the Brownian spacings system derived from this ordered
Brownian particle system with rank dependent drifts, i.e.,

Ag(t) == X(k+1)(t) — X(k)(t) for k,k+1€el.

The ordered particle system derived from independent Brownian motions
with no drift (meaning 0; = 0) was studied by Harris [14], Arratia [1] and
Sznitman [27],[28, p. 187]. By Donsker’s theorem, this system can be inter-
preted as a scaling limit of ordered particle systems derived from indepen-
dent symmetric nearest neighbour random walks on Z. Harris [14] considers
the spacings of an infinite ordered Brownian particle system defined by :

A7 (t) = Bi+1)(t) — By (t) (i)

where {B;} is a family of independent Brownian motions with no drifts and
initial states B;(0) = B;)(0) such that By(0) = 0 and the B;(0) fori € Z\{0}
are points of a Poisson process of rate A on R. That is, (B;(t),t > O)ieZ is
the almost surely unique collection of processes with continous paths such
that B;(t) < Biq1)(t) for all i € Z,t > 0 and the union of the graphs of
these processes is identical to the union of the graphs of the Brownian paths
(Bi(t),t = 0), 7. We call (B(;(t),i € Z,t > 0) the Harris system of ordered
Brownian motions with rate A and their differences (A}(t),7 € Z,t > 0) the
Harris system of Brownian spacings with rate .
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BROWNIAN MOTIONS INTERACTING THROUGH RANKS 3

As observed by Arratia [2, §4], the corresponding stationary system of
spacings between particles of the exclusion process associated with a nearest-
neighbor random walk on Z can be interpreted as a finite or infinite se-
ries of queues, also known as the zero range process with constant rate. See
[15, 16, 17, 19, 18, 22] for background on systems of Brownian queues. Such
connections between systems of queues and one-dimensional interacting par-
ticle systems have been exploited by a number of authors, in particular
Kipnis [20], Srinivasan [26], Ferrari-Fontes [12], [13], and Seppéldinen [25].
Ferrari [11] surveys old and new results on the limiting behavior of a tagged
particle in various interacting particle systems. Also see articles by Barysh-
nikov [4] and O’Connell-Yor [22] for some recent studies of Brownian queues
in tandem, connected to the directed percolation and the directed polymer
models, and the GUE random matrix ensemble.

More recently rank dependent SDEs have been considered by several au-
thors as possible models for financial or economic data. Fernholz in [9] intro-
duces the so-called Atlas model which we study in this paper. It is a model
of finitely many Brownian particles, where at every time point the minimum
Brownian motion gets a constant positive drift, while the rest of them get
no drift. The general rank dependent interacting Brownian models, whose
drifts and volatilities depend on time-varying ranks have been considered by
Banner, Fernholz, and Karatzas in [3], with whom our work in this paper
bears close resemblance. For SDE (1), they work under a specific condition
on the drift sequence required for stability of the solution process. We prove
in Theorem 8 (condition (13)) that this condition is indeed necessary and
sufficient. Although their method is mostly based on a beautiful analysis of
the local times of intersections of different Brownian motions, they also note
the connection with the Harrison-Williams theory of reflected Brownian mo-
tions which we use extensively in this paper. See Lemma 4 for a complete
statement.

In that same article [3] the authors establish marginal convergence of
spacings Ay to exponential distributions. They leave the question of joint
convergence open, which we settle in this paper in Theorem 8 by proving
that the vector of spacings converge jointly to independent exponentials with
different means. They also study ergodic properties of such processes includ-
ing a demonstration of the exchangeability of the indices of the Brownian
particles under rank-dependent drifts and volatilities. In their later papers,
Fernholz and Karatzas also consider generalized versions of (1) where the
drifts and the volatilities depend on both the index and the rank of a Brow-
nian particle. As expected, in most such cases, explicit descriptions of their
properties become very difficult to obtain. However, many interesting results
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4 S. PAL ET AL.

can still be recovered. A good source for what has been done so far can be
found in the recent survey article by Fernholz and Karatzas [10].

McKean and Shepp, in [21], also consider Brownian motions interacting
via their ranks. They start with two Brownian motions, and their objective
is to find the optimal drift under constraints (as a control) such that the
probability that both Brownian motions never hit zero is maximized. The
solutions is, as they establish, the Atlas model for the two particle system.

An interesting related model, studied by Rost and Vares in [24], replaces
the ordered particles in the Harris model by linear Brownian motions re-
pelled by their nearest neighbors through a potential. The authors study sta-
tionary measures for the spacings of such processes, and show that rescaled
combinations of spacings converge to an Ornstein-Uhlenbeck process.

Our purpose here is to draw attention to the general class of Brownian par-
ticle systems with rank dependent drifts, as considered in [3]. Many natural
questions about these systems remain open. We are particularly interested
in an infinite version of the Atlas model, with a drift sequence (4,0,0,...)
with Atlas drift 6 > 0. One result we obtain for this system is the following:

THEOREM 1. For each 6 > 0, a sequence of independent Exponential(20)

variables provides an equilibrium distribution of spacings for the infinite At-
las model with the Atlas drift 0.

Theorem 1, which essentially follows from Theorem 14, suggests a number
of interesting conjectures and open problems. In particular, we can immedi-
ately formulate:

CONJECTURE 2. For each § > 0, Theorem 1 describes the unique equi-

librium distribution of spacings for the infinite Atlas particle system with
Atlas drift 6.

Let (Aq(t), Az(t),...)t>0 denote the equilibrium state of spacings of the
infinite Atlas Brownian particle system described by Theorem 1. This pro-
cess has some subtle features. For each k = 1,2,... and each t > 0,

(2) (Ak(t), Apar (D), ..) £ (Ar (1), Ag(t),..)

and the common distribution of these sequences is that of independent expo-
nential (29) variables. But while both sides of (2) define stationary sequence-
valued processes as t varies, these processes do not have the same law for
all k. In particular, the finite-dimensional distributions of non-negative sta-
tionary process (Ag(t),t > 0) depend on k.
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BROWNIAN MOTIONS INTERACTING THROUGH RANKS 5

Harris [14, eqn. (7.1)] gave an explicit formula for the law of B(g)(t), the
location at time t of particle initially at 0 in the Harris system of ordered
Brownian motions, from which he deduced for 2\ = 1 that

B (t 1/4
) LA (2) L B(l)ast — o0
T

(3) t1/4 \/727)\

where B(1) is standard Gaussian. As remarked by Arratia [1, p. 71], the
conclusion for general A > 0 folows from the case 2\ = 1 by Brownian scal-
ing. See also De Masi, Ferrari [5], Rost, Vares [24], and Arratia [1] where
variants (or generalizations) of (3) is proved for a tagged particle in the
exclusion process on Z associated with a simple symmetric random walk.
Harris conjectured that the process B(g) is not Markov, and left open the
problem of describing the long-run behaviour of paths of B(g). These ques-
tions were answered by Diirr, Goldstein, and Lebowitz in [6, Thm 7.1] where
they prove that the tagged process Bg)(t), suitably rescaled, converges to
fractional Brownian motion with Hurst parameter 1/4. In fact, they show
a general theorem where convergence to fractional Brownian motion holds
for systems with processes which have stationary increments and perform
elastic collisions as in the Harris model. Also see [7] where the same authors
generalize their results in the case where an external potential is present.
In this connection, we have the following conjecture:

CONJECTURE 3. For each 6 > 0, in the infinite Atlas model with Atlas
drift § > 0, and initially ordered values X(0),k = 1,2,... which are the
points of a Poisson process with rate 20 on (0, 00),

Xy (1) — X3 (0 VA
(k) (1) (1) (0) R (2> Ck B(1) ast — o0

t1/4 T

V26

for some sequence of constants c, > 0 with ¢y, — 1 as k — oo.

The paper is organized as follows. In the next section, we analyze the
finite Brownian particle system with rank dependent drifts. The main re-
sult is Theorem 8, which describes the convergence in total variation of the
laws of the spacings to that of independent exponential distributions. The
precise condition needed on the drift sequence for such stability has also
been proved. In Section 3 we look at countably infinite Brownian particles
with the dynamics of the Atlas model. The main result, Theorem 1, follows
readily from Theorem 14.
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6 S. PAL ET AL.

2. The finite Brownian particle system. We first present some re-
sults regarding the asymptotic behavior of spacings for the IV particle system
with arbitrary rank-dependent drifts d;,1 < i < N. We start by recording
the following two lemmas, which clarify the issues of existence and unique-
ness of the NV particle system with arbitrary drifts ¢;, and characterize the
associated ordered particle system. See the book by Revuz and Yor [23] for
a background and the definitions of concepts from the calculus of continuous
semimartingales.

LEMMA 4. Let X;,1 < ¢ < N be a solution of the SDE (1) defined
on some filtered probability space (Q, F,{Fi}, P), for some arbitrary initial
condition and arbitrary drifts {6;}. Then for each 1 < j < N the jth ordered
process X ;) is a continuous semimartingale with decomposition

(4) dX ;) (t) = dB;(t) + é(dl/(jl,j)(t) — dL(j j11)(t))

where the B;’s for 1 < j < N are independent (F;)-Brownian motions
with unit variance coefficient and drift coefficients d;, and where L) =
Linny1)y =0, and for1 <j <N -1

1ot
() Loyt =lm o= [ 1K) - X&)/ VE<e)ds (t20)
which is half the continuous increasing local time process at 0 of the semi-
martingale (X ;1) —X(j))/ﬂ. Moreover, the ordered system is a Brownian
motion in the domain

(6) {(.CL‘(Z'),IS’L'SN)GRN:%'(DSx(g)g---<$(N)}

with constant drift vector (0;,1 < j < N) and normal reflection at each of
the N — 1 boundary hyperplanes {x;y = 41y} for 1 <i <N — 1.

PROOF. Sznitman [27, page 594], [28, Lemma 3.7] gave these results in
the case of zero drifts. As he observed, they follow from Tanaka’s formula
[23, page 223] and the definition of Brownian motion in a polyhedron with
normal reflection. See, for example, Varadhan and Williams [29]. Sznitman
further proves that the Brownian motions {3;} are independent, which is
essentially due to Knight’s theorem [23, page 183]. The factors of /2 are
most easily easily checked in the case N = 2. That they are the same for all
N follows by a localization argument. The results of the lemma for general
drifts d; are deduced from the results with no drift by application of the
next two lemmas. O

imsart-aap ver. 2007/04/02 file: PalPitman_Rev.tex date: September 20, 2007



BROWNIAN MOTIONS INTERACTING THROUGH RANKS 7

LEMMA 5. Let X1, Xo,... be a sequence of independent Brownian mo-
tions indezed by a finite set I. Consider the ordered process X(1y, X(2); - - --
Then, the following holds almost surely:

o,
(7) Z/Ol{Xi(s):X(j)(s)}ds:t, Vi<|I|+1, Vteloo0).
=1

Moreover, the points of increments of the finite variation processes Lj ;1)
are almost surely disjoint.

When I is countable, equation (7) still holds true as long as the assump-
tions on the initial values X1(0) < X2(0) < ... are sufficient to guarantee
the existence of the ordered processes for all finite times.

PROOF. For any two indices k < [, the lebesgue measure of the set { ¢ €
[0,00) : X = X; } is zero. This follows because the zero set of Brownian
motion is of lebesgue measure zero almost surely.

Now, the event Zlﬂl f(f 1 { Xi(s) = X(j(s) }ds > t for some j and some
t implies that there exists some pair (k, ) such that the lebesgue measure of
theset {0 < s <t: Xi(s) = X(;)(s) = Xi(s) } is positive. This is of measure
zero according to the previous paragraph and by countable additivity.

The other possibility of Z'ZQI fg 1 { Xi(s) = X(j(s) }ds < t is trivially
ruled out by our assumption that the ordered processes are always achieved.

For the second assertion, note that, according to the general theory of
semi-martingale local times [23], the process L(; ;1) increases only on the
random closed set of times ¢ when X;)(t) = X(;j41)(). These random sets are
almost surely disjoint as j varies. This is because, with probability 1, there
is no triple collision, meaning a time ¢ > 0 at which X;(t) = X;(t) = X (1).
It follows from the fact that the bivariate process (X; — X;, X; — Xj) is a
linear transformation of a standard planar Brownian motion which does not
hit points. O

Call (2, F,{F}, P) the canonical setup if (0, F,{F:}, P) is the usual
space of continuous paths in RY, with the usual right-continuous filtration,
and X; is the ith coordinate process.

LEMMA 6. Let 6 = (6;,1 < i < N) € RY and let u be a probability
distribution on RN
(i) In the canonical setup there is a unique probability measure PO* under
which the coordinate processes (X;,1 < i < N) solve the system of SDE’s
(1) with initial distribution p. In particular, for § = 0, the law P* is the
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8 S. PAL ET AL.

Wiener measure governing standard Brownian motion in RN with initial
distribution L.

(ii) In the canonical setup, for each t > 0, the law P¥* is absolutely contin-
uous with respect to PY* on F;, with density

N

N
(8) exp Z (5]'5]' (t) - % Z (5J2t

J=1 Jj=1

where [, which is the same as in (4), can be defined by the expression

N ot
O B0 =X [ 1{X(s) = X5} dXi(s),  1<iN,
=1

Under P%* the B;j’s are independent Brownian motions on R with drift co-
effients {6;} and unit diffusion coefficients.

(iii) If (X;,1 < i < N) is a realization of the N particle system with drifts
{6;} and initial distribution p on an arbitrary probability space (Q, F,P),
then the P joint distribution of the processes X; is identical to the P¥* dis-
tribution of the coordinate processes on the canonical space, as specified in

(ii).

PRroOOF. This is an instance of a well known general construction of the
solution of an SDE with drift terms from one with no drift terms [23, Chapter
IX, Theorem (1.10)].

Under P%#, the fact that {3;} is a collection of independent Brownian
motions also follows from expression (9) and equation (7). Under P, the
process 3; is a stochastic integral with respect to Brownian motions with
drifts. By expanding the drift term, it is obvious that §; is a Brownian
motion itself with drift ¢;. a

Note that the SDE defining the N particle system with drifts is a typical
example of an SDE for which there is uniqueness in law, but not pathwise

uniqueness.
For a solution X of SDE (1), let

_ 1 Y 1Y
X(t) := N;Xz(t) = N;X(j)(t)

which is the center of mass of the particle system, where we regard each
particle as having mass 1/N. We call the R"V-valued process

(X;—X,1<i<N)
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BROWNIAN MOTIONS INTERACTING THROUGH RANKS 9

the centered system. Note that the N — 1 spacings defined by taking dif-
ferences of order statistics of the original system are identical to the N — 1
spacings defined by differences of the order statistics of the centered system.
So the N order statistics of the centered system, which are constrained to
have average 0, are an invertible linear transformation of the NV — 1 spacings
of original system.

LEMMA 7. For the N particle system, with arbitrary drifts and initial
distribution,
(i) the center of mass process is a Brownian motion with drift

N
(10) Sy = NS,
j=1
and diffusion coefficient 1/N ; explicitly
_ _ - B(t
(11) () = X(0) + oyt + B0

VN
1
where B(t) := N~ 2 Zévzl Bj(t) is a standard BM on R; consequently

X(t)

— dn almost surely ast — oo.

(ii) The shifted center of mass process X (t) — X (0) is independent of the
centered system ( X;(-) — X(-) ), 1 <i<n.

PRrOOF. Part (i) follows plainly from the SDE (1) by summing over i.

For part (ii), note that if o1 and o9 are two independent sub-o-algebras
of a probability space (A, A, P), and we change P to another probability @
via defining dQ/dP = fg, where f € 01, g € 09, then o1 and o9 remain
independent under Q).

Now as in Lemma 6, when (X;) denotes N independent Brownian motions
with initial distribution p, the shifted average X (t) — X (0) and the centered
process ¥ = X — X1 are independent. This follows from the fact that
conditionally on Xy, the processes are Gaussian with zero covariance, and
that X (t) — X(0) is independent of Xy. Now to get to P%*, the Radon-
Nikodym derivative is given by (8). Note that, from expression (9) we get

B;(t) = Z/Ot 1{¥i(s) = Y5)(s) } aYi(s) + X () — X(0).
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10 S. PAL ET AL.

Thus, from (8), it is clear that dPO# /dPY# can be written as fg, where
feoY)and g € o(X(-) — X(0)). Now, by first localizing at finite time,
and using the argument in the preceding paragraph, we establish the claim

in part (ii). O

THEOREM 8. Forl <k <N let

k

(12) ag =Y (6 —on)

=1

where Sy is the average drift as in (10). For each fized initial distribution of
the N particle system with drifts {0;,1 = 1,2,..., N}, the collection of laws
of X(ny(t) — X1)(t) fort >0 is tight if and only if

(13) ar >0 foralll <k <N -1,

in which case the following results all hold:

(i) The distribution of the spacings system (X(j11) — X(j), 1 <j< N —1)
at time t converges in total variation norm ast — oo to a unique stationary
distribution for the spacings system, which is that of independent exponential
variables Y; with rates 2a;, 1 < j < N — 1. Moreover, the spacings system
1s reversible at equilibrium.

(ii) The distribution of the centered system at time t converges in total vari-
ation norm as t — oo to a unique stationary distribution for the centered
system, which is the distribution of

(Sﬂ'(i)—l_galgiSN)

where Sg:=0 and S; :=Y1+---+Y; for1 <i< N —1, where m a uniform
random permutation of {1,..., N} which is independent of the Y;, and

- TR 1 N1 1 N1
S = N st(z’)—l = N a Si = N a (N — )Y,
i=1 =1 =1
Moreover, the centered system is reversible at equilibrium.
(iii) Ast — o0

X;(t)/t — dn almost surely for each 1 <i < N,

and the same is true for X;(t)/t instead of X;(t)/t.
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BROWNIAN MOTIONS INTERACTING THROUGH RANKS 11

Remark. Regard the system as split into left-hand particles of rank 1 to k
and right-hand particles of rank k41 to V. If these two parts of the system
are started at some strictly positive distance from each other, they evolve
independently like copies of the k-particle system and the (N — k)-particle
system respectively, until the first time there is a collision between a left-
hand particle and a right-hand particle. It follows by summing up over the
corresponding drifts that the centers of mass of the two subsystems left to
themselves would have almost sure asymptotic speeds 6, and S respectively,
where

~ 1k R N
O 1= - > 6iand 0p = (N —k)~" > 6
i=1 i=k+1
Since P
ak:kjgk—ng:4( - )(Sk_gk)

we see that ap > 0 iff 5, > Sk, which ensures that the righthand system
cannot avoid an eventual collision with the lefthand system. According to
(12), for arbitrary prescribed dx € R, and aj > 0, the unique drift vector
determining an ergodic N-particle system whose average drift is 6y and
whose asymptotic spacings are independent exponential variables with rates
2ay;, is given by

(14) 6i:5N+ai—ai_1 (1§Z§N)

where ag := ay := 0. Given an arbitrary cumulative probability distribution
function F' on the line, and arbitrary § € R and € > 0, it is clear that by
taking NN suitably large, we can choose (ag,1 < k < N — 1) and hence
(05,1 <j < N) so that for all sufficiently large ¢

> E> <e€

P (sup

and X (t)/t — & almost surely as ¢ — oo. Thus no matter what its initial
distribution, the N particle system looks asymptotically like a cloud of par-
ticles with mass distribution close to F', drifting along the line at speed 9.

1 & _
& 2 LXi(t) = X(t) < @) — F(x)
=1

PROOF OF THEOREM 8. According to Lemma 4, the ordered N particle
system is a Brownian motion (X;)(t),1 < k < N)i> in the domain (6)
with identity covariance matrix, constant drift vector (d;,1 < j < N) and
normal reflections at each of the N —1 boundary hyperplanes {a;(i) = x(; +1)}
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12 S. PAL ET AL.

for 1 < i < N — 1. Note that the vector (1,1,...,1) of all ones is in the
intersection of these boundary hyperplanes.

Let 8 be an independent one-dimensional Brownian motion (Gy = 1)
with a negative drift —6 (6 > 0) which is reflected at the origin. The process
defined by
Y/(t) := X;(t) — X(t) + \/’% i=1,2,...N,
has the same spacings as the original process X. Moreover, by the inde-
pendence of the centered system and the center of mass process established
in Lemma 7, and the fact that Y’ = §/v/N is the projection of Y’ on
the subspace generated by the vector (1,1,...,1), it follows that the vector
(Y{,Y5,..., YY) is a Brownian motion with identity covariance matrix which
is normally reflected in the wedge

N
{yERN:Zyz-ZO, ylS?JQSn-SyN}-
=1

The drift vector in this wedge can be written as a linear combination of
spacings by summation by parts:

(15)
N B 9 N—1 / k - g N
5i_5N_>yi:_ 0; — ON Ye+1 —Yk) — — = Yi-
Zz::l ( \/N kz::l (zz:l( ) ( +1 ) \/N P
Noting that Y(/k+1) - Y(’k) = X(k4+1) — X(x) for all k, the condition (13) for

stability, and part (i) of the Lemma, are now read from the general result
about equilibrium distributions of reflecting Brownian motions stated in the
following lemma, and standard theory of Harris recurrent Markov processes
( see, e.g., [8]).

Part (ii) is established by showing that the centered system (X;(t) —
X(t),1 < i < N),t > 0 is a Harris positive-recurrent diffusion with the
indicated invariant measure. The recurrence property has been proved in
detail in [3]. The invariance is evident because a uniform randomization of
labels relative to the centered order statistics is clearly invariant for the
centered motion. This convergence in distribution, combined with part (i)
of Lemma 6 gives convergence in probability of X;(t)/t to 6y for each 1 <
i < N. Almost sure convergence can now be justified by appeal to an ergodic
theorem for the Harris recurrent centered diffusion. a

The proof of Theorem 8 is completed by the following lemma, which
we deduce from the general theory of stationary distributions for reflecting
Brownian motions in polyhedra due to R. Williams [30]:
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BROWNIAN MOTIONS INTERACTING THROUGH RANKS 13

LEMMA 9. Let R := (Ry,t > 0) be a Brownian motion in the domain
{z e RE - bj(x) >0 fori=1,..K}

for some collection of K linearly independent linear functionals b;, with X
having identity covariance matriz, normal reflection at the boundary, and
constant drift § with

K K
(].6) 251301 = —Zazbl(m) (l’l,...,xK) :QTERK.
=1 =1

This process R has a stationary probability distribution iff a; > 0 for all
i=1,..., K, in which case in the stationary state the b;(R;) are independent
exponential variables with rates 2a;, and the process in its stationary state
1s reversible.

PRrOOF. This is read from the particular case of [30, Theorem 1.2] when
the matrix @ is identically 0. According to that theorem, R is in duality
with itself relative to the measure p on the domain whose density function
with respect to Lebesgue measure at  is exp(26 - z). Using (16), the linear
change of variables to y; = b;(x) shows that the p distribution of the b;(x)
has joint density at (y1,...,yr) equal to chil exp(—2a;y;) for some ¢ > 0.
It follows that

(17) p has finite total mass iff a; > 0 for all ¢

in which case, when p is normalized to be a probability, the p distribution of
the b;(x) is that of independent exponential variables with rates 2a;. The “if”
part of the conclusion is now evident. For the “only if” part we argue that
if a stationary probability distribution p’ existed, it would obviously have a
strictly positive density on the domain. Then R sampled at time 0,1,2,...
would be an irreducible Harris recurrent Markov process with respect p/,
hence p = ¢p’ for some ¢ > 0 by the uniqueness of the invariant measure of
a Harris recurrent Markov chain, and then a; > 0 for all ¢ by (17). 0

From Theorem 8 we immediately deduce:

COROLLARY 10. For each 6 > 0 the N-particle Atlas system with drift
vector (9,0, ...,0) is ergodic with average speed 6 /N. The stationary distri-
bution of

(X —XgplsjsN-1)
is that of independent exponentials ((j, 1 < j < N —1), where the rate of (;
is 26(1 — j/N).
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14 S. PAL ET AL.

3. The infinite Atlas model. The infinite Atlas model can be de-
scribed loosely as a countable collection of linear Brownian motions such
that at every time point the minimum Brownian motion is given a positive
drift of § > 0, and the rest are left untouched. This is an example of (1)
where I = N, 0; = § and all other §; = 0. Throughout this section we take
0 = 1, since for our purpose here, the general case follows from the case
when § = 1 by scaling.

It can be constructed rigorously in the weak solution framework in the
following way. Start with the canonical setup (as in Lemma 6) of Brownian
path-space:

(18) ( C[0,00], {ft}0§t<007 W )7

where {F;} is the right continuous filtration generated by the coordinates
which satisfy the usual conditions, and W¥ is the law of the Brownian motion
starting from z € R. We now look at the countable product of a sequence
of spaces like (18):

(19) Q=00,00", G =R F(i), P* =R W,
1 1

where the natural coordinate mapping is a countable collection of indepen-
dent Brownian motions under P? starting from the sequence x = (x1, xa,...).

Let = be a sequence such that z(;) > —oo and let X = (X1, Xy, ...) denote
the sequence of infinite independent Brownian motions starting from x. We
have the following lemma whose proof will follow later.

LEMMA 11. Assume that the initial sequence x is arranged in increasing
order x1 < x9 < ... and satisfies

2
(20) lim inf n =)

n—00 n

> 0.

Then, P*-almost surely, X(1)(t) > —oo for allt > 0, and the process

o t
(21) Nt = Z/O 1{X¢(5):X(1)(s)}dXi<s>'
=1

is a {Gi}-martingale whose quadratic variation (N); = t. The stochastic
exponential of N, given by

(22) Dy =exp (Ny —t/2).
is hence again a non-negative {G,}-martingale.
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BROWNIAN MOTIONS INTERACTING THROUGH RANKS 15

We change the measure P® by using the martingale D, i.e., define ) by
Qx|gt = Dt'Px‘gta t > 0.

By Girsanov’s theorem the probability measure @ exists and is well-defined,
and the coordinate process under Q* is a solution of the infinite Atlas model
(1). Hence Q" is the unique law of the Atlas model starting at x.

Our aim is the following: suppose the initial points X;(0) < X5(0) <
X3(0) < ... are spread according to the Poisson process with rate two on
the positive half-line, and we run the infinite Atlas model starting from these
points. We shall prove that the product law of independent Exponential(2)
is invariant under the dynamics of the vector process A of spacings given by

(23) Ailt) = X)) = X (1), i=1,2,....

The proof is achieved through a series of lemmas, the main argument
being comparing the infinite Atlas model with the finite Atlas model and
suitably passing to the limit. Throughout the proof the probability space is
given by (19).

We start with the following lemma whose proof follows directly from
Lemma 5. We will find it convenient to use the following notation for the
operator which sorts a given finite vector. If x € R", 1 < n < 0o, define

(24) S(x) = (1), T@2), - - - T(n))-

LEMMA 12. Every w € Q comprises of a sequence of processes w(t) =
(w1(t),wa(t),...). For any N € N, let us denote the ordered values of the
processes with the first N indices by

ZNW) = (ZN, ZY, ..., Z¥) (W) = S((wi,wa, . . . ,wN)).

Then

N ot
(25) Dy(t) = exp (Z/O Lix,(s)=2 (530X (5) — t/2>
i=1

is a Gi-martingale. We denote by QF; the probability measure obtained by
the changing the measure P* by the martingale Dy .

Since, under every P? each of the Brownian motions are independent,
it follows, by applying Girsanov’s Theorem, that, under @)%, the first N
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16 S. PAL ET AL.

coordinates (wi,...,wy) evolve according to the finite Atlas model, while
the rest of the coordinates are independent Brownian motions with the cor-
responding initial starting points.

Let p denote the probability measure whereby the points 0 = X7(0) <
X2(0) < ...aresuch that the spacings X;1(0)—X;(0) are iid Exponential(2).

LEMMA 13. For p-almost every x, the measure QF exists and we can

define
Q- p= /Q’”du(w)-

PROOF. The proof follows from Lemma 11 and the law of large numbers.
]

We now have our main theorem in this section which proves that p is an
invariant measure for the spacings of the infinite Atlas model.

THEOREM 14. For any K € N, and any function F : RX — R, which is
smooth and has compact support, and for any time t, we have

(26)  E9H[F(AL Ag,...,Ag)(t)] =E*[F(AL, Ay, ..., Ag)(0)].
Here, as defined in (23), A; is the ith spacing X1y — X(;)-

PROOF OF THEOREM 1. Since the previous result holds for a class of
functions which determines the marginal distributions of a sequence valued
process, Theorem 1 follows readily for 6 = 1. The theorem for the infinite
Atlas model with a general 6 > 0 follows by scaling. m

ProoF orF LEMMA 11. Fix an arbitrary time 7' > 0, and consider = as
in the assumption of the lemma. We have the following claim.

CLAIM 15.

P <w: IMw) s.t.Vn>M, 0<1£1£T(Xn(s)X(1)(s))>O> =1.

e We prove the above claim by establishing the following

(27) P* (w s 3M(w)st.Vn> M, 0<i§£T(Xn(S) - Xi(s)) > 0) =1
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BROWNIAN MOTIONS INTERACTING THROUGH RANKS 17

This follows by defining the events

(28) A = { Jnt (Xils) = X1(s)) <0 } i=1,2,...

Since X; — X; is a Brownian motion starting from (x; — 1), which for
sufficiently large i is strictly positive (by (20)), by Bernstein’s inequality
[23, page 153], one can easily estimate P%(4;) < exp(—(x; — x1)%/2T) for
all large enough i. Again by assumption (20), we get

limsup (P*(A4,))Y™ < lim sup exp(—(zn — 21)2/2Tn)

n—oo n
o | (xn - 331)2
= exp <_2z_, hmnlnf ? < 1.

Thus, by Cauchy’s root test, it follows that the series sum ) ;2 P*(A;) < oc.
One can now apply the Borel-Cantelli lemma to obtain that P*(lim sup; 4;) =
0, which proves (27), and hence the required claim.

We now prove that the process N exists and is a martingale in time

interval [0, 7. Since T is arbitrary, this proves Lemma 11. Define the finite
approximations

kot
Bult) = Y- [ LpaemxondXils), 0<t<T k=12....
=1

Each By is a stochastic integral with bounded, progressively measurable
integrands. It is clear that they are martingales with quadratic variations

E ot
(B)i =2 /0 Lixio)=Xay ()18
i=1
= ]L{ 0<s<t: 1I§nii£kXi(s) = Xq)(s) },
where L refers to the Lebesgue measure on the line. We shall show that the
sequence of martingales {By} is a cauchy sequence in the H?-norm , and

hence has a limit which is denoted by N, as in (21).
To see this, observe that for any n, k € N, we get

(Bp+k — Bn)r = L{ 0<s<T: e in Xi(s) = X(1y(s) } .
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18 S. PAL ET AL.

By Claim 15, we see that P*( limy, ;oo (Bntt — Bn)r = 0) = 1. It is also
clear that (By,1x — Bpn)r < T, for all n, k € N. It follows from the Dominated
Convergence Theorem that
lim EY ((Buir — Bu)r ) = 0.

n,k—oo
This, by definition, shows that the sequence of martingales { By} is a cauchy
sequence in the H? norm. Since the space of continuous martingales under
that norm is complete, the sequence {B,,} converges to a limiting martingale
which we denote N. It also follows that (N); = lim,, .o (By)¢ = t. Thus, N
is actually a {G;}-Brownian motion. This completes the proof of Lemma 11.
[ ]

Remark. The condition in (20) is clearly loose. In fact, if we consider A;
as in (28), all we require is that, for every 7' > 0, one should have

ipx(/li) < iexp (—(zr:Z - x1)2/2T) < 00,

which is a much weaker condition than required by (20).

The proof of Theorem 14 relies on probability estimates proved in the next
three Lemmas 17, 18, and 19. The second one is actually a generalization
of the first. But, we choose to do the first separately since it is simpler and
more transparent. But first we will do some basic computations.

LEMMA 16. IfY ~ Gamma(r,\) for some r > 1, then, for any t > 0,
we have

B () < (o) D

A2t\/? N2
- ﬁ<2> T((r+1)/2)

PROOF.

E(e—Y2/2t> _ /°° e_yQ/(2t)13£’“)yr_1€_Aydy
0 T

SH2/2 / Yl N2/ g

AT
T(r)
A t,\2/2/°° 1 —22/2 Y+ tA

—e Viz —t\) e ™ 2\/tdz, 2= )
NOM VR Vi
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BROWNIAN MOTIONS INTERACTING THROUGH RANKS 19

For z > \/f)\, since r > 1, one has
(Vtz —t\)" 1 < (Viz)" L
Thus one can bound the (29) by

A" 2 o0 2
E (Y22t < A /2/ r—1_—22/2
(e ) < F(r)e \/D\(\/%z) e Vitdz
24\7/2 00
_ (A7) / et)\2/2/ =1e=2%/2,
I(r) VA
()\2t)r/2 00

_ tA2/2 (r-1)/2 —w —1/2 _ .2
=T e /t/\z/2(2w) e Y (2w) M dw, w=2z/2

(
_ (A*t)r/2 o2/297/2-1 /°° w2 1o dup
I'(r) tA2/2
X072 2
<=7 L'(r/2).
< argy ¢ 072
The final identity in the lemma is due to the duplication formula:
L'(r/2) 217
r V)

LEMMA 17.  For anyt > 0, and all positive integers N satisfying N+1 >
16et, under P - u, we have the following estimate of the probability of the
event that during time [0,t], the globally lowest ranked process is in fact the
lowest ranked process among the processes with the first N indices.

N
4et
P,U{X(l)(s):Z{V(s)a OSSSt} > 1—01€2t ( ]\]'_|_1> ,

where Cq is a positive constant. To remind the reader, the processes (Z,]CV, 1<
k < N) have been defined in Lemma 12.

PROOF. Note that the complement of the event has the following upper
bound.

1—P-M{X(1)(s) = ZN(s), 0§s§t}
<P-u ( Uisni1{ Xi(s) < Z1¥(s), for some s € [0,1] } )
(30 <P (Uil Xi(s) < Xi(s), for some s € [0,4] })

< Z P-u( X;(s) < Xi(s), for some s € [0,¢] ).
i=N+1
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20 S. PAL ET AL.

The final bound above is the so-called union bound.

Now we will use exponential bounds for Brownian supremums to esti-
mate P - p( X;(s) < Xi(s), for some s € [0,¢] ) which is the same as P -
p((info<s<t(Xi(s) — X1(s)) <0 ). Note that under P-p, the process X; — X
is a Brownian motion whose initial distribution is the law of X;(0) — X;(0).
This law is Gamma(i — 1, 2), since it is the sum of (i — 1) iid Exp(2). Condi-
tional on X (0) = =, such that {X;(0)—X;(0) = y}, it follows from Berstein’s
inequality that

P (| int (Xi(s) = Xa() <0 ) < exp(y/20).

Thus, for i > 2, we define Y = X;(0) — X;(0) ~ Gamma(i — 1,2), and we
use Lemma 16 to get

Py ( it (Xi(s) = Xi(5)) <0 ) < E(exp(~Y2/21)

(31)

< ﬁ(Qt)(i_l)/ZW-

Plugging the estimate in (30), we get

< (9)(i-1)/2
_p. — N <s<tl< 2t (7
32) 1-P u{ Xy=21(s),0<s< t} < Ve i:%l Ti/2)

By Stirling’s approximation, 3 C, a positive constant, such that
(33) [(z) > Cle #2272 vzeRF.
Thus, from (32) we get

o) (Qt)(ifl)/Zei/2
(i/2)(i_1)/2

i=N+1
i
o det \ /2 ad 4et
_ et ( > /2 < Sz Oe2H/2
vt 3 (i VT 2\ W

det

N
_— h 4 N+1)<1/2.
N—i—l) ,  when y/4et/(N +1) <1/

< 20 /me2tH1/? (

This proves the estimate. m
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BROWNIAN MOTIONS INTERACTING THROUGH RANKS 21

LEMMA 18.  For any any t > 0 and all positive integers 1 < k < N € N
satisfying N — k 4+ 2 > 16et, under P - u, we have the following estimate of
the probability of the event that in the time interval [0,t], the globally lowest
k ranked processes are in fact the lowest k ranked processes among the ones
with the first N indices.

P-u{(X(l),...,X(k)) (s) = (Z{V,...,Z,QV) (s), ogsgt}

(34) ot N—k+1
>1_ 27 1 k-1 €
> 1— Cy(k)e? (N — 1) s ,

for some positive constant Cy depending on k. For k = 1, we get back the
bound in Lemma 17.

PROOF. As in the previous lemma, we bound the probability of comple-
ment of the event.

(35)

Now, if [N] denotes the set {1,2,..., N}, let us note that

Z,]gv =  max min Xj.
11<ia<..<ig—1 IE[N]\{i1,i2,- ., ik—1}

Thus, to get an upper bound on P-p { Xi(s) < ZN(s), for some s € [0,1] },
one can apply the union bound one more time to obtain

(36) P- ,u{ X;(s) < Z)N(s), for some s € [0,1] } <

P-ulX(s) < min Xi(s), forsomese|[0,t] | <
i1<‘§kl Iu( ( ) IE[N\{i1,sip—1} l( ) [ ]>

Z Py (X;(s) < X+, for some s € [0,t],7* = min{[N]\{i1,...,ik—1}})

11 <. <Gp—1

Now, we can count the frequency with which i* takes its possible values
as the choice i1 < ia < ... < ip—1 varies in {1,2,...,N}. Let g(i) be the
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22 S. PAL ET AL.

number of ways to pick i1 < io < ... < ip_1 such that ¢* = 4. Then, it is
straightforward to see

g(1) = #{ {i} i1>1}=<],f_‘11>,

9@ = #{{i}: i1 =1, i2>2}=<§f_‘22>

g(l):#{{z} t1=11=2,...,411=101—1, il>l}: <]Z__ll>, I <k,
g() =0, VI>k

Thus, by (36), we get
(37)

Z P-u (Xi(s) < min X;(s), for some s € [0, ] )

i1 <ia<..<ip_1 CLENN\ i1, }
bIN -1
< ; (kz _ l) Py (Xi(s) < X(s), for some s € [0,1] ).

Now, again as we did when deriving the last key estimate, X; — X, for ¢ > [ is
a Brownian motion under P -y with the initial distribution Gamma(i —1, 2).
Thus, by Lemma 16, we can bound

(Qt)(i—l)/2 o2t
((i—1+41)/2)

Combining the above inequality with estimates (35), (36), and (37), we get

P (X;(s) < X(s), for some s € [0,t] ) < ﬁr

L= Pp{ (X, X)) () = (2., 2)) (5), 0<s<t}

(38) © ko /n_ ) (2¢) =72
< > Z(k—l)ﬁeQF((z’—l—i—l)/Q)'

i=N+11=1

We will again give a loose but good enough upper bound for the infinite
sum. But, first we need to note that, for any n > k, we have

(/) -3
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BROWNIAN MOTIONS INTERACTING THROUGH RANKS 23
Thus, it follows that

N —1 N -1
() (), asisa

We can use this to simplify (38):

L= P {(Xay . X)) () = (21,20 ) (), 0<s<tf

S n_ (20)70
<% Z( )‘F L —1+1)/2)

i=N+11=1

We again use Stirling’s approximation (33) to get

- (20702
ZZ( )f TG 1712

i=N+11=1

(Qt i—1)/2(i—14+1)/2

(39) SC(k‘ >\F2tZZ(,&_l+ /2)2[/2

i=N+11 1

N-1 / C
- C €2t+l/2
(k )f 1%1;( Z_H_l)

Sincei—1l> N+1—kforl <k < N+1<q,itisclear that det/(i—1+1) <
det/(N 4 2 — k). And hence

() s ()

By our assumption

l

(40) —— < =

il ik
det < 4et I<h<i
N—k+2 - N—-k+2 ’ - ’

and consequently

i—l i—k
4et 4et
S ) <k )
P 1—1+1 N—-k+2
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Plugging this bound in (39) we get

(41)
ok (i=0)/2
S (N - 1) e ('215)
v kT P -1+1)/2)
ik
N -1 2412 N et
SC(k—1>ﬁe i:%:ﬂk N—k+2

N+1—k j
N— 1 2t+1/2 4€t > 4€t

< e P

—Ck<k;—1>ﬁe N—k+2 JZ; N —k+2

N—k+1
det
< Cy(k)e (N —1)F1 ( W) , by (40),

for some positive constant Co depending on k. This proves the lemma. m

LEMMA 19. For any N € N, define un to be the law under which

(42)
X1(0) =0, Xi41(0) = X;(0) ~ Ezp (2(1 —i/N)), i=12,...,N—1,
and Xi+1(0)—XZ'(O>NE$p(2), i=N,N+1,...,

and all these spacings are independent.
For any t > 0, and any three integers k < J < N satisfying

(43) J—k+2> 16et,

we have the following bound on the probability that under P - uyn, during
the time interval [0,t], the lowest k ranked processes among the processes
with the first N indices are in fact the lowest k among those with the first
J indices.

(44)
Poun{ (2{,....20) ()= (2,....20') (s), 0<s<t}

J—k+1 N—J
_ 4et det
> 1= Cak)e™(J ~ 1)f 1( J—k+2) 1‘( J—k+2)
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BROWNIAN MOTIONS INTERACTING THROUGH RANKS 25

Proor. We follow the same line of argument as in the last two estimates.
Thus

V=P { (2],....20) () = (2],....2)) (s5), 0<s<t}

N
< Z P-un ( Xi(s) < Z{(s), for some s € [0,1] ) :
i=J+1

Following similar counting arguments as in (36) and (37), we can bound

L=Poun{ (2], 20) ()= (2. 20 ) (), 0<s<t}

(45) ARG
< Z Z(k_l>P'MN(Xi(S)§Xl(3)’ for some s € [0,t] ).

i=J+11=1

Now, under pup, the gap X;(0)—X;(0) = ;;% Y;, where the Y}’s are inde-

pendent and Y is distributed as Exp(2(1 —j/N)). Thus, by the exponential
bound used before, we get

P-un ( Xi(s) < Xi(s), forsomes e |0,t])
. 2
1 i—1
o5

Now, since each Yj is Exponential(2(1 — j/N)), the random variables

(46)

Vit =(1-j/N)Y;

are iid Exp(2), and each Y;* <Yj since j < N. Thus, >/—; Y;* < 3177 Yj,
and hence

1 [i=} 2 = 2
E |exp ~5 ZYJ <E |exp —% ZYJ*
=l =l

But, each Y}" is Exp(2), and hence

- 2
E |exp 72% (Zz: Yj*) ) [6_y2/2t} :

j=l
where Y is a Gamma(i — [, 2) random variable. Thus, plugging in the bound
from Lemma 16 into (46), we derive
€2t(2t)(i—l)/2
(i—141)/2)
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Now, we follow approximations similar to (39) and (41) for the right-hand-
side on (45) to obtain

V=P { (220 () = (2, 2)) (5), 0<s<t]
k(71 ¢2t(24) (D)2

= §:<k—1>¢%wu—z+1ym

J — >fe2t+1/2 Z i( / )il

k- i=J+11=1 l+1) .

i—k
§C<}i >f€2t+1/2 Z k:( (4615) , by (43),

i=J+1

J—k+1 j
det NI det
< 2t _ 1 k—1 )
< Co(R)e(J = 1) ( J—k+2> : ( J—k+2>

Now, if we call r = /4et/(J — k +2), then r < 1/2 by asusmption (43).
The finite geometric sum can be easily bounded as

1— TN_J

N—J-1
I <91 — N
Z " 1—r = ( " )
7=0
Thus, suitably altering the constant Cs, we get our desired bound

V=P (220 (o) = (2, 2)) (5), 0<s<t]

J—k+1 N—J
_ 4et 4et
< GaR)e™(J = ) ( J—k:+2) L ( J—k+2)

This proves the lemma. =

PrROOF OF THEOREM 14. For every K < N € N, let
vN=2zN,-2zZ), 1<i<N.

From Corollary 10, we know that the law of the first (INV — 1) spacings under
pn (defined in Lemma 19) is exactly the stationary distribution of spacings
for the finite Atlas model with N particles. Since, under @y (see Lemma
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12), the dynamics of the processes {Xi(t),...,Xn(t)} is that of a finite
Atlas model independent of the rest of the Brownian motions, it follows by
stationarity that for any ¢t > 0, we have

(47) B RN, YR @] =B [PV, YR)(0)]

We will show that for fixed ¢ and K, as N tends to infinity, the two sides of
the above equation converges to the corresponding sides of (26). This will
prove the theorem.

However, to do this we will need an intermediary stage where for an
integer J < N, the dynamics of the process is according to @ while the
initial distribution of the spacings is either p or . Define, for K < J < N,
the following quantities:

a = B PN v )] - B [P YD)
b= BL P, Y] - B9 R v,

c = B[P, Y)(#)| - B [F(Ar,. .., Ak)(H)], and
d = EM[F(Ar. . AR)O0)] - B [P, vi)(0)].

It is clear that a,b,c, and d, all depend on ¢, K, J, and N, although we
choose to suppress this dependence in the notation. Also, it follows plainly
from their definitions combined with equality (47) that

| EQ#[F(A1,. ., AR)(B)] = B [F(Av, ., A)(O)] | < Jal + [b] + |e] + d].

We will now show that a,b,c,d all go to zero if we select a sequence of J
and N such that J, N and N/J? go to infinity. This will prove the theorem.

Step 1.[Estimate of a.] For z; < z9 <... < zg41, define
G(xl,xg, - ,IL’K+1) = F(.TQ — 1,3 —X2y..., TK+1 — 371()

Then, clearly, G is also a continuous bounded function. Assume that sup,, |G(x)| <
a. Now, by the changing the measures from Q) and Q; to P, we get

a =B G(ZY, . 20| - B9 G 2 (0)]

(48) _ pPun N N . J J
EPY [DN(BG(ZY, . ZR)(#) = Dy(OG(Z] ... ZE) ()],
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where Dy and Dj are the Radon-Nikodym derivative processes defined in
(25). Define the event

D= { (20, Z00) () = (2, Zhar) (), ¥ s € [0.4] }.

If w € ', by definition, P -y almost surely Dy (t,w) = D(t,w). Thus (48)
can be written as

o =EBP [ (DNWG(ZY, ..., Z0) = Dy()G(Z] ..., Zfeir)) Tre |
Thus, |a| is bounded above by
EP N | Dy (£)G()1pe| + EP#N | D7 (#)G()1re |
(49) < a (P | D (t)Lre| + BP# | Dy (1)1 |)
<a(lDx@)lly + 1D Ol x) /P - pwv (T).

The final inequality is due to the Cauchy-Schwartz inequality, where the
norm ||-||  refers to the L? norm under the measure P - uy.

Now, under P-py, both the Radon-Nikodym derivatives Dy (t) and D ;(t)
are equal in law to exp(B; — t/2), where B is a standard Brownian motion.
Thus, it is straightforward to see

DNy = D5 @)y = exp(t/2).

Also, by Lemma 19 (put £ = K + 1 in the statement), for large enough J
and N we have P - py (I'°) is less than

J—K
det 4et N-J
27 1K _aet o =et
Co(K 4+ 1)e*(J —1) ( 7 1) [1 (J— 1) ]

If we plug everything back to (49), we see that |a| goes to zero as J, N, and
N/J? go to infinity, while keeping ¢ and K fixed.

Step 2.[Estimate of b.] Under Q%, the vector (Y{,...,Y}!) depends only on
the first J processes X1, Xo,..., X, and independent of X;, ¢ > J. Thus

B2 [PV, Y| = Hw, s, 2y),

where H is bounded function since F' is bounded. Thus, we have the following
equality

o] = [ B*Y (H (X1(0), ..., X;(0))) = E¥(H(X1(0), ..., X;(0))) |
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If vn and v denote the law of the vector (X1(0),...,X;(0)) under uy and p
respectively, then, since we have assume G (or equivalently F') to be bounded
in absolute value by o, we have |b| < a||lvy — v|py,. Here, [|-|| refers to
the total variation norm. We will now show that vy — v|; goes to zero
as N, J, and N/J? go to infinity.

Under ppy, X1(0) = 0 and each initial spacing X;11(0) — X;(0), 1 < i <
N —1, follows independent Exp(2(1 —i/N)). While, under p, X;(0) = 0 and
the spacings follow iid Exp(2). Now the law of the vector (X;(0), 1 <i < J)
is determined by the first J spacings (X;41(0) — X;(0), 1 < ¢ < J) which
gives us the following inequality

J
VN — UV </
I =iy < [ T2

J

[T —i/N)e2=N — 1] 2

J
R =1

)672(171'/1\7)11' _9Je2 Z;‘le Til da

J
T2 i iy,

By an application of Cauchy-Schwartz inequality, we get

2

J J
low — v]2y < / [ —i/N)e2isV — 1| 97e=2 X gy,
R7 izt
J J
(50) :2JH(1—i/N)2/ exp{ 22(1—21/1\7) }
i=1 R/ i

= IX
”M% L
I

2‘]+1H Z/N/ exp{ 2

By the standard identity [ e **dz = A~! for A > 0, we get

(1-i/N)z }dz+1

J J
lon = vy <27 TT(1 —i/N)? T (2(1 - 2i/N))~
=1 =1

(51) 2J+1H —i/N) f[ 2(1 —i/N))~!
=1

_ (1—1/N) (1—-2/N)?...(1—J/N)?
~ (1-2/N)(1—4/N)...(1—2J/N)

The following inequality is straightforward to prove

1
e <l—gp<e™ foral 0<z< §log2.
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By our assumption .J, N, and N/.J? are going to infinity, we can assume for
all sufficiently large values of J and N that 2J/N < log2/2. By the previous
inequality, we get

e 2N < (1—i/N)y<e N, 1<i<2J/N,

and consequently

(1-1/N)*(1=2/N)>... (1= J/N)* _ P (—2 > i/N)
1—

O TN 4/N) (0= 27/N) ~ e (“2 5, 20/N)

(

(
eXp( L1i/N) _ (1L NP - 2/N)?.. (1~ J/N)?
Y (CxLiaN) S 2N AN (20N

Thus, we can give upper and lower bounds

o TIHD/N < (1-1/N)*(1=2/N)*...(1 = J/N)* < JIHD/N
= TA—2/N)(1—4/N)...(1—2J/N) = '

Combining this with (51) we see that as N, .J, and N/.J? go to infinity, we
clearly get that |b| converges to zero.

Step 3.[Estimate of ¢.] This is similar to the methods we use to estimate a.
As in Step 1, we first employ a change of measure to obtain

e =EPHD,(0C(Z]. ..., 2} ,)(0)] ~ EPMDOC(X) - X)) (1),

Consider the event
(53)
0t K) = {(X) - X)) () = (21, Zg) (s), 0< s <t}

On I'(t,J, K), the random processes G(Z{,...,Z#)(s) are identical to
G(Xy,---» X(x11))(s) in time s € [0,¢]. Also, the processes Z{ and X
are the same in the time interval [0, ¢]. Thus the process D(t) and D;(t) are
also the same. Since, by our assumption, |G| is bounded by «, the following
upper bound on |c| holds

lc| < aEP# [(|D(t)| + D (t)]) 1rc<t,J,K>} :

(54)
o (D]l + 1D (B)1) /P - p(Te(t, T, ),
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where, we denote by ||-|| the L2 norm under the measure P - j.
Now, by Lemma 18 (for k = K +1 and N = J in the statement), for large
enough J we get

J-K
(55) P'N(Fc(taJ:K))SCQ(KJrl)ezt(J—l)K( J_‘l;tﬂ) .

Now, since ¢t and K are fixed, as J tends to infinity, P - u( I'°(¢, J, K) ) goes
to zero. Finally, as in the estimate of a in Step 1, note that, by (22) and
(25), we can assert that

D(t) =exp(Xy —t/2), and Dy(t) =exp(Y; —t/2),

where X and Y are Brownian motions. Thus || D(t)|| = e//? = ||[Dn(t)|. If
we plus back everything in (54), we get |c| goes to zero as J tends to infinity.

Step 4.[Estimate of d.] At time zero the indices are arranged in the increas-
ing order, and hence (A1, A, ..., Ak) is obviously equal to (YN, Y3V, ..., Y).
Since |F| < a, it follows that |d| is bounded by « times the total variation
distance between the law of (A1, Ag, ..., Ax) under p and py. A computa-
tion exactly similar to (50) gives us

d)\? _ (I —1YN)P(-2/N)*...(1 - K/N)*
<a> = (1—-2/N)(1—4/N)...(1-2K/N)

-1

But, since K is fixed, and N grows to infinity, the right-hand-side above
goes to zero by a logic similar to (52). This proves the estimate.
Thus, combining Steps 1,2,3 and 4, we have proved the theorem. m
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