Effective Model Theory: The Numberof Models
andTheir Compleity!

BakhadyrKhoussaing?
CornellUniversity IthacaNY 14853
Universityof Aukland,AuklandNew Zealand

RichardA. Shoré
CornellUniversity IthacaNY 14853

Abstract

Effective modeltheorystudiesmodeltheoreticnotionswith aneye towards
issuesof computabilityandeffectiveness.We considertwo possiblestarting
points. If thebasicobjectsaretakento betheoriesthenthe appropriatesffective
versioninvestigatesiecidabletheories(the setof theoremds computablejand
decidablestructureqoneswith decidabletheories). If the objectsof initial
interestaretypical mathematicastructuresthenthe startingpointis computable
structuresWe presentanintroductionto both of theseaspect®f effective model
theoryorganizedroughly aroundthe themesof the numberandtypesof models
of theorieswith particularattentionto cateyoricity (aseithera hypothesisr a
conclusionjandtheanalysisof variouscomputabilityissuesn familiesof models.

1. BasicNotions

The lectureson which this paperis basedwere intendedto be a brief intro-
ductionto effective modeltheory centerecaroundone setof issues:the number
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of modelsof specifiectypeand,in particulay the notionof cateyoricity. For more
generalintroductionswe referthe readerto The Handbookof RecursiveAlgebia
(Ershor et al. [1998]), especiallythe articlesby Harizanw [1998] and Ersho
and Gonchare [1998]. This Handbookalsocontainsotherusefulsuney papers
on aspectf effective modeltheoryand algebraand an extensve bibliography
The onemostcloselyrelatedto the themeof this papers Gonchare [1998]. An-
otherinterestingsurey is Millar [1999]in TheHandbookof ComputabilityTheory
(Griffor [1999]). Two booksin progresonthe subjectareAsh andKnight [1999]
andHarizanw [2000]. Theseareall goodsourcedor materialandreferencesAn
extensve andvery usefulbibliographypreparedy |. Kalantari{1998] canalsobe
foundin Ersho etal. [1998].

One might well beagin with the questionof what effective model theory is
about.Of coursejt is aboutinvestigatinghe subjectof modeltheorywith aneye
to questionof effectivenessWhatthenis modeltheoryaboutandwhatdoesone
meanby effectiveness?As for modeltheorywe simply quotefrom two standard
texts (to which we alsorefer the readerfor the terminology notationandresults
of classicalmodeltheory). ChangandKeisler[1990] say “Model theoryis the
branchof mathematicalogic which dealswith the connectiornbetweena formal
languageandits interpretationspr models. Hodges[1993] says“Model theory
is the study of the constructionand classificationof structureswithin specified
classeof structures. We cantakethesetwo definitionsasexpressingwo views
of the propersubjectof modeltheory Thefirst startswith formal languagesind
sowe may saywith theories.(We takeatheory' to be simply a setof sentences
in some(first-order)languagée’., calledthelanguageof 7'. We saythatatheoryT
iscompletaf 7'+ o or T' + —o for every sentence of 1..) Thesecondstartswith
mathematicaktructures.Onemight think of theseviews as, respecitrely, logical
andalgebraic.They leadto a basicdichotomyin the approachto effective model
theory Shouldwe “effectivize” theoriesor structuresOf coursetheansweis that
we shouldinvestigatébothapproacheandtheirinterconnectionsAs for whatone
meandby “effectiveness, therearemary notionsrangingfrom onesin computer
scienceto onesof descriptve settheorythat have someclaim to beingversions
of effectiveness.Most, if not all, of themcanbe reasonablyalledin to analyze
differentmodeltheoreticquestions.In this paper we limit oursehesto whatwe
view astheprimarynotionof effectivenessTuringcomputability(or, equivalently,
recursveness).Thuswe areleadto formal definitionsof the two basicnotionsof
our subject effective theoriesandstructures.

Definition 1.1 A theoryT is decidablef the theorem=f 7' form a computable
set. A structureA (for alanguagel) with underlyingset(or domair) A is de-
cidableif Th(A, a).ca, the complete(or elementary diagram of A4, i.e. the set
of all sentencegwith constansymbolsfor eachelemeniof A) truein A, is com-
putable. A is computabldf D(A, a).c4, the (atomig diagramof A, i.e. the set
of all atomicsentencesr their nggations(againwith constantsymbolsfor each
elemenf A) truein A, is computable.
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For thosewhosebasicobjectof interest,or at leaststartingpoint, consists
of theories,the decidabletheoriesare the naturaleffective objectsof study In
line with standardnodeltheoreticusagea structurewhosecompletetheoryhas
someproperty P is oftensaidto alsohave property P andsowe have decidable
structures.This is the “logical” point of view. On the otherhand,the algebraist
or generalmathematiciarusually startswith structures.From this point of view,
the effective objectsarethe computablestructures.After all, whenonethinks of
whata computablegroupshouldbe onethinksthatit shouldbe a groupstructure
for which the group operationis computableand similarly for all other typical
algebraicstructures.Onedoescertainlynot assumehat even the word problem,
let alonethe completediagram,is computable.

Notethatwe aredeliberatelyavoiding all issuesof codingor Gédelnumber
ing. Therearetwo commonapproacheto thisissue.TheEasternandespecially
theRussianschoolfavorsnumerationsOnestartswith aclassicaktructure4 and
providesa numeation (or enumeation), thatis amapy from thenaturalnumbers
N ontothe underlyingset A of the structureA. The numeated (or enumeated
structure( A, v) is calledconstructivef the (appropriatelycoded)atomicdiagram
of A, with constansymbols: for i € N interpretedasy (i), is computablgrecur
sive). (A, v) is strongly constructivef the completediagramof .4 with constant
symbols: for i € N interpretedasy(:) is computable.Thesenotionsessentially
correspondo whatwe call computableanddecidablestructuresrespectiely.

An establishedVesternapproachs to saythatall elementsarenaturalnum-
bers,all setsaresubset®f N andall functionsarefunctionsfrom N to N. In this
view, languagesreGodelnumberedstructuresonsistof asetof numbersandre-
lationsandfunctionsonthatset. Theformaldefinitionsof computabler recursve
for subset®f, andfunctionson, N arethensimply applieddirectly to theoriesand
structuresWe adoptwhatmight be viewedasa lessformal versionof the second
approachalongthelinesfollowedin Shoenfield1971]andnow, we think, preva-
lentin thinking (if not alwaysin writing) aboutcomputability Giventhatwe are
not consideringssuesraisedby the theoryof enumerationsye seeno reasono
explicitly codeobjectsasnumbers.After all, we now “know” whateffective and
computablemeannot only for numbersbut for all kinds of datastructuresrom
stringsto arrayson arbitraryfinite alphabets.Thuswe talk abouta computable
languagewithout the formalities of Godelnumberingand so aboutcomputable
theories types,etc. Similarly, we have computablestructures|ists of namedor
their elements diagramsand theories. Thesemay or may not “be” setsof, or
functionson, N. Any readerwho prefersexplicit Godelnumberingis certainly
ableto maketheappropriat@ranslations(\We mayattimes,however, resortto in-
dicesto clarify certainuniformity issues.)-or thoseinterestedn theissuegelated
specificallyto numerationsve referthereaderto Ershaos [1977].

Of course the notionsof effectivenessassociateavith Turing computability
only makesensean thecountablesetting.
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¢ All languagessets,structuresandthelike areassumedo be countableunless
explicitly statedotherwise.

Even so, not all setsor structuresare computable.Classically onetypically
identifiesisomorphicstructures.Of course this eliminatesall issuesof effective-
nessandso is often not appropriatehere. We will have to distinguishbetween
classicallyisomorphianodels.Thefollowing definitionsof presentationandpre-
sentabilityhelpusmakethesedistinctions.

Definition 1.2 A structureA is computably(decidably)presentablef A is iso-
morphicto a computablgdecidable)tructure3 which we call acomputabl€de-
cidable)presentatiorof A.

Beforelaunchinginto theoremsandanalyseswe presenta few examplesof
decidableor computableéheoriesandstructuresTheseheoriesandstructureswill
serne asexamplesfor mary of the notionsandresultswe considerbelon. Proofs
for mary of the factswe cite aboutthesestructurescan be found in Changand
Keisler[1990,3.4].

Example 1.3 Ourlanguagehereis thatof (linear)orderswith onebinary predi-
cate<. WeconsidetwotheoriesDe LO, densdinearorderingswith nofirstor last
elementand D: LO, discretdinearorderingswith first but nolastelement.DeL.O
is axiomatizableR,-categorical (i.e. all countablemodelsareisomorphic)andso
completeanddecidable. D: LO is axiomatizableand completeandso decidable
but not X,-cateyorical. The standardstructuresassociatedvith thesetheoriesare
Q andN, respectrely, with their naturalorderings Both aredecidable As De O
is Ny-categoricalevery model(remembewe areconsideringonly countablestruc-
tures)isisomorphicdo Q@ andsodecidablypresentableDe .0 haseffective quan-
tifier eliminationand so every computablemodelis actually decidable. On the
otherhand,notevery modelof D: LO is evencomputablypresentabl@oris every
computablemodeldecidableaswe shall seebelown (for example,in Proposition
6.1). (To seethatnot every modelof D:LO is computablypresentablenotethat
at the costof a coupleof jumpswe canform the quotientof a given D:L.O by
the equivalencerelationof beingfinitely far apart.This procedurecanproducean
arbitraryorderingwith first element.f thequotientorderingis notarithmetic,the
originalmodelcant becomputablypresented.)

Example1.4 Thenext theorywe mentionis AC F;, algebraicallyclosedfields
of characteristi®). Thelanguages thatof field theorywith 0, 1, + and x. AC Fy

is axiomatizableR, -categorical, i.e. all modelsof cardinalityX; areisomorphic,
and so completeand decidable. AC' F;, also haseffective quantifierelimination
andsoheretooevery computablanodelis actuallydecidable EventhoughAC F

is not Ry-cateorical,every modelis decidablypresentablandbelov we prove a
generaktheoremestablishinghisfact (Theorenb.2).
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Example 1.5 Finally, we briefly discussP A, PeandArithmetic or if oneprefers
ary suitablefinitely axiomatizedsubtheorysuchas Robinsons ¢) [1950]. The
languagéhaso, 1, + and x with theusualaxioms.Of courseP A is axiomatizable
but, by Gddel's incompletenestheoremiit is neithercompletenor decidable. It
is not Ny-cateyorical (the compactnestheoremprovidesnonstandaranodelsnot
isomorphicto N). No modelis decidable(againby the incompletenestheorem)
andonly thestandardnodelN is computablypresentable.

Proposition 1.6 (Tennenbaunfil959]) No nonstandadl modelof P A or evenof
Robinsons () is computablypresentable

Proof sketch. We assumehatonehasdevelopedthetheory?' in questionenough
to, sayprove uniquefactorizationinto primesandthatthestandardiniversalpartial
computablegfunction is representablén thatthereis aformula F'(e, x, s,¢) such
that, for eache, z, s, in N, ¢_ (z) = ¢ if andonly if T' - F(e, z,s,i). (Wedo
notbotherto differentiatebetweeranumberandthenumeralrepresenting.) One
now shavsthat7" provesthesimplefactthat

(*)VsEIy‘v’e([F(e, €, 5, 0) — p6|y /\p26+1 J( y] A [_'F(ev €, S, 0) — Pe J( ) /\p26+1 |y])

wherep. |y is aformulasayingthatthe e prime dividesy.

Now let . A be ary nonstandardnodelof 7', s ary nonstandar@lementof .4
andy theelemenof A guaranteedly (x). Wedefinethefunction f onN by f(e) =
Lif A pe|lyandf(e) =0if A |= p241|y. Clearly f(e) is computabldrom the
atomicdiagramof A by searchingor anelementz suchthat A £ p. x z = y
or A E pyetr1 X z = y. (Onemustexist by (x).) However, f is clearly not
computableIndeed,f is diagonallynoncomputable¥e( f(e) # ¢.(e)). Thus.A
is notcomputablypresentable]

2.  The Effective Completeness'heorem

A commonthemein modeltheoryis theinvestigatiorof questiong@boutwhen
given theorieshave modelswith specifiedproperties. Typical examplesinclude
characterizingvhentheorieshave atomic,prime, universal,homogeneousr sat-
uratedmodels. Other questionsnvolve modelsof variousranksor dimension,
with or without indiscernibleor even more ambitiouslyattemptsto characterize
all themodelsof a giventheory In effective modeltheoryonenaturallywantsto
know whentheorieshave decidableor computablemodelsof eachtype or even
to attemptto characterizéhe decidableor computablenodelsof a giventheory
We will investigatea few examplesof suchquestionsWe begin with theissueof
whenatheoryhasamodelat all - Godel's completenestheorem.

Theorem 2.1(Completenes§heoem) If atheoryT' is consistenit hasa model.

We presentone effective analogof the completenestheoremfor decidable
theorieswith a proof modeledon Henkin's proof of the classicalcompleteness
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theorem.This methodof constructions simplebut basicfor mary resultsin both
classicalandeffective modeltheoryandwe will seeseveralvariantslatteron.

Theorem 2.2(EffectiveCompletenes$heoem) If a theory7' is consistentind
decidablethenit hasa decidablemodel.

Proof. We assumehatthe classicaHenkinconstructionis known andsoprovide
only a sketchso that we cancheckits effective content. Let L. be the language
L of T extendedby infinitely mary new constantg; andlet o. bea(computable)
list of thesentencesf L.. We construcanincreasingsequencef finite sets¥, of
sentencesf L. (with AU, = «,) consistentvith 7" with union ¥ asin theHenkin
proof of the completenestheorem. We needto satisfythe requirements’. for
eache € N:

e P.:o.€ Vor-o, € ¥andif 0. isof theform 320(x) andin ¥ thenf(¢;) € ¥
for somex.

Construction: At stages askif o is consistenwith 7" U W,. If soputo; into
U,y and,if o, is 3z6(x), alsoput d(c¢;) into ¥, for someasyet unmentioned
¢;. If o4 is notconsistentvith 7'U ¥, put—o, into ¥, ;.

Verifications: Obviously, ¥ is completeandthe standarcargumentshaws thatit

is consistent.As usualthe elementsf the desiredmodel M arethe equivalence
classe®f thec; undertheequivalenceelation= givenby ¢; = ¢; iff (¢; = ¢;) € ¥

andthe relationsandfunctionson M are determinedn the naturalway by the
formulasin .

The only issuefor us now is the effectivenessf the construction. First we
note that one canverify thatif 7' is decidablethen ¥ is computable. The only
guestionwe mustanswerat stages is if o, is inconsistenwith 7" U W,. Thisis
equwvalentto whetheror noty, — —o, (with new freevariables:; substitutedn
for the constants:;; appearingn ¥, or ;) is atheoremof 7'. As 7' is decidable
theanswerto thesequestionss a computabldunctionof s. Thustheequialence
relatione; = ¢; is computable.(Justlook at ¥, where¢; = ¢; is o,.) Sothe
equialenceclassedorm a computableset (the domainof M) andthe relations
andfunctionson M aredeterminedy V. Indeed asusual,asentence is truein
M if andonly if o € ¥ andso.M is decidableasrequired.C]

Onethemein effective modeltheorythatwe will not pursueinvestigateshe
questionof how hardit is (sayin termsof Turing degreeor levels of the (hy-
per)arithmetidhierarchy)to constructmodelsof a giventypewhenit is not possi-
ble to producedecidableor evencomputableones.We considetthe completeness
theoremasour only example.In the constructiorabove theonly nonefective step
wasdecidingif o, is consistentvith 7'U W,. As onecanalwaysanswetthisques-
tion computablyin 77 (the Turing jump of 7'), every consistentheory 7" hasa
modelcomputableindeeddecidablejn 7".
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Corollary 2.3 If T is consistenthenthere is a modelM of T' sud thatthe ele-
mentarytheoryof M, Th(M, m)..enr, iS computablén 77 (andso AY in 7). In-
deedbythelow basistheoem,thereis alwaysonewith 77 <; (Th(M,m)em)’

Proof. Thefirst assertiorfollows immediatelyfrom the constructioranddiscus-
sionabove. For thesecondinsteadof a singleWw we build abinarytree(of choices
of o, (andHenkin axiomsas appropriater —o,). We terminateary paththat
becomesgnconsistentvhenwe find a proof of inconsisteng from 7'. This pro-
ducesaninfinite binarytreecomputablen 7' (the particular¥ constructedabove
is aninfinite paththroughthis tree). The low basistheorem(JockuschandSoare
[1972]) saysthat thereis aninfinite path P throughthe treewith P’ <; T’. As
aborve we canconstructhe desirednodel(andits completediagram)computably
in P asrequired.]

e For the sakeof conveniencewe assumdrom now on thatall theoriesarecon-
sistent.

We cannow say(in somesensewhenatheory7 hasadecidablemodel.

Corollary 2.4 A completetheory 7' has a decidablemodelif and only if it is
decidable An arbitrary theoryT" hasa decidablemodelif and only if it hasa
decidablecompletesxtension.

Proof. If M isamodelof T"andT is completethenthe setof theoremsf 7 is
simply theintersectiorof 72 (M, m),,en With thesentencesf thelanguagél. of
T andsoT is decidablef M is decidable.Evenif T is notcompletejf M isa
decidablemodelof 7' thenthis setis a decidablecompleteextensionof 7'. The
other(if) directionof bothassertiong the Corollaryfollow from Theoren2.2.

We will not in generalassumehat theoriesare complete. However, finite
modelshave little interestfrom theviewpointof Turing computability

e We assumdrom now onthatall theorieshave only infinite models.

Now thatwe “know” whenatheory7 hasa decidablemodel,we might well
askhow mary decidablenodelsa theorycanhave. For now we identify models
upto classicalsomorphisms&ndsowe mightbetteraskhow mary decidablypre-
sentablanodelscanatheoryhave. Theissuesof identifying computablemodels
only whenthereis a computablasomorphismbetweenthemwill be takenup in
86-7.

If T is incompletethenevery decidablecompleteextensionhasa decidable
modelby Theorem2.2 and, of course modelsof distinctextensionsarenot iso-
morphic. Moreover, every decidablemodelof 7' is a model of somecomplete
decidableextensionof 7. Thusif oneis interestedn the numberof decidably
presentablenodelsof atheory it sufficesto consideronly completedecidablehe-
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ories.We begin with thepossibilitythatthereis only oneasin ourexampleDe LO
of adecidableX,-categoricaltheory

Proposition2.5 If atheoryT is X,-catgyorical thenthefollowing conditionsare
equivalent:

1.7 is decidable.
2.T hasadecidablenodel.
3. All modelsof 7" aredecidablypresentable.

Proof. As R,-catgoricity implies completenesghe equivalencesall follow di-
rectly from the hypothesisdefinitionsand Theoren2.2. [

Now, it is aremarkableclassicatheoremdueto Vaught[1961] thatno com-
pletetheoryhasexactly two (isomorphisntypesof) models.Theeffective analog
for decidablanodelsis, however, false.

Theorem 2.6 (Millar [1979], Kudaibegenov[1979]) Thee is a decidablethe-
ory T" with exactlytwo (isomorphisntypesof) decidablypresentablanodels.

Proof sketch. Let f be a partial computablegunctionwhoserangeis {0, 1} and
which doesnot have a total computableextension. Considerthe (computably
enumerablébut computablyinseparablepetsM, = {z|f(z) = 0} and M; =
{z|f(x) = 1}. Let fo, C f1 C ... beaneffective approximationto f suchthat
k ¢ dom(fs)forall k& > s.

Thelanguagef 7' containgnfinitely mary unaryandbinarypredicates’; and
R;, respectiely, where: € w. Consideffirst thetheory7, whoseaxiomsarethe
following setof statements:

1.VaPo(x)&Vy(Pis1(y) — Pi(y)), wherei € w.

2.1f Ry(x,y),thenz # y and P, (2)& Pr(y).

3.« £y, Ps(x)&Ps(y) andfs(k) = 0, thenRy(x, y).
4.1f x £y, Ps(2)&Ps(y) andfs(k) = 1, then— Ry (x, y).

Onecancheckthatthefollowing four propertieshold of 7j:

1.7, hasa decidablemodel completion7. Moreover 7' hasa unique 1-type
(Definition 3.1) p suchthat P,(z) € p for all k € w.

2.1f amodel A of T" hasatleasttwo elementsealizingp, then.A is notdecidably
presentable.

3. If amodelA of T" hasfewerthantwo elementsealizingp, thenA is decidably
presentable.

4.1f A, and.A, aremodelsof 7" with the samefinite numberof elementsealizing
p, thenA; and.A, areisomorphic.

Thesepropertieshaw that7" hasexactly two decidablypresentablenodels.O
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Theabove proofcaneasilybegeneralized:

Corollary 2.7 For eah n < w, there existsa theorywith exactly n nonisomor
phic decidablemodels.J

As for our examplesabove, an analysisof the structureof modelsof D:LO
asin ChangandKeisler[1990, 3.4] easilyimplies thatthereare countablymary
distinctdecidablenodels.Thesamaeis truefor AC F,, aswe shallseein Theorem
5.2.

Although the natural effective version of Vaughts theoremfails, the proof
(properly effectivized) can be usedto give a similar resultfor decidablemodels
(Theoremd.4belaw). We first needto studyanothemaspecbf thequestionof how
mary decidablemodelsa theory 7" canhave: Whenare eachof the classically
studiedtypesof modelssuchasprime,atomicor saturateanodelsof a decidable
theorydecidablypresentable?

3. DecidablePrime Models

We bagin our studyof specifictypesof modelswith primeandatomicmodels.
They will play acrucialrolein the next two sections.

Definition 3.1 An n-typel or I'(z4,...,,) of atheoryT is a setof formulas
with n free variablesin the languageof 7" which is consistenwith 7" suchthat
o(x1,...,2,) O mo(xy,...,x,) belongsto I' for eachsuchformula. An n-type
['(z4,...,2,) of atheoryT is principal if thereis a formulad(z4,...,x,) such
that? + 6(xq,...,2,) = o(xy,...,2,) foreveryo € I'. In this casewe saythat
O(x1,...,x,) isacompletdormulathatgenentesl’.

Definition 3.2 A model A of atheoryT in thelanguagel is a prime modelof
T if it canbe elementarilyembeddednto every modelof T'. A is atomicif every
n-tupleof elementdgrom A satisfiesacompletformulad(x, ..., z,) of L. (Each
of thesemodelsis unique(up to isomorphism}f it exists.)

The notionsof prime and atomic coincidefor countablemodelsand so we
motivateour characterizatioof decidablgorime modelsby two classicalcharac-
terizations.

Theorem 3.3 Acompletagheory?' in alanguagel. hasa primemodelif andonly
if everyformulaof L. consistentvith 7" is a membeiof a principal typeoverT'.

Theorem 3.4 A completeheoryT in alanguagel. hasan atomicmodelif and
onlyif everyformulaof L consistentwith T canbeextendedo a completdormula.

As the notionsof atomicandprime coincide(for countablemodels),eachof
thesetheoremgrovidesa characterizatioof thetheorieswith prime models.We
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now considemwhatmight be the appropriatesffective versionsof thesetheorems.
In onedirection,notethatevery typerealizedin a prime modelof 7' is principal
andall principaltypesarerealizedin everymodelof 7'. Thus,if 7" hasadecidable
prime model, not only is every formula consistentwith 7" a memberof a prin-
cipal type (andso completable)ut thereis a uniformly computabldist of these
principaltypesgivenby theonesrealizedin the decidableprime model.

Theclassicatheoremstfirstglancesuggesthatthis conditionmightbesuffi-
cient. We shouldusethislist of computableypesto constructhemodel. However,
an additionalpossibleuniformity is suggestedby eachclassicalcharacterization.
The characterizatiorf prime modelssuggestshat we might needto be ableto
go uniformly effectively from formulasto (indicesfor) principal typescontain-
ing them. The characterizatiof atomicmodelssuggestshatonemight needto
be ableto go uniformly effectively from formulasto generatingormulasfor the
principal typescontainingthem. Althoughthe two classicalversionsareequva-
lent thesetwo effective versionsarenot. Thefirst is clearlynecessarasgivena
formulat> consistentvith 7' anda decidableprime model .4 we cancomputably
find ann-tupleof elementf A satisfyingy>. Thesetof formulassatisfiedby this
n-tuple A is thena computableprincipaltype containing. It turnsoutthatthis
conditionis alsosufficient. Thesecondconditionclearlyimpliesthefirstandsois
sufficientbut not, asit turnsout, necessary

Theorem 3.5 (Harrington[1974]; GondarovandNurtazin[1973]) A complete
decidabletheory 7' has a decidableprime modelif and only if there is a com-
putable function taking ead formula to (an index for) a computableprincipal

typecontainingit.

Proof. We constructthe desiredmodelby a priority algumentreminiscenbf that
for the Sackssplitting theorenfor computablyenumerablesetg1963] but instead
producinga Henkin constructiornthat restrictsthe typesrealizedto the principal
ones.

Let o, list the formulasof L. thelanguageof 7" extendedby new constants
¢;. We constructin stagesa sequencef finite setsWU,(cy, ..., ¢,.) of sentences
consistentwith 7" with union ¥ asin the proof of Theorem2.2. Again we let
Y, = AV,. At eachstages of the constructionl’. ; will be a principal e-type
containingtheformulaJy.41, ..., 3y, (21, ..., e, Yet1, - - -, Yn. ). Ourgoalis
to satisfythe requirements’. of Theorem2.2 aswell asnew ones(). thatguar
anteethatthe modelconstructeds primeby makingsurethatonly principaltypes
arerealized. We satisfy (). by makingsurethatI'. ; is eventually constantand
sothat[c],...[c,] satisfiesthe principaltype I'.(= lim, I'. ;). (We denotethe
equivalenceclassof ¢; in themodelbuilt from theconstantasin Theorem2.2 by

[ci].)

e P.:o.€ Vor-o, € ¥andif 0. isof theform 320(x) andin ¥ thenf(¢;) € ¥
for somex.
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o Q). :([c1],...][c.]) realizesaprincipaltypel’. = lim, I'. ;.

Construction: At stages, if only oneof o, and—o, is consistentwith 7' U U,
putit into ¥, ;. Supposet is p thatis putinto ¥,,; andso7 + ¢, — p. As
FYerts v oy 0@y Tey Yer1, - - -, Yn, ) 1S IN T'e s Which is a completetype
over T! and7' + 77Z)5 - P Elye-l-lv ) Elyns+1¢s+1(x17 ceesTey Yetly - - oy yns-l-l) is
alsoinI'. ;. SowecanletI'. ,;, bel. ; forall e. If botho, and—o, areconsistent
with 7'U W, theproblemis thataddingo ; (or —o;) to ¥, to form ¥, ,; maymake

Fetts oo s Wnop Vs(T1, -0 Ty Yeg1s - - - Yn,,, ) NOtDE A MEmMberof I, ; for var-
iousnumberse. Thiswould forceusto changeour choiceof thetyperealizedby
(le1], .-, [ce]) andsomakel’. ;11 # T'.s. We view this asaninjury to require-

ment(). (whichrequiresthat!’. ; eventuallystabilize). As in the Sackssplitting
theoremwe actsoasto minimizethe priority of thefirst requirementnjured.

Morepreciselywelety), ; bey, Ao, andy,,, bey A-o,. Welete; , (fori =
0,1) betheleaste < s suchthatIy.1. - .., .y ¥ (T1s oo Tes Yerts s Ynigy)
isnotin I, ;. (If noneexists,e; , = 5.) If eo, < €1, lets,; =), andotherwise
lety,,, = ¢0,,. Lete, = min{eg,, €1} Fore < e,wecanletl.,,; = I'., as
for suche, 3yeq1, .o n Vo1 (15 ey Yegts oo s Ynayy ) € s FOre > ¢
we redefinel’. ;, asthefirstin our uniformly computabldist of principaltypes
whichcontainsyey1, - .., 3Yn 101 (T15 - oy Tes Y1y - - o> Ynat1 )

If wehave put3z6(z) into U, we puté(c;) in aswell for someunused:;. This
clearlydoesnotrequireary changean thel’. ;. alreadydefined.

Verifications: As 7' is decidableand the typeson our list are uniformly com-
putable the constructions clearlycomputable We clearlysatisfythe P. require-
mentsandso constructa decidablenodel M asin Theoren2.2. As all sentences
o; involvingonly ¢4, ..., ¢. thatareputinto ¥, at stages belongto the principal
typel. ;, if we canshow thatlim, I, ; existsfor eache (andis say!l'.) thenwe
will have shovnthat,in M, ([c1], . .. [c.]) realizegheprincipaltypel'. asrequired
to guarante¢hat M is aprimemodelof 7'.

We prove by inductionon e thatthereis astage . suchthate, > e forall s > ¢,
andsol'., =I'.,, forall s > t.. Supposehatt._, exists.Weneedto shawv thate,
is greaterthane for all sufficiently large s. Now, by thedefinitionof ¢._;, ¢ < ¢,
for every s > t._, andsoby thechoiceof ¥, , intheconstruction]’. ; =I'. ;. =
I'. forall s > t.. AsT'. is principal,someo(z1,...,z.) iS ageneratoandso by
somestagel > ¢._; we have addeds to ¥,. We claimthate; > e for every s > t.
Considers, for ary s > t. Theonly way e, couldbec is if botho, and-o, are
consistenwith 7" U W, but 3y, ..., 3yn, o Vs (T15 oo Ty Yegts o -2 Ynoyy ) 1S
notin ., fori =00r1. ASJyeqi,. .., In  Vs(T1y ooy Tes Yt e v o s Ynoyr) —
o ando is completethis would meanthat

Elye-l-lv R Elyns+177/)s($1, cey ey Yetls - - '7yns+1) —

_'Elye-l—lv ceey ElynS.HO-S(xlv <o ey Yety - - 7yns+1)
or that
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Wity o, ElynSJrl;/)s(:z;l, ey Loy Yedls -y yns+1) —

“IYetts s I 7O (T1, e T Yt - s Ynayr)
sothato, or —o,, respectrely, would be inconsistenwith ¥, contraryto our
assumptionThust is therequiredstaget.. O

We finish this sectionwith an alternatve versionof Theorem3.5 andsome
remarksaboutvariousuniformity conditions.

Corollary 3.6 A completedecidabletheory 7' has a decidableprime modelif
andonlyif 7" hasa primemodelandthesetof all principal typesof 7" is uniformly
computable

Proof. Theonly if directionof this Corollaryis clearlyimplied by the Theorem.
Supposehenthat 7' hasa prime model and the setof principal typesof 7' is
uniformly computable As 7" hasa prime model,every formulaz) is amemberof
aprincipaltypeandsothe searchamongthosein the givensetfor onecontaining
b terminatesandprovidesthe computabldunctionrequiredin thetheorem ™

The effective uniformity in the listing of the computableprincipal typesis
necessargsanexplicit hypothesis:

Theorem 3.7 (Millar[1978]) Therisacompletedecidablegheory? all of whose
typesare computablewith a prime modelbut no decidable(or evencomputable)
one

Finally, we show thatthe possiblealternateversionof Theorem3.5thatasks
for a computablevay to go from a formulato a completionis falseandso “uni-
formly atomic”is strongerthan“uniformly prime” evenfor decidableX, -categor-
ical theories.

Proposition3.8 Theeis a (completedecidableR,-categorical theory T with a
decidableprime modelbut with no computablgunctiontaking formulasto com-
pleteextensions.

Proof. Thelanguageof 7" hasinfinitely mary unarypredicates?;. Theaxiomsof

T saythatthecardinalityof eachR; is exactly 2 andthat ; and i; aredisjointfor

distinct: and; exceptfor somedesignatedriples(:, j, k) suchthat R, consistof

oneelementrom eachof k; and ;. Moreover, notwo distinctdesignatedriples

have ary entryin common.Theactuallist of axiomsfor 7' is thusdeterminedy

the list of designatedriples. This list will be definedrecursvely to diagonalize
againsteachpossiblecomputablepartial function §. which might be a candidate
for a functiontaking formulasto completeextensions.Thus7" will be axiomati-
zable. It is alsoX, -cateyorical. (The partof the modelconsistingof elementsn

ary R; is uniquelydeterminedyy the axioms. Therestjust consistsof &; mary

elementsiotin ary R;.) ThusT is completeanddecidable.
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Thelist of designatedriplesis effectively enumeratech increasingprder(and
so is computable)y waiting to diagonalizeeachd; at the formula Ry;(z). If
6:( Ry (x)) corvergesat stages, we choosey, k largerthanarny numbemmentioned
alreadyanddesignatehetriple (2,25 + 1,2k + 1). In particular if 6;( Rz (x)) is
thegeneratingormulad(x) (whichimplies R;(z)) thend cannotmention Ry 1.
We claimthat7" canprove neitherthat§(z) implies Ryx41(2) northatit implies
= Rar+1(2) andsod; is notafunctiontakingformulasto completeextensions.To
seethatnoinformationaboutR,; 1 (=) canbeimpliedby §(x) considethetheory
T" gottenby restricting7" to the languagel’ which is L. without the predicate
Rory1. 1" is clearly also X, -cateyorical and consistentwith 6(x). Let A bea
modelof 7" anda anelementrealizingd(x). Let b bethe otherelementof R,; in
A andc andd theelement®f Ry;41. ( Ry and R, aredisjointby construction.)
We caneasilyexpand.4 to amodelof 7' by interpretingRs;1 aseither{a,c} or
{b, d}. Thusé(x) cannotimply either Ry;11(x) OF = Rajqr (). O

4. Saturated Models and the Number of Decidable
Models

Definition 4.1 A model A of atheoryT" in thelanguagel. is a satuiated model
of T if it realizesevery type of T" with finitely mary parameterdrom A. (If it
exists,thesaturateanodelof 7" is unique.)

Thecharacterizationf decidablegheorieswith decidablesaturatednodelsis
someavhateasieithanfor primeones.

Theorem4.2 (Morley [1976], Millar [1978], Gondarov [1978a]) A decidable
theoryT hasa decidablesatuatedmodelif andonlyif thetypesof 7" are uniformly
computable

Proof sketch. If 7" hasa decidablesaturatedmodel A thenthe typesof 7' are
uniformly computableaswe cansimply list the n-tuplesfrom A and,for eachof
themthe setof formulasit satisfies.For the otherdirection,we canusethe uni-
formly computabldist of typesto do an effective Henkin construction. As the
constructionproceedsyve designatenewv constantgo realizeeachpotentialtype
over previouslyintroducedconstantsAs all thepotentialtypesover new constants
aregivenuniformly computablyasrestrictionsto a subsebdf their free variableof
onesonourgivenlist this procedureanbe effectively organized Roughlyspeak-
ing, theplanis to continueto makethedesignatedonstantsealizetheappropriate
type until aninconsisteng is reachedWe cancheckfor inconsistenciewith pre-
viously assignedypessincethey areall uniformly computableWe usea priority
orderingto guarante¢hat, despitethe needto cancelattemptsat realizingcertain
potentialtypes,eachactualtype over the constantsntroducedis in fact realized.
Thusthemodelconstructeds saturatecgsrequired.[]
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By Millar [1978], the explicit assumptiorof uniformity is necessargven if
oneassumeshatthe decidabletheory 7' hasa saturatednodelandall its types
are computable.Millar [1978, p. 63] suggestghatthe proof of this resultscan
be modified to shav that thereis no connectionbetweenthe decidability of the
saturatedandprime models(whenboth exist). We now shaw that,in fact, if there
is adecidablesaturateanodelthenthereis a decidablgrime model.

Proposition4.3 (Ershov[1980, 381-382],seealso Gondarov [1997, Theoem
3.4.4]) If a completetheory T hasa decidablesatuated modelthenit hasa de-
cidableprimemodel.

Proof. AsT" hasadecidablamodelit isitself decidabléy Corollary2.4. As it has
adecidablesaturatednodel, Theoremd.2 givesusa uniformly computabldist I,

of all thetypesof 7. By Theorem3.5, it sufficesto prove that,givenary formula
¢ consistentvith 7', we cango effectively to a principaltypel’ containings. We
begin with thefirsttypel’,,, onourlist containingy = ¢,. We proceedecursvely
to extend¢ to ¢, anddefineatypel’,, containinge,. Giveng,, I',,, ando; (from

thelist of all formulaswith thesamenumberof freevariablesas¢), we askif both
o; and-o; areconsistenwith 7'U {¢, }. If not, ¢, ;, = ¢, andn,;, = n;. If so,we
find thefirst ¢, ande; suchthaty, Ao; € I'., andg, A —o; € T',,, respectrely. We
letn,;, bethelargerof ¢q ande; andlet ¢, , be¢; A o; or ¢; A —o; accordingly
It is clearthatthe sequence:; is nondecreasingsat step: of the constructionif

eo ande; aredefinedthenone of themis n, andwe alwaystakethe larger As
this procedures effective, {¢;|: € w} generates computableypeI' containing
¢. If n; is not eventually constant,l' would be a type of 7" not equalto ary I'.

for a contradiction. Oncen; hasstabilizedsay at » we candefinee, ande; at
only finitely mary stages: aseachtime we do sowe extend¢, andeliminateone
possiblel’; for 5 < n from futureconsiderationThus¢, alsoeventuallystabilizes
sayat ¢.. It is now clearthat ¢, generateshe type I, which is thereforethe
requiredprincipaltype containingy. O

We now seewhattheproof of Vaughtstheorenthata completeheorycannot
have exactly two modelsgivesus.

Corollary 4.4 If acompletdout notR,-categorical theory? hasa decidablesat-
uratedmodelthenit hasat leastthreedecidablemodels.

Proof. Let A be a decidablesaturatednodelof 7. By Proposition4.3, 7' has
a decidableprime model B. As T is not X,-categorical, the decidablesaturated
model A of 7" is nota prime modelandso.4 andB arenotisomorphic.Thus.4
realizesa nonprincipal(but computable)YypeI'(z). A canclearly be expanded
to a saturatednodelof 7' U I'(¢) by properlyinterpretingthe constants: andso
T UTI'(¢) hasadecidablesaturateanodelandhenceadecidablgprime modelC by
Propositiord.3. Of course therestrictionof C is a decidablemodelof 7. As in
the proof of Vaughts theorem(asin ChangandKeisler[1990, Theorem?2.3.15]),
this modelcannotbeisomorphicto either.4 or 5. O
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On the other hand,if a decidabletheory 7" hasno decidableprime model
(andsono decidablesaturatednodel)thenit hasinfinitely mary decidableprime
models. To seethis, we quotea simple caseof Millar' s effective omitting types
theorem.

Theorem4.5 (Millar [1983]) If 7" is a decidabletheoryand{I';|: < n} afinite
setof computablenonprincipaltypesof 7' thenthere is a decidablemodelof T
omittingevery(i.e. notrealizingany)I';.

Corollary 4.6 If a decidabletheoryT doesnot havea decidableprime model
thenT hasinfinitely manydecidablemodels.

Proof. By Theorem2.2, 7" hasa decidablemodel A. As A is nota prime model
it realizessomenonprincipalkypel’;. By Theoremd.5,thereis adecidablanodel
A, of T omittingI';. As A,is notprime, it realizesanonprincipaltypel’; distinct
from I'; by construction.We now geta decidable4, omitting both I'; andT';.

Continuingin thisway we getaninfinite sequenceé’; of computablenonprincipal
typesof 7" anddecidablenonisomorphianodels.A; of 7" asrequired. (Each.A4;

realizesl’;;, butnotl’; forary ; <:.) O

Anothervariationon the questionof how mary decidablemodelsa decidable
theorycanhave askswhenis everymodelof 7' decidablypresentableOneobvious
necessargonditionis thatall typesin 7" arecomputable (Every typeis realized
in somemodelandonly computableypescanberealizedin a decidablemodel.)
Thus, in particular T" can have only countablymary types. This conditionis
not sufficient and the problemremainsopenin general. Thereare a couple of
partialanswers.The answeris simplefor R,-categoricaltheoriesandis supplied
by Proposition2.5. The nicestresultis for X;-cateorical theoriesto which we
now turn.

5. N,-Categorical Theories

If atheoryT is X;-catgyorical (andso complete)but not X,-cateyorical then
the Baldwin-Lachlantheorem[1971] suppliesus with a full classificationof the
modelsof 7" in termsof awell definednotion of dimension.Thereare countably
mary modelsA4; of 7" andthey arearrangedn a liner orderof typew + 1 with
respecto elementarembeddingascendingvith increasingdimension:

Ag <A A, <. =2 A, <. 2 A..

Ay, themodelof dimensiorzerois the primemodelof 7" and.A..., theunique
modelof infinite dimensionjs the saturatednodelof 7'. Themodel A, for: > 0
is themodelof dimension.

The classicexampleof an X, but not &,- categorical theoryis AC F,. Here
the dimensionof a modelis its transcendencedeggreeover the primefield Q. A,
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the prime model, is the algebraicclosureof Q. A, the saturatednodel,is the
algebraicclosureof the rationalsextendedby infinitely mary transcendentag!-
ements. Each A; for : > 0 is the algebraicclosureof Q extendedby : mary
transcendentals.

Thegenerabroblemwe wish to addresss the following:

Question5.1 If 7" is N; but not Xy-categorical theory when (and which of) its
modelsaredecidablyor computablypresentable?

DecidableModels of N;-Categorical Theories

Of coursejf T' is X;-categoricalandsocompletejt hasa decidablemodelif
andonly if it is itself decidable(Theorem2.4). Actually, the decidabilityof 7" is
enoughto guarante¢hatevery modelis decidablypresentable:

Theorem5.2 (Harrington[1974], Khisamie [1974]) If T' is R, -categorical and
decidabletheneverymodelof 7" is decidablypresentable

Proof. We first usethe resultsof Baldwin andLachlan[1971]to shav thatwe
canreducethe problemto that of the existenceof decidableprime modelsfor a
decidabletheory 7. (All the modeltheoreticfactswe cite in this proof canbe
foundin BaldwinandLachlan[1971].)

As T is R, -catgyorical, thereis a principal n-type I'(x4, ..., x,) suchthat
T"=TUT(e,...,c,) (With ¢; new constantshasa strongly minimal formula,
i.e. aformula¢(x) of L’ (thelanguagel. of 7' expandedby new constants:;)
suchthat for every model.A of 7" andevery formula(x) of L/, exactly one of
{a € A|A = ¢(a) A (a)} and{a € A|A |= ¢(a) A —¢p(a)} isfinite. Of course,
T’ is X;-catgorical. Notethatas7 is decidableand I is principal, 7 is also
decidablg(T" - ¢ < ¢ € I' & T+ § — ¢ whered is ageneratoof I'). As all
modelsof 7' canbe extendedto onesof 77, we canassumdor the proof of our
theorenthat7" hasa stronglyminimal formula.

Now eachmodelof an X, -categyorical theoryT’ with a strongly minimal for-
mulaq is theprimemodelof anextension’” of 7" by constantg/; satisfyingatype
A which saysthat ¢(d;) holdsfor each: andthatthe d; arealgebraicallyinde-
pendentj.e. thereis no formulay(z,y) € A suchthatfor somen, 35"z (é(x) A
Y(z,7)) € A. (Infact,thecardinalityof thesetof d; is thedimensiorof themodel
anduniquelydeterminest.) Again 7’ is clearly X, -cateorical. We mustverify
thatit is alsodecidablej.e. A is computable We prove by inductionon the num-
bern of d; thatthe correspondindypesA,, andtheoriesl’, = T U A, (d1,...,d,)
areuniformly decidable.(They arecompleteby definition.) For » + 1, consider
ary formulay(z, di,...,d,). In eachmodel A of T,, exactlyoneof {a € A|A =
ola) Np(a,dy, ..., d,)}and{a € A|A |= ¢(a) A ~(a,dy,. .., d,)} is finite by
the strongminimality of ¢. By compactnesghereis thenanm € N suchthat
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T, b 35mx(é(x) Az, d)) or T, = I=z(d(x) A ~p(x,d)). As T, is decid-
able,we cansearchor andfind suchanm for «» or —¢». Theotherisin A, i.e. if
T, F 37z ((x) A (x, d)) then—(z, d) € Aandif T, - 357 z(d(2) A=) (x, d))
thenw(x,d) € A. ThuseachT,, andT., = UT, is decidableandthe modelsof 7'
arepreciselytheprime modelsof thesetheories.To prove ourtheoremit therefore
sufficesto shav thateachof thesetheorieshasa decidablgorime model.

By Theorem3.5, it suficesto shav thatif 7' is a decidableX,-cateyorical
theory with a strongly minimal formula > thenthereis a computablefunction
takingary formulas(z) to acomputableorincipaltypel’, containings.

Giveno, we constructa computabldype I in stages by startingwith o and
addingon eacho. in turnif it is consistentith what we have putin I' so far
and,if o, is Jy(v(y) A 8(y,T)), we alsoaddin Jy(¥(y) A 0(y,T) A ¢(y)) for
somealgebraics, i.e. onesuchthatT + 3"y (¢ (y) A ¢(y)) for somen € w. Of
coursejf o. is notconsistenwvith whatwe have sofar we addon —o.. Thepoint
hereis thatif Jy(y(y) A 8(y,T)) is consistenwith whatwe have sofar thenthe
formulagottenby addingit onis realizedin the primemodelof 7" sayby ¢. Now
thatmodelhasonly algebraiaealizationf > andsowhatever elementwitnessed
Jy(v(y)A8(y, ¢)) is algebrai@ndsoalsosatisfiessomealgebraidormula¢. Thus
Jy((y) A O(y,T) A ¢(y)) canbeconsistentlyaddedon asdesired.

We claimthatl is principalandsotherequiredl’,. Consideitheprimemodel
Aof TUTl(¢)andary ¢ € A suchthatA = ¢(a). As A is a prime model
of T"U I'(¢), a realizesa principal type over 7' U I'(¢) generatedayby 0(y,c).
If « is not algebraicthen for every formula ¢ andeveryn € w, T U I'(¢) F
0(y,e) — [o(y) — =I="y(¥(y) A é(y))]. Ontheotherhand,as A | ¢ (a) A
0(a,c), Jy((y)A0(y,T)) € I andsoby constructiomy (' (y) A0(y,T)Ad(y)) €
I' for some¢ suchthat 7T + 3<"y () (y) A ¢(y)) for somen for a contradiction.
Thus.A hasonly algebraicsolutionsof ¢, i.e. it is themodelof dimension), and
so A is actuallytheprime modelof 7. As I' is realizedin A, it mustbe principal
over 7" asrequired.

(Thislastaguments attributedto Lachlanin Harrington[1974]. Harringtons
own proofis alsoinstructve. It beginswith theobsenationthatthefunctiontaking
aformulac toitsrankasdefinedn Baldwin[1973]canbeseerno beacomputable
mapfrom formulasinto N by theagumentgresentedh thatpaper Thus,givena
formulas consistentith 7', we maycomputablydefineatypel’ = UI'. contain-
ing o by puttingin, for eache in turn, eithero, or —o. soasto alwayspresere
consisteng andto reducetherankof A T'. if possible.Eventually the rankmust
stabilizeandsowe producea principaltypel’ containings.) O

Computable Models

We now turnto the questionof which modelsof an®; -cateyoricalbut not X,-
categyoricaltheory7 arecomputablypresentablé 7' is notdecidablelt is easyto
find suchatheorywith no computablenodelsby codinga noncomputableset.S
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into every model. (For example,extend ACF, by addingon new unarypredicates
P; and,for eachi € w, axiomsVaz(FP;(x) — « = 0) andP;(0) if ¢ € S but=FP;(0)
if 2 ¢ S.) Thusthe questionis, if 7" hasa computablebut no decidablemodel,
which of the models.A; of T canor cannotbe computable. Only a few factsare
known.

Theorem 5.3 (Gondarov[1978], KudaibegenoV{1980]) For everyn € Nthere
is an X, -categorical but not Xy-categorical theory7 sud that A, . .., A4, areall
computablypresentabldout not A; for: > n.

Proof. Fix n € N. Thelanguagdor therequiredtheory?" will consistof aunary
predicateF, andann-ary predicateR; for eachk € N. The axiomsfor 7" will

codea computablyenumerabldut not computableset B = UB; into eachmodel
of dimensiongreaterthann while maintainingthe possibility that the modelsof
dimensionessthanor equalto » arecomputablypresentable.

Axioms:

e The P, arenesteddownwardwith respecto & andexactly oneelementdrops
outateachk, i.e. for eacht € N we have thefollowing axioms:

Yo Poga () = Py(x)
*Fla(Pe(x) A = Prgr(x))
e Foreachk € N wewishto requirethat

Ri(x1,...,2,) & /\{:1;2 # x|t £ 3N ds(k € Bs ANy, ...z, € P).
We enforcethis requiremenby thefollowing axioms:
*Ri(xy, ... x,) = a; # a; fore # 5.
*Foreachs € Nandk € B; :
MNMai #Faili £ YN 21, o 20 € Py — Ri(a,. .., 2,).
*Foreachs € Nandk ¢ By : \/{z; ¢ Ps|i <n} — = Ri(xy,...,2,).

Verifications: It is easyto seethatthecardinalityof NP uniquelydetermineshe
isomorphisntypeof any model.A of 7" andthatall modelsA of size®; have X,
mary elementsn N PA. ThusT is R, -categorical. Indeed the cardinalityof N P4
is thedimensionof A.

We claim thata model.A of T' is computablypresentablé andonly if there
arefewer thann distinctelementsn NPA. For onedirection,supposehatthere
aredistinctcy, ..., c, inNPA. Inthatcasek € B & A = Ri(ci,...,c,) andso
A cannotbecomputablypresentablas B is notcomputable.

For the otherdirection,we wish to construcia computablenodel.A of 7" with
m < n mary elementse,,...,¢,, in NPA. We let the other elementsof the
desiredmodelbethe naturalnumbersandwe put: in P if andonlyif : > k. We
now only have to computablydefinethe predicates?,. Givendistinctelements
ay, - .., a, from A, notall of themarefrom amongthe ¢; andsowe caneffectively
find ans andindeedthe smallests suchthatoneof themis notin P,. We thenlet
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Ri(ai,...,a,) holdif andonly if & € B,_;. This clearly definesa computable
model.A of 7' with | N PA| = m asrequired.C]

Thusary initial sggmentof themodelsof 7' canbethecomputablypresentable
ones.Theobviousquestionsariseasto whatelseis possible.

Question5.4 Which subsetof w + 1 canbethe setof computablypresentable
modelsof an &, -categorical but not X,-cateorical theory 7" with a computable
model? In particular mustthe prime modelalwaysbe computablypresentable?
Mustthe saturateanodelbe computablypresentablé all the othersare?

The following theoremanswerghe two specificquestionsasked. All other
instance®f thegeneraluestiorareopen.

Theorem5.5 (KhoussainovNies and Shoe [1997]) Thee are X,-categorical
but not R,-categorical theories’; and 75, sud that

i)All modelsof T exceptthe primeonearecomputablypresentable.
i) All modelsof T, exceptthe saturatecbnearecomputablypresentable.

Proof (For 7;). Given S C w we constructa structureAs of signaturel, =
(Fo, P1, P, ...), whereeachP; is abinary predicatesymbolhaving the following
properties:

e ThetheoryTs of thestructure4s is N, - but not X,—categoricaland A is the
primemodelof 7.

e Eachnonprimemodel A of T's hasa computablepresentationf andonly if S
is 39.

e A computablegrimemodelprovidesS with acertainrecursion-theoretiprop-
erty but thereexists a ©:9—setwhich doesnot have this property

The building blocksof our structures4s will befinite structureghatwe call
n-cubesandnow defineby inductionon r.

Definition 5.6 A 1-cubeC, is astructure({a, b}, Fy) suchthat Fy(z,y) holdsin

C, if andonly if (z = e andy = b) or (y = « andz = b). Giventwo disjoint
n-cubeswe getann + 1-cubeasanexpansionof their unionby letting £, bean
isomorphismbetweerthen-cubes. An w—cubeis anincreasingunionof n—cubes,
n € w with signaturg /%, P1, P, .. .)

Definition 5.7 If S C w, Ag is the disjoint union of n-cubesfor » € S and
Ts = Th(As).

Lemmab5.8 If S isinfinite,thenTys is ¥;- but not Xy—cateorical and the model
with now-cubess its primemodel.

Proof. It is easyto seethatthe model As satisfieghefollowing conditionswhich
areall expressibleby a setof axiomsin thelanguage!.:
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1.Va3dyFPy(x,y) andfor eachn, P, definesa partial one-to-onefunction. (We
alusenotationby alsodenotingthis partialfunctionby P,.)

.Forall n # m andfor all z, P,(z) # P,.(x).

3. For eachn andfor all « if P,(x) isdefinedthenFy(x), Pi(z), ..., P,_i(x) are

alsodefined.

4.Forall n, m andfor all z if P,(x)andP,,(P,(x))aredefinedthenf,, (P, (z)) =
P (P ().

CForallk,n>ny >ny > o0 > gy > g, Ve (P, (o (P (). .0) # Po(a)).

.Foreachn € w, n € S'if andonly if thereexists exactly onern—cubewhichis
notcontainedn ann + 1—cube.

N

o Ol

Let M beamodelwhich satisfiesall the abore statementsFor eachn € 5,
M musthave ann—cubewhichis not containedn ann + I—cube.If anax € M
doesnot belongto ary n—cubefor n € S, thenz is in anw—cube.Thusary two
modelswhich satisfythis list of axiomsareisomorphicif andonly if they have
the samenumberof w—cubes.In particulay if M; and. M, aremodelsof 7s of
cardinalityX,, eachhas®; mary w—cubeqaseachcubeis countable).Thus M,
and. M, areisomorphicand”’s is an®; - but not X,—cateoricaltheory It is clear
thatthe prime modelis the onewith now-cubes.™

Lemma5.9 Ead nonprimemodelof 7’5 is computablypresentablef andonly if
SisX.

Proof. If M is amodelof Ts, s € S if andonly if M |= Ja3yVz( Pz, y)&
=P (x,2)). Thusif M is computablypresentables is X5. For the otherdi-
rection, note that it sufiicesto constructa computablemodel M; with one w-
cubewhenS € 9. (We cancomputablyaddon morew-cubesasdesired.)We
build M by puttingin ann-cubewhen,accordingo the X representatioof S as
{n|FxVyH(z,y,n)}, we seemto have awitnessz thatn € S. Whenthewitness
fails, we memgethis n-cubeinto the w-cubethatwe arebuilding. More formally,
at stage0 we startto build a substructure3 thatwill be an m-cubefor somem
at every stages andwill atthe endof the constructiorbe anw-cube. At stages,
we first putinto M ann-cubefor eachn < s for which we do not have oneand
associatehe cubewith thefirst numberaz that hasnot yet beenassociatedvith
n. Then,we memge 5 andthe existing n-cubesfor thosen < s for which there
isay < s suchthat H(x,y,n) fails for thex currentlyassociatedavith » into an
m-cubefor somem largerthanany numberyet usedin the construction.Clearly
the substructure® becomeshe only w-cubeof M. Moreover, for n € w, thereis
ann-cubein thefinal structureM if andonly if 3«VyH (z,y,n),i.e. if andonly
if n € S asrequired.[d

We now providetherecursiortheoretigoropertyof S thatis guaranteethy the
existenceof a computableorime modelof T's (but not by ary of the othermodels
beingcomputablypresentable).
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Definition 5.10 A function f is limitwisemonotoniaf thereexistsa computable
function¢(x,t) suchthato(x,t) < ¢(x,t + 1) forall x,t € w, lim; ¢(x, ) exists
for everyz € wandf(z) = limy ¢(x, ).

Lemma5.11 If the prime modelof T's is computablypresentableghen S is the
rangeof a limitwise monotonidunction.

Proof. SupposeM is acomputableorime modelof Ts. Define¢(x, s) for each
x € M ands € N asthelargestn < s suchthat P, («x, y) holdsfor somey < s. It
is clearthat(x, s) is monotonicin s. As everyx € M isin ann-cubefor some
n, ¢(x, s) is equalto this n for all sufiiciently large s. O

Lemma5.12 Thee existsa AY set A which is not the range of any limitwise
monotonidunction.

Proof. Let ¢.(z,t) bealist of all candidatedor representationsf limitwise
monotonicfunctions f.. At stages we definea finite set A, sothat A(y) =
limsA,(y) exists for all y (andhenceA is Aj). We also satisfy the following
requirements$o guaranteehat A is not the rangeof a limitwise monotonicfunc-
tion.

R. I fo(x) = limyop,(2,t) < w for all z, thenrange( f.) # A.

Thestratgy to satisfyasingle k. worksasfollows: At stages, pick awitness
me, enumeraten, into A (i.e. setA;(m.) = 1). Now R, is satisfied(sincem.
remainsin A) unlessatsomelaterstaget, wefind anx suchthate,(x, ty) = m..
If so, R. ensureshatA(¢,.(x,t)) = 0forallt > to. Thus,eitherf.(x) 1 or f.(z) |
andf.(z) ¢ A.

Keeping¢,(x,t) out of A for all t > t, canconflict with a lower priority
(1 > e) requirementR; sinceit maybethe casethatm; = ¢.(z,t') for some
t' > to. However, if f.(x) |, thenfrom somepoint on thereis only onenumber
that R. preventsfrom beinga candidatefor m;. If f.(x) T, thenthe restriction
is transitoryi.e. as¢,(x,t) is monotonicin ¢ eachcandidateor m; is eventually
releasedndnever preventedrom beingchoserasthefinal valueof ;. Thuseach
lower priority R; will eventuallybe ableto choosea witnessm; thatit will never
have to changeébecaus®f theactionsof .. In thisway, every requirementanbe
satisfiedby atypicalfinite injury priority agument..d

Proof sketch(For 73). We takeall§ setS definedby k& € S < VnImH(n,m, k)
whichis notX9. (H is somecomputablepredicateon N°.) We now codes into a
computablestructureA with unarypredicates’; andpredicates?;, ; of arity £ for
i, k,s € N. Therelevantpropertieof A thatcanbe guaranteetby axiomsin this
languageareasfollows:

e The P form adescendinghainof setswith oneelementdroppingoutateach
i.
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e The Rﬁs codethe approximationH (n,m, k) to k € S by requiringthatif ; is
leastsuchthatVn < s3m < j(H(n,m,k))andxy, ...,z € P; aredistinctfor
i < kthenRy  (xy,...,z;) holdsandnot otherwise.(In particular if & ¢ S
thenfor somes, we have axiomssayingthat Ry s(x1, . .., x;) doesnothold for
ary s > sg andary xq, ..., xx.)

The theoryTs of As is X;- but not ¥,-categorical with the dimensionof a
model.A beingonceagaindeterminedy the cardinalityof N PA. Theintuition is
thatthe moreelementsherearein NP7 for amodel A of T's, themoreof theIIS-
approximationto S thatwe can*“recover” from the diagramof 4. In particular
if A is the saturatednodelof T's, NPA is infinite and S is ¥, in A: k € S <
Jay,..oap € A[(VI)(A |E Pi(a) Ao Pi(ak)) A (Vs)(A |E Ris(ar,...ap))).
As S is not X9, thesaturatednodelof 7's is not computablypresentablefor each
t < w, however, we can(nonuniformly)build a computablemodel A, of T's with
t mary elementdn NP, Theinformationneededs S N (¢ 4+ 1) and,for each
k < t whichis notin S theleastr for which thereis no m suchthat H (n,m, k)
holds.O

All thetheoremsn thissubsectiorboutcomputablenodelsof X, -categorical
theoriesuseinfinite signatures.Not too muchis known aboutthe existenceof
suchstructuresand theoriesin finite signaturesor for onesthat are extensions
of standardalgebraictheories. Oneinterestingexampleis Herwig, Lemppand
Ziegler [1999] who have established’heoremb.3 for n = 0 with 7" anextension
of thetheoryof groupsin the standardsignature.

6. Computable Dimensionand Categoricity

Until now we have takenthe classicalapproachof identifying modelsup to
classicalisomorphism.However, it is not obvious thateven two computablgor
decidable)modelsthathapperto beisomorphicshouldbe identifiedwhenoneis
interestedn effective procedures.Therecould well be (andindeed,aswe shall
see,thereare)structureswith presentationsl andB suchthatthe two presenta-
tions have differenteffective properties.For example,thereare computablepre-
sentation®f (N, <) onwhichthe successofunctionis notcomputable.

Proposition6.1 Theris acomputablgresentationd = (A, <4) of (N, <) suth
thatthe successofunctionon A is notcomputable

Proof. A will consistof the evennumbersan their usualorderplusaninfinite set
of odd numbersdeterminedand placedin the orderingby a proceduredesigned
to guaranteahat no computablegunction ¢, is the successofunctionon A. At
stages we check for eache < s, if ¢,(2¢) hascorvergedatstages andis equalto
2e + 2. If soweput2s + 1 into A andplaceit betweer2e and2e + 2. It is obvious
that A is computableandthat,(2¢) is notthesuccessoof 2¢ in A for ary e. O
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Thenaturalapproactio theissueraisedby suchexampless to identify struc-
turesor presentationsnly whenthereis acomputablésomorphisnbetweerthem.
Of coursethis only makessensevhenthestructureshemselesarecomputable.

e Henceforthall structureswill be computable.

Definition 6.2 A is computablyisomorphicto 5, A =, B, if thereis a com-
putablef : A — B whichis anisomorphismWe alsosaythenthat.4 andB are
of thesamecomputablasomorphisntype

Definition 6.3 The (computable)dimensionof a structure A is numberof its
computableisomorphismtypes. A is computablycategorical if its computable
dimensionis 1, i.e. every B isomorphicto .4 is computablyisomorphicto A.

Notethatin acomputablycateyoricalstructure4 every definablerelationthat
is computablan ary presentatiorof .4 is computablen every presentatiorof A
andsofor suchstructureghe effectivenesof definablepropertiess independent
of the presentation.

Example 6.4 Q (therationals)with its usuallinearorderis computablycategori-
cal: Thestandardackandforth algumentshaving thatthetheoryof densdinear
orderingswithout endpointss countablycateyoricalis effective andso produces
computableasomorphismbetweerary two suchorderings.

Example6.5 N asamodelor PA or indeedasa structurewith only the suc-
cessoffunctions(x) (givenasz + 1 in thelanguageof arithmetic)is computably
catgyorical: Givenary B isomorphicto N, one definesthe requiredcomputable
f + N — B byrecursion.f(0) is thefirst elementof B andif f(rn) is definedas
b € Bthenf(n + 1) = s®(b). However, it is easyto seefrom Proposition6.1
that(N, < ) is notcomputablycategorical. (If s is thesuccessaiunctiononN and
f : N — A werea computablésomorphisminto the A of Proposition6.1, fsf~!
would bea computablesuccessofunctionon A.)

Example 6.6 Every finitely generatedtructurels computablycateyoricalby the
naturalgeneralizatiorof the precedingargumentfor (N, s).

Example6.7 Q, thealgebraicclosureof therationalsandsothe prime modelof
AC'Fy, is computablycateorical but Q, the countablesaturatednodelof AC' F
(i.e. the algebraicclosureof the rationalsextendedby infinitely mary transcen-
dentals)hascomputabledimension. (Corollary6.12).

All of theseexampleshave dimensionl or w but, actually every n < w is
possible.

Theorem 6.8 (Gondarov[1980a]) For eadin, 1 < n < w theris a structue
of dimensiom.
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Goncharg usesa priority argumentto constructfamilies of uniformly com-
putablyenumerablsetswith (in a precisesensegxactly » mary distinctenumera-
tionsandthencodegheminto structuresoaspreserethedimension We will see
otherapproache$o theseresultsin Theorem6.22and Corollary 7.16. Although
thereareinterestingcodingsof thesefamiliesinto familiar typesof mathematics
structuressuchas groupsandrings (see89), we do not know of ary “natural”
structurewith dimensiom: for 1 < n < w. Indeedfor mary classe®f structures
it is possibleto prove thatthey arecomputablycateorical or have dimensionw.
In mostof thesecasest is actuallypossibleto characterizehe structureghatare
computablycategorical.

Theorem 6.9 (Gondarov[1973], LaRode[1977], Remme[1981], Gondarov
andDzgoe [1980]) A Booleanalgebia is computablycategorical if it hasfinitely
manyatoms.If not, it hasdimensionw.

Theorem6.10 (Remme]1981a], GondharovandDzgoe [1980]) A linear order
is computablycategorical if it hasonlyfinitely manypairs of adjacentelementsif
not, it hasdimensiono.

We candeducea similar resulton algebraicallyclosedfields from a general
theoremaboutcomputablecateoricity amongdecidablepresentationsf a struc-
ture.

Theorem6.11 (Nurtazin[1974]) SupposeA is a decidablestructue. If there
are finitelymanyelements € A sud that(.A, ¢) is theprimemodelof the theory
Th(A,¢) andthe setof completformulasof this theoryis computablethenany
two decidablepresentation®f .4 are computablyisomorphic.Onthe otherhand,
if there are no sud ¢, thenthetre are infinitely manydecidablepresentation®f A
no two of which are computablyisomorphic.

Corollary 6.12 (Nurtazin[1974]; Metakidesand Nerode[1979]) An algebiaic-
ally closedfield of finite transcendencdegree overits prime field is computably
catggorical. Oneof infinite transcendencdggreehasdimensiono.

Proof. Let 7" bethetheoryof algebraicallyclosedfields of characteristi®. As T’
hasquantifiereliminationevery computablenodel A of 7' is decidable (Givena
sentencevith quantifierqin theexpandedanguagevith constant$or elementof
A) find thequantifierfreeequialent.|ts truth canbedecidedby thecomputability
of A. As T is X;-catgorical every model A is the prime modelof 7" = T U
I'(e)UA(d) for acomputableorincipaltypel’ providing thetheorywith astrongly
minimal formula andthe type A of a sequencef transcendental8ndependent
elementshsdescribedn the proof of Theorem5.2. (Actually, for this particular
T, T' is notneededsit is alreadystronglyminimal.) Thesequencd is finite if and
only if thetranscendencedegreeof A over its primefield is finite. In particularif
thetranscendenceegreeis infinite, thereis no finite sequencasrequiredandso
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A wouldhaveinfinite computablelimension Ontheotherhand,if thesequences
actuallyfinite, we caneffectively decideif a givenformula¢(d, z) is anatom.As
in the proof of Theoremb.2, we cango effectively to a computableprincipaltype
I' of 7" containinge(d, 7). For this particulartheory however, we canenumerate
the completeformulas. (In characteristid®, they just saythat (for someordering
of the z's), eachz in turn satisfiessomeirreduciblepolynomialover the previous
ones.)We canthusfind sucha generatingormula~ in I' andthenaskif ¢ — ~.
If so¢ is completeandnot otherwise (MetakidesandNerode[1979] give adirect
proofof this Corollary) O

An importantprogramis thusto characterizer at leastclassify computably
catgoricalstructuresandtheoriesvhosemodelsarecomputablycateyorical. One
major successlongtheselines is the characterizatioly Gonchare [1975] of
computablycateyoricalstructuresvhosetwo quantifiertheoryis decidablen terms
of Scottfamilies.

Definition 6.13 A Scottfamily for astructure4 is acomputablesequence

Goly 1y ooy @y )y (@ T1y ey @y )ye e,
of 3-formulas,i.e. prene oneswith only existentialquantifiers satisfiablein A,
wherea is afinite tuple of elementdrom A4, suchthatevery n-tuple of elements
from A satisfieoonetheseformulasandary two tuplessatisfyingthesameormula
from theabove sequenceanbeinterchangedby anautomorphisnof A.

Definition 6.14 A structureA is n-decidable(for n € N) if the setof prene
sentencesf T'h(A, a).c4 With n — 1 alternation®f quantifierss computableSo,
for example, A is 1-decidableif the setof prenex sentencesf Th(.A, a),c4 With
eitheronly existentialor only universalquantifierss decidable.

Proposition6.15 If a structue .4 hasa Scottfamily, then.4 is computablycate-
gorical.

Proof. Let o¢y(a,x1,...,20,), d1(@ x1,...,2,,),... bea Scottfamily for A,
wherea = (ao,...,an-1). Let 4, and. A, be computablepresentationsf A.
We definea mappingf : A; — A, by stages. We canassumehat for each
J €40,....m— 1}, a;i is the elementin A; correspondingo the constantc;.
At even stageswe defineimagesof elementsrom A4, at odd stageswve define
preimage®f elementgrom A,.

StageO0. Setf, = {(a(l)v a?))v R (ain—h afn_ﬁ}-

Stage 2k>0. We can supposethat the function f;,_; hasbeendefined.
Assumethat for 1 = {(a5,ad), ..., (at,_,, a2 _,), (b1, dy),...,(bs,ds)} andthat
far—1 canbeextendedto anisomorphismfrom A; to A,. Let b bethefirst num-
berin A; notin thedomainof f,;_,. Considerthetuple (b4,...,bs,b). Findan
¢ suchthat¢,(a, by, ..., bs,b) holdsin A;. Hencedz¢,(a,ds, ..., ds, x) holdsin
A,. Findthefirstd € A, for which ¢,(a,ds, ..., ds,d) holds. Extend f5,_; by

letting for = far—1 U{(b,d)}.
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Stage2k+1. We definef,;.1 similarly soasto puttheleastelemenbf A, not
yetin therangeof f,; into thatof f;.4.

Finally, let f = [ J,.,, f:. Clearly f is acomputablésomorphism[]

Theorem6.16 (Gondarov[1975]) If A is2-decidablehenit is computablycat-
egorical if andonlyif it hasa Scottfamily.

Of coursetheif directionof this Theoremfollows from the precedingPropo-
sition. For the otherdirection,oneusesa priority agumentto build a 3 anda A9
isomorphismbetweend andB. Attemptsaremadeto makesurethatno ¢, is an
isomorphisnbetweend and5. If oneof theattemptdails, theconstructiorbuilds
a Scottfamily for A. (SeeAsh andKnight [1999] for the detailsof aningenious
but relatively simpleproof.)

Note that the definition of computablecatgoricity is on its facea I1} prop-
erty. This theoremgivesa X} equialent(having a Scottfamily). Actually, the
propertyof having a Scottfamily can easilybe seento be arithmeticasthe re-
quirementfor anisomorphismcanbe replacedby the existenceof a setof finite
partialisomorphismsvith thebackandforth property Thus,for 2-decidablestruc-
tures, Theorem6.16givesa characterizatiothatis significantlysimplerthanthe
underlyingdefinitionof computablecategoricity.

We now turn to the specificissueof persistencef computablecateoricity
underexpansiondy constantghatwill turnoutto be arouteinto variousresults
andexamplesof the sortslistedabove. In particular it will leadusto a proofthat
the existenceof a Scottfamily is not necessarjor computablecateyoricity.

Persistenceof Computable Categoricity

Classically it is an easyconsequencef the Ryll-Nardzevski Theoremthat
having acountablycateyoricaltheoryis persistenti.e. preseredunderexpansions
by finitely mary constants.

Theorem6.17 If Th(A), thetheoryof a structue A4, is countablycategorical
thensois thetheoryof any expansionof A by finitely manyconstants.

Thenaturalquestionfor computablecateyoricity hasbeenconsideredy Mil-
lar, Gonchare andothers.It is posedasthe Millar-Gonchare problemin Ersho
andGoncharwe [1986]:

Question6.18 (Millar,Gonchare) Is computablecateoricity persistentj.e. if
A is computablycateyorical is alsoevery expansionof A by finitely mary con-
stants?

It is not hardto seethatif a structure4 hasa Scottfamily ¢,(a, 1, ..., z,,)
thenevery expansiorby finitely mary constants;, . . . ¢,, alsohasone.We simply
slightly modify the original Scottfamily. (Essentiallyonereplacesachformula
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o, x1,. . xn,) DY @i(a,er,. .. Cmy 21, ... 2y, ) @ndthenlists only the satis-
fied formulas. Then,onecaneasilycheckthatthe sequence),, v, . .. is a Scott
family for the expandedstructure(A, ¢4, ..., ¢, ).) ThusTheorem6.16givesus

ananswemwhenA is 2-decidable.

Corollary 6.19 (Gondarov[1975]) If A is 2-decidablethentheexpansionof A
by finitely manyconstantss alsocomputablycategorical.

Millar hasimprovedthisresultby onequantifierby a quitedifferentproof. So,
roughly speakingijt sufiicesto be ableto solve systemf equalitiesandinequal-
ities.

Theorem 6.20 (Millar [1986]) If A is 1-decidablethenthe expansionof A4 by
finitely manyconstantss alsocomputablycategorical.

Proof (Hirschfeldt) Supposeve aregiven.A andB isomorphic,computablycat-
egorical and 1-decidablewith (A,a) = (B,b). We will build C via a Henkin
construction,a sequencey, of partialisomorphismdrom C to B and, for each
potentialisomorphismd, : C — A, apartialmapt. : C — B suchthat

e eitherthereis an e suchthat /. is total and 2. ®_ ' is an isomorphismfrom
(A, a)to(B,b),

e Or g = lim, g, existsandis anisomorphismfrom C to B but no ®. is aniso-
morphismfromC to A.

As thesecondlternatve contradictghe hypothesighat.4 is computablycat-
egorical, we will have the desiredcomputableésomorphismbetween(.A, «) and
(B,b). In the constructionwe actuallyact, whenwe can,to guaranteeghat ®. is
notanisomorphisnfrom C to 4 (andsowe do not have to worry aboutit). Thus
we let R, betherequirementhat®. is notanisomorphismrom C to A. As the
constructionproceedsyve saythat . is satisfied(or not) dependingon whether
we have a certaintype of witnessto ®.'s notbeinganisomorphisnfrom € to A.

For corveniencewe assumehat the domainof eachmodelconsiderechere
isN. Let {0, },.c. beaneffectivelist of all atomicsentences thelanguageof .A
expandedby addinga constant for each: € w. By #° andd! we mean-4,, and
0, respectiely.

Forary conjunctionl’ of literalscontainingno constant for : > m andpartial
computabldgunction ® with computabledomain,welet f(k) = n if ®(k) |= n,
f(k) = ay if ®(k) T, anddenoteby I'[®] the formuladxg - - - 32, 1'(0/ f(0), . ..
...,m/f(m)). So, for example,if ¢, is the sentence’(0,1,2,3) and® =
{(1,7),(3,5)}, thend [®] = FwoTz w23 P20, 7,22, 5), while, on the other
hand,f° [®] = JxoTz;TwaTzs3— P (20,7, 72, 5).

We notea few immediateconsequencedf this definition. In whatfollows, ¢
will alwaysbeeither0 or 1.
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Proposition6.21

1.1f M E I'[®] and® is anextensionof ¥ then M E ['[¥].

2.1f M E T'[®] andS > dom ¢ thenthereis anextension¥ of ¢ with domains
suchthat M F I'[V].

3.1f M ET[®] and M E —((I' A 62)[®]) thenM & (T A 0.7°)[®].

4.letao,...,a, andb,...,b, betwo sequencesf naturalnumbers.If M F
~(L[{{n.a) | n < m}])and\ E T[{(n.b,) [ n < m}])then(M, ao.....ay)
% (N, bo,....b,).

5. Supposdhat® is totalandsurjectve,dom ¥ = {0,...,r — 1}, M F 0[® [ r]
and N E —(9[¥]) for someliteral . Thenthereis a total computablef which
is theidentityon{0,...,r — 1} suchthat M E §[® o f]. Letd' = =6[f]. Then
M E —(0'[®]) andN E —((=6")[V]). O

We now describeour construction.

Construction. At eachstages, we definepartialcomputabldunctionsg, and#; s,
1 € w.We also constructthe atomicdiagramA. of C by addingon one of the
literals#? or 0} ateachstages. We usethefollowing notationsI', is theconjunc-
tion of all theliteralsin A, attheendof stages; z. ; is theleastnumbersuchthat
P, ((z.,s) = a,if oneexists,z. , = 0 otherwisey, , = sup((|J,., dom h; )U{z; , |
i <e}UA{e}).

We saythata stages is e-expansionanjif ®. , is injective, ®. ,(z.;) }= a,
{0,...,7rcs} Cdom®.,, dom®., 2 {0,...,sup(dom P, 1)}, andrng ®. ; 2
{0,...,sup(rng ®. ,_1)}. (Thus,if thereareinfinitely mary e-expansionargtages,
®. is total, injective,andsurjectve.)

We bgyinats = 0 with I'y = @, g = @ andh., = @ for eache € w. We
assumey inductionthat B F I';[¢g;] andfor eache € w, B E T'j[h.s]. At stage
s + 1 wefind theleaste < s, if any, suchthat R, is not satisfiedandoneof the
following conditionsholds.

1.Forsomes, BE (I's A 05)[gsl res + 1] and A E =((T's A 65)[®. 5]) Or
BE (s AO)[gsfres +1]andA E ((I's A 65)[D.s]).
2.Not 1 andfor somez,

@) BF (Is AO)[gs [ re,s + 1,

(b) BE (I's A6)[h.s], and

(c) s + 1 isane-expansionarystage.
3.Not (1 or 2 aandb), andfor somes,

@ BF (I's A05)[gs T res + 1,

(b) BE —((T's A0;7%)[gs [ re.s +1]), and

(©) B = ~((I's A O5)[hes]).

If suchane exists,we saythate is actve atstages + 1. Letr = r. , + 1. For
eachi > e, leth; 41 = @. Foreachi < e, leth; .41 = h; . Declareall R;, ¢ > e,

<e
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to beunsatisfied.

If 1 or 3 holdswe mustabandorthe currentattemptat the isomorphismn
andsolet h.,4; = @. If 1 holds,we have a witnessto fact that ®. is not an
isomorphisnfrom C to A andwe declarek. to besatisfied.

If 2 holds,therearetwo cases.If .., = @, we restartour definition of /.
usingthe assumedsomorphismbetween(A, «) and (B, b): Find the leasttuple
(ag, ...,a,—y) of distinctnumberssuchthata., . = b andif we define. ;. tobe
the partialfunctionmappingeachn < r to «,,, then

1. B E ['s41[hes41] @and
2.forallt < sands € {0,1}, B E (T4 AO)[hesp1] = AE (Ty A0, |
res + 1],

and defineh. 1, in this manner (Sucha tuple exists becausesince . is not
satisfied, A E ', [®. 5], sothat A F I's 1 [{(z.5,a)}], and(A, a) = (B,b).)

If .. # &, we extendh. soasto keeph. and’.®-' looking like isomor
phisms. If |dom h. | is even, let & be the leastnumbernot in rng A, ;, let n
be a numberlarger thanary previously appearingn the construction,and de-
fine hesp1 = hes U{(n,k)}. If [domh.| is odd, let p be the leastnumber
notin dom h. ,, let m besuchthatB F I'sy1[hes U {(p,m)}], andlet h. ;41 =
hew U{(p,m)}.

If nosuche exists,lets besuchthat’5 = (I'; A6%)[g,] andletmax(dom g,) + 1
=r. Foreach: € w, leth; 1 = h;s.

In ary case,we continueto extendthe diagramA, andthe isomorphismy.
We add¥é to A¢ andletI';,; = I'; A 6. If |dom(gs [ )] is even,let & betheleast
numbemotin rng(gs [ ), let n beanumberargerthanary previously appearing
in theconstructionandlet g;1 = g, [ rU{(n, k)}. If |dom(g, [ r)| isodd,letp be
theleastnumbemotin dom(g; [ ), letm besuchthatB E I'sy1[gs [ r U {(p,m)}],
andsetgs-l—l = 9s fT U {<p7 m>}

Notice that, whichever caseholds, 5 = I';,1]g,+1] andfor eache € w, B F
I's41[hes+1], which aretheinductionhypotheseseededor the next stageof the
construction.

Verifications. Sinceateachstages + 1 we addedeitherd; or its negationto A,
Ac is theatomicdiagramof a structureC. Becaused andB3 arel-decidablethe
constructions effective andsoC is computable.

Supposdirst thatthereis ane suchthat i, is active infinitely oftenandlet ¢
betheleastsuchnumber We wish to shav that/.®_* is the desiredcomputable
isomorphisnfrom (A, a) to (B,b). Let s, beastagesuchthatno R; is active for
1 < e atary staget > sq. It follows from thedefinitionof r. , thatthereexistsan
sy > so suchthatr., = r.,, forallt > s,. Letr. = r.,, . It followsfrom the
definitionof ¢, thatthereexistss, > s; suchthatg; [ r. +1 =g, | r. + 1 for
all t > sy,. As R, is active infinitely oftenit is never satisfiedafter stages,. So
condition1 never holdsafterthis stage. Thus A E I';[®.] for every s > s, and



30 BakhadyrKhoussaine andRichardA. Shore

hence®. is anisomorphisnmfromC to A.

We claimthatit is notpossibldor condition3 to holdinfinitely often. Suppose
otherwise.Let s; > s, besuchthatdom ®. ,, O {0,...,r.}. Inspectingghe way
hes+1 is definedwhencase2 holdsand’. , = @, we seethatthereis ans > s3
suchthath. ;11 = {(n,a,) | n < r.} foratuple(ao,...,a,,), a., . = b, suchthat
forall ¢t > s,

1.BET1[{{(n,a,) | n <r.}]and
2.BE(I'y A 0,}_5)[{<n,an> |n<r.}f]=AE (I': A 07}_6)[@6 [re + 1]

SuchatupleexistsbecauséA, a) = (B,b) and®.(z. ;) = a.

Now supposehatt + 1 is thefirst stageafters + 1 atwhich condition3 holds,
andlet ¢ beasin thatcondition. ThenB = —=((I'; A 67)[h..]). Ontheotherhand,
B E Ti[hes]. ThusB E (I'y A 0,7%)[h.+]. Sinceh., is anextensionof A 1,
BE (Tt A0;7°)[h.ss1]. Butthenby 2 above, A F (I'; A 0,7°)[®. | r. + 1]. But
by partb of condition3, B E =((I'; A 6, %)[g: | r. + 1]). By Proposition6.21(5),
thereexistsa v andane suchthat A F —=(02[®.]) andB E —(0.%[g; | r. + 1]).
But thend; mustbein I', ., sothatA ¥ I',,, contraryto our assumption.

Socondition3 holdsonly finitely often. Sayit neverholdsafterstages, > ss.
Sincecondition2 holdsinfinitely often,thereareinfinitely mary e-expansionary
stages.Thus,sinceR. is never satisfied ®. is a computablesomorphismrom C
to A. Furthermorep,. = lim; h. ,; is well-defined,andin facth.(x) = h. s(x) for
theleasts > s, for which i, ;(«) is defined.SinceB E TI';[h. ] for all s > sy, h.
is acomputablesomorphisnfromC to 5.

Thush, o &' is acomputabldsomorphisnfrom A to B. Butif weletz =
lim; 2., thenh, o ®'(a) = h.(z) = b. Thusin facth. o &' is the desired
computablésomorphisnfrom (A, ) to (B, b).

Finally, supposdor the sakeof a contradictionthat every ¢ is active only
finitely often. It is not hardto seethatat ary e-expansionarystage oneof condi-
tions1, 2, or 3 musthold. Thus,if thereareinfinitely mary e-expansionarystages
then R, is eventuallypermanentlysatisfied.

As we have mentionedif s is astagesuchthat,for eachi < ¢ andeacht > s,
R; is not active atstaget andr., = r.,, thenforallt > s, g, [ res +1 =g, |
res+landB E I'y[¢: | re s + 1]. Sothefactthateache is active only finitely often
impliesthatg = lim, ¢, existsandis anisomorphisnfrom C to B.

ThusC is isomorphic but notcomputablyisomorphicto 4, contradictinghe
computablecateoricity of A. OJ

Thus1-decidabilitysufiicesto guaranteeghe persistencef computablecate-
goricity. We will seein the next sectionthat, without suchanassumptioncom-
putablecateyoricity neednot be persistent. Moreover, the equivalenceof com-
putablecateoricity with having a Scottfamily establishedy Goncharg under
theassumptiorof 2-decidabilitydoesnot hold for all 1-decidablestructuregThe-
orem7.19).
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6.2 Nonpersistenceof Computable Categoricity

We now seethat the additionof even a single constantfor ary elementof a
computablycateyorical structurecanchangats dimension.

Theorem6.22 (Cholak, Gontharov, Khoussainovand Shoe [1999]) For eat
k € w thereis a computablycategorical A sud thattheexpansionA’ of A gotten
by addingon a constantnamingany elemenbf .4 hasdimensiorexactly .

Idea of Proof (for £ = 2). We first constructa (uniformly) computablyenumer
ablefamily of distinctpairsof setsS = {f(i)|: € w} = {(A;, B;)|7 € w} which
is symmetrici.e. for every: € w thereisaj € w suchthat f(i) = (A;, B;) =
(B;,A;). In additionto the computableenumeratiory, thereis oneothernatural
computablesnumeratiorof this family, f definedby f(i) = (B;, A;). Thisfamily
S'is constructedby a0” typepriority agument)to have dimensiore in thesense
that thereis no computabldunction ¢ suchthat f = f¢ but, for every one-one
computableenumeratior. of the family, thereis a computabléefunction g such
that f = hg or f = hg. Thetwo enumerationsf this family arethencodedsym-
metricallyinto agraphsothatthewholestructuras computablycategorical. If one
addson a constanthowever, it distinguishedetweerthetwo codedenumerations
andsoonehasa structureof dimensiore. O

For & > 2, onecangeneralizethe notion of symmetricfamily to one-one
enumerationg’ of families S of k£-tuplesof sets. The combinatorialdetailsbe-
comefairly complicated A simplerapproactto a proof of the generatheoremis
providedin the next sectionasa corollaryto someresultson degreespectra.

7. DegreeSpectraof Relations

Anotherimportanttopicin computablenodeltheorythatturnsoutto beclosely
connectedo computablecategyoricity is thatof the dependencef the computabil-
ity propertiesof relationsnotincludedin the languageof a given structureon its
presentation.For example,in “standard”presentation®f (N, <) the successor
functionis computablebut it is not computablein every presentatior(Proposi-
tion 6.1). Similarly, standardoresentationsf the algebraicallyclosedfield Q of
characteristid andinfinite transcendencdegreemakethe relationof algebraic
dependenceomputabléout notall presentationsgo. (Indeed,if algebraicdepen-
denceis computablen both of two isomorphiccomputablealgebraicallyclosed
fieldsthenthey arecomputablyisomorphic.However, Corollary 6.12saysthatif
they have infinite transcendencdeggreetheir dimensionis infinite.) On the other
hand,theseparticularrelationsare easily seento alwaysbe co-computablyenu-
merableandcomputablyenumerableespectrely. Othersremaincomputableor
computablyenumerablén every presentationSuchrelationsweresingledoutand
studiedby AshandNerode[1981].
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Definition 7.1 (AshandNerode)lf # C A" is ann-ary relationon a structure
A, R is intrinsically computablgcomputablyenumeable) if f[R] is computable
(computablyenumerablefor everyisomorphismf : 4 — B.

Example7.2 (N, <): Successois notintrinsically computable.
Example 7.3 (N, s): Every computablegelationis intrinsically computable.

We know thatthetwo structuresliscussedbore, (N, <) andQ, arenotcom-
putably cateyorical while similar ones(suchas (N, s) and algebraicallyclosed
extensionof Q of finite transcendencdegree)arecomputablycategoricalandin
eachof themthis phenomendgof a relationbeingcomputablan onepresentation
andnotin another)doesnot arise. One might naturallyaskif computablecate-
goricity guaranteeghat a relationcomputablein one presentations computable
in all. Theansweiis bothyesandno. If we restrictour attentionto relationsthat
aredefinableor eveninvariant underall automorphismgheansweris yes.

Proposition7.4 If a structue A is computablycategorical thenevery definable
relation i (or oneinvariantunderautomorphismsyn A thatis computablen any
presentatiorof A is intrinsically computablej.e. computabldan every presenta-
tion of A.

Proof. SupposeA is computablycateyorical, B* is computableandy is aniso-
morphismfrom A to B. We wish to shav that g[?#] is computable. As A is
computablycateyorical, thereis a computablésomorphismf : A — B. R* and

I8 arecomputableandsotheirimagesunder f arecomputablyenumerableand
complementaryand hencecomputable.As R is invariantunderautomorphisms,
in particularunderg~ f, f[R*] = ¢g[R*] andsog[R*] is alsocomputabled

Sofor computablycateyorical structureghe effectivenessof definableprop-
ertiesis independendf the presentationlf we askinsteadthatevery computable
relationon A4 (definableor not) be intrinsically computable the answerto our
guestionis no. Computablecateyoricity doesnot suffice to guaranteeahat every
computableelationis intrinsically computable(SeeExample7.7 below.) Instead
we areled to a strongemotion.

Definition 7.5 A is computablystableif everyisomorphismf : A — B is com-
putable.

Example7.6 (N, s) is computablystable. Indeed,every isomorphismbetween
two presentationss uniquely determinedoy the computableprocedureof send-
ing the leastelementin one presentatiorto the leastonein the otherandthen
proceedindyy recursiornasin Example6.5.

Example7.7 (Q, <) is computablycateorical but not computablystable. In
fact, given ary two presentation®f (Q, <), the usualbackandforth agument
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shavs thattherearecontinuummary isomorphismbetweerthem.Moreover, the
usualback and forth agumentcan be run in eachof countablymary intervals
to, for example,constructan automorphisntaking a computablesubset(suchas
7)) to anoncomputabl®ne (ary setconsistingof oneelementfrom eachinterval
(x,z+ 1) forz € Z).

Proposition 7.8 (AshandNerode[1981]) A is computablystableif andonly if
everycomputableelationon A is intrinsically computable

Proof. As everyisomorphismbetweerpresentationsf .4 is computablethe ar-
gumentof Proposition7.4 shavs thatthe imageof ary computableaelation £ on
A underary isomorphismis computable For the other(if) direction,considerA
asastructureon thesetN andtherelation R giving, in A, the successofunction
onN. If f: A — Bisanisomorphismand R® = f[R*] is computableghenthe
constructiorof Example6.5computesf. [

Onecan,in fact, give a moreinformative characterizatioof computablesta-
bility like thatprovidedfor computablecateyoricity in termsof Scottfamilies by
Theorem6.16. In placeof a sequencef formulaseachof which determinesa
sequencef elementsof the givenstructureA up to automorphismspneneedsa
sequencef formulasthatuniquelydefinethe elementf .A. Onthe otherhand,
we now only needthe 1-decidabilityof .A for thecharacterization.

Theorem7.9 (AshandNermde[1981], Gondarov [1975]) If A is 1-decidable
then A is computablystableif and only if there are constants € A anda com-
putablesequencey,; (¢, «) of existentialformulassud that for ead : there is a
uniquea € A satisfyingp, andead « € A satisfiessomey,.

Proof sketch. It is easyto seethatthe existenceof a family asdescribednsures
thateveryisomorphismf : A — B is computableas,oncetheimageof the con-
stantsc arefixed, f mustsendthe uniquesolutionof eachg,(¢, ) in A to the
solutionof the sameformulain B. The proof of the otherdirection(only if) of
this theoreminvolves a finite injury priority algument. One attemptsto build a
B isomorphicto the given A by a A, isomorphismbut not by any computable
isomorphism. The leastfailure of this diagonalizatiorrequirementoccursonly
becausehe elementson which we might diagonalizeare uniquely definedfrom
thosefixed by higherpriority requirementsThesealreadyfixed elementsarethe
constantg required.The portionsof thediagramof B to which we have commit-
tedoursehesat variousstageof the constructiorprovide the desiredformulasg;
whenvariousextra parametersre replacedoy existentially quantifiedvariables.
0

More generallywe wouldlike to know whenaspecifieccomputabl€or com-
putablyenumerablejelationis intrinsically computableor computablyenumer
able. An examinationof thetwo examplesconsideredbove, (N, <) andQ, gives
usaclueasto whenarelationis intrinsically c.e. Therelation P(z, y) onN saying
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thaty is nottheimmediatesuccessoof = is definablan thestructurg(N, <) by the
existentialformuladz((z < z < y)V(y < z < z)V(z = y)) andsois computably
enumerablén ary presentatioof (N, <). ThebinaryrelationD(z, y) sayingthat
x andy arealgebraicallydependents equivalentto the disjunctionof aninfinite

computabldist of existentialformulase, eachassertindin thelanguagef fields)

thatthereis anonzergpolynomialof degreen in = andy whichequald). Any such
relationis againclearly computablyenumerablen ary presentatiorof afield. To

enumeratéhedependenpairs,onesimply dovetailsthe searcheor witnessegor

eachof the existentialformulase,,. Thesephenomenauggesa definition.

Definition 7.10 A relationR(x4, ..., x,) onastructured is formally computably
enumeableif it is equivalentto a disjunction\/ ¢,(z1, ..., z,) of a computable
sequencef existentialformulas¢, with freevariablesz,, ..., z,. R isformally

computablef both 2 and 2 areformally computablyenumerable.

Clearly, any formally computablgcomputablyenumerablejelationis intrin-
sically computablgcomputablyenumerable)Ash andNerode[1981] prove that,
undermild decidabilityconditions this conditionis alsonecessary

Theorem7.11 (AshandNemde[1981]) If R C A" and (A, R) is 1-decidable,
then R is intrinsically computablyenumeable if and only if it is formally com-
putably enumeable R is intrinsically computableif and only if it is formally
computable

Actually, the 1-decidabilityof (A, R) is a bit strongerthan what Ash and
Nerodeneed.They only needto beableto decidefor eache in A andeachexisten-
tial ¢(¢, T) if thereisana ¢ R suchthatA = ¢(¢, @). However, someconditions
arenecessarasGonchare [1980alandManassg1982] have constructeaxam-
plesof intrinsically c.e. relationswhich arenotformally c.e. Therehasbeena lot
of work, primarily by Ash, Ash andKnight andtheir studentggeneralizinghese
results(understrongerdecidability conditions)to syntacticcharacterizationsf
relationsbeingintrinsically 3, or A, for all levels « of the hyperarithmetidier-
archy They alsoprovide similargeneralizationsf thenotionsandresultsoncom-
putablecateyoricity andstability to higherlevels of the hierarchyof computable
infinitary formulas. Thesepapersinclude Ash [1986], [1986a],[1987]; Ash and
Knight [1990],[1994], [1995], Barker[1988] and Chisholm[1990a]. Relatedre-
sultswhenthe notionsarerelatvizedto the degreeof noncomputablenodelscan
be foundin Ash, Knight, Manasseand Slaman[1989], Ash, Knight and Slaman
[1993] and Chisholm[1990]. Herethe resultsare proven by forcing aguments
andthe extra decidabilityhypothesearenot needed.

Facedwith a computablgor c.e.) relation R on .4 which is notintrinsically
computablgor c.e.),what canwe sayaboutits imageunderisomorphisms?in
particular how complicatectan f| ] befor a(computablejelation R on .4 andan
arbitraryisomorphismf : A — B (with B computablepf course).An approach
to this questions suggestedy thefollowing definition.
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Definition 7.12 If R C A™ isann-ary relationon A, the deggreespectrunof R,
DgS R ,is R A is anisomorphism.

Therearea numberof resultsgiving conditionsunderwhich the degreespec-
trum of acomputableaelationconsistof preciselysomeparticularstandarclass
of degreessuchasall thedegreesthec.e. degreesgetc. We concentrat@n theis-
sueof finding instancesvherethe spectrunis finite andthe connectiondetween
thisissueandthedimensionof thegivenstructure.Thefirst resultsof this sortare
dueto Harizanw. Hereis oneexample.

Theorem7.13 (Harizanov[1993]) Theeris an.4 andan i on A sud A hasex-
actlytwocomputablg@resentationand DgS R with noncomputable
and

The next problem(thatremainedopenfor sometime) waswhether  could
be replacedby c.e. in this resultor, moregenerally whatis possiblefor intrin-
sically c.e. relationsespeciallyfor structuresof finite dimension.Gonchare has
announceasolution,basednwork with Khoussaing, constructingastructure4
of dimension2 with arelation £ on A with degreespectrunconsistingof anda
nonzercc.e. . He constructdamiliesof c.e.setsandcodestheminto a structure.
Khoussaing and Shorehave independenthdirectly constructedlirectedgraphs
of eachfinite dimensiom: with relationshaving variousdegreespectraMoreover,
thesestructurescanbe simply modifiedto provide examplesof onesfor eachn
which arecomputablycateyorical but whenexpandedby a constanhave dimen-
sionn. Wefirst statethe mainresultfor dimension2.

Theorem7.14 (Khoussainowand Shoe [1998]) Ther is a rigid directedgraph
A (i.e. onewith no nontrivial automorphismsdf dimension anda subsetr of

A sudh that DgS R with  noncomputablend c.e Moreovey the
relation R R there is anisomorphisnfrom 4 to
A which extendghemap is computable

We sketchthe proof of this theoremin 89. For now we give somegeneraliza-
tionsandcorollaries.

Theorem7.15 (Khoussainovand Shoe [1998]) For any computablepartially
orderedset thereis arigid directedgraph .4 of dimensiorthe cardinality of
and a subsetk of A sud that D¢gS R . (Theorderingon DgS R is
givenby Turing reducibility) Indeed,we can also guaranteethat £ is c.e for
every computablepresentation of A andthat,if hasa leastelementthen
the leastelementn DgS R is 0. Moreover there is a uniformly computable
sequenced of representative®f the computableésomorphisntypesof A sud
thattherelation R R thereis anisomorphisnfrom
A to A which extendghemap is computable
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Corollary 7.16 For ead natural number there existsa computablycate-
gorical structue whosesxpansiorbyfinitely manyconstanthasexactly many
computablesomorphisntypes.

Proof. Takethestructure givenby Theorem/.15for thepartialorderconsisting
of maryincomparablelementsLet bethecomputableepresen-
tativesof the computablasomorphisntypesof . So,in particularthe sets
areTuring incomparable We usethe computabilityof — to pastethe  together
to producea asrequired.More precisely consistf thedisjointunionof the

andtheedgesof aretheonesin each . In addition, hasanextrabinary
predicatedefinedby therelation in thetheoremandanequvalencerelation
whoseequvalenceclassesrethe

Clearly isacomputablestructure.Now let bearny computablgresenta-
tionof .Let and betwoequivalenceclassesn . Thesetwo substruc-
turesof  consideredasgraphsareisomorphicto . Hence is computably
isomorphicto oneof , , . Withoutlossof generalitysupposdhat is
computablyisomorphicto  via a computablefunction f
werecomputablyisomorphicto  via acomputabldunction , then
we would be ableto decide in  asfollows: in  belongsto if and
only if . Henceall thestructures , ,  arepairwisenon-
computablyisomorphicandsorepresenall thecomputablesomorphisntypesof

, I.e. arecomputablyisomorphicto (in someorder). Hence is
clearlycomputablyisomorphicto andso is computablycateyorical.

Now let beary elementfrom . Considertheexpandedstructures con-
sistingof  with the newv constantinterpretedas , theimageof in . Itis
clearthatall the areisomorphicbut notcomputablyso. Thusthe dimensionof

is atleast . Ontheotherhand,as isrigid thereareno choicesotherthan
the astheinterpretatioof in . Thus,by thecomputablecatgoricity of
ary structureisomorphicto say mustbe computablyisomorphicto oneof the

andsothedimensiornof thesestructuress precisely asrequired.

Corollary 7.17 (Khoussainoxand Shoe [1998]) Thee existsa computablycat-
egorical structue withouta Scottfamily.

Proof. If structureof previouscorollaryhada Scottfamily it would remaincom-
putablycategoricalwhenconstantsvereadded.

A similar constructiorprovidesanexampleshaving thatevenif the structure
is persistentlyjcomputablycateyoricalit neednot have a Scottfamily.

Theorem 7.18 (Khoussainowand Shoe [1998]) Thee existsa structue without
a Scottfamily sud that every expansionof the structue by a finite numberof
constantss computablycategorical.

Kudinor independentlyrovedmore.
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Theorem7.19 (Kudinov[1996]) Theris a computablycategorical -decidable
structue  with no Scottfamily.

Proof sketch. Kudinov slightly modifiesa family of computableesnumerations
constructedoy Selivanor [1976] and then codesthe family as a unary algebra
in suchaway asto producea computablycateyorical structurewith a decidable
existentialtheorybut no Scottfamily.

Of coursethis Theoremshaws thattheassumptiorof -decidabilitywasnec-
essaryin Gonchare's characterizatiofiTheorem6.16)of computablycateyorical
structuresasoneswith Scottfamilies. By Millar' s resulton persistencéTheorem
6.20),Kudinov's structureis persistentlycomputablycateyoricalandsois alsoa
witnessto Theorem7.18.

A very naturalquestionis whetherevery c.e.degreecanberealized(with )
asadegreespectrumHirschfeldthasrecentlyansweredhis questionby adapting
andextendingthe methodsresentedhere.

Theorem 7.20 (Hirschfeldt[1999]) For everyc.e deggree therisan anda
relation on sud that . Indeed canbereplacedby any
uniformlyc.e array of c.e degrees.

Hirschfeldt's constructiorpreciselycontrolsthe degreespectrunmof the rela-
tion  but doesnot controldimensionof . Thusthe following questionis still
open.

Question7.21 (Gonchare andKhoussaine [1997]) Which -tuplesof c.e.de-
greescanberealizedasthe degreespectrunof arelationon a structureof dimen-
sion ?

If we move beyondthe c.e. degreestherearea few resultsby Harizane on
possibledegreespectrabut not muchis known. However, we shouldpointoutthat
severalnaturalstrengtheningef theseresultscanruledoutby classicadescriptve
settheoreticresults.

Remark 1 For agivenrelation onacomputablestructue , theset

is a computablegresentatiorof is  in . Thus,there are countablepartial

orderingsthat cannotberealizedin thec.e degreesasthe degreespectrunof any
relation onanycomputablestructue . (Justconsideronethatis toocompli-
catedto be .) Similarly, suc a partial ordering with leastelementcannotbe

realizedanywhee in the Turing degreesas the degree spectrumof a computable
relation on a computablestructue . Nor canit be true that any finite set
of dggreescan be realizedas the degree spectrumof any relation on a com-
putablestructue . Indeed,any deyreespectrumcontainingboth a hypearith-

meticdeggreeanda nonhypearithmeticdegreeis uncountableasany  setwith

a nonhypearithmeticmembeiis uncountable
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8.  Algebraic Examples

In 86 we saw several examplesof theorieswhosemodelsall have dimension

or andalgebraicconditionscharacterizinghe modelsin eachclass.The the-

ories of this sort consideredherewere linear orderings,Booleanalgebrasand
algebraicallyclosedfields. We cite two more.

Theorem 8.1 A real closedfield of finite transcendencdegreeover is com-
putablystable Oneof infinite transcendencdegreehasdimension .

Proof. If arealclosedfield hasfinite transcendencdegreeover and

is anisomorphism]et be atranscendenckasisfor  over
and betheirimagein . Calculate for ary element of Dby first
finding anequationover satisfiedoy . Findall its solutionsandthe
placeof amonghesesolutionsn theorderof . Now, mustbethesolution
of thesameequatiorover whichliesin thesameplaceamongall the

solutionsin  listedin order Thus is computable.Onthe otherhand,if is
of infinite transcendenceegreethenby Theoren6.11,it hasdimension . (Note
that asthe theory of real closedfields haseffective quantifierelimination, every
computablanodelis decidable.Moreover, the prime modelof ~ for ary
finite list ~ of elementof is of finite transcendencdegreeandsonot itself.)

Theorem 8.2 (Gondarov[1981]) If isanabeliangroupthenit hasdimension
or

Theproofof thisresultis particularlyinterestingoecausd reliesonimportant
sufficient conditionfor a structureto have dimension .

Theorem8.3 (Gondarov[1982]) If thereisa  isomorphisnmbetween and
but nocomputableonethen hasdimension .

Ontheotherhand theresultsdescribedn §6.2and87,aswell asmary earlier
paperssupplyexamplesof structure®f dimension for each . Indeedour
resultssupplyexamplesof structure®of dimension whosepresentationarechar
acterizedby the Turing degreeof a specificrelationon the structure. Moreover,
representatesof the mary computablasomorphismtypesof thesestructures
canbe pastedogetherto producea singlecomputablycateyorical structuresuch
thatanexpansiorby constantyieldsa structureof dimension . Of coursewhen
therearecharacterizatiotheoremghat shav thatthe dimensionmustbe or
suchconstructiongrenotpossible Ontheotherhand,for mary familiar algebraic
theoriesfor which we cannotprovide sucha dichotomyandcharacterizationt is
possibleto constructexamplesof modelsnot only of eachfinite dimensionbut
alsoonesexhibiting theadditionalpropertieeenjoyedby the examplesn §7.
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Theorem 8.4 (Gondarov [1980a], [1981]; Gondarov and Dobrotun [1989],

Gondarov, Molokovand Romanovsk[1989]; Kudinov (personalcommunica-
tion); Hirschfeldt, KhoussainovSlinko and Shoe [1999]) For ead of the fol-

lowing theoriesand each , there is a model with a subset sud that

thedimensionof is andthedeareespectrunmof consistsof differentc.e

dggrees.Moreoverfor eadr thereisamodel whichiscomputablycategorical

but someexpansiorby constanthiasdimension : graphs,lattices,partial orders,
nilpotentgroups,rings (with zeo divisors)andintegral domains.In eat casethe

subset canbetakento bea substructue of theappropriatetype

Theresultson the existenceof modelsof eachof thesetheoriesof eachfinite
dimensionare dueto variouspeople(mostto Goncharg andhis coauthorsthe
onefor integral domainsis dueto Kudinov). They weretypically first proved by
codingsof families of c.e. sets. For graphs the resultsinvolving degreespectra
andextensionsby constantsaredueto Khoussaine andShoreandaredescribed
in 87. (Actually, theoriginal paperuseddirectedgraphsout anexaminationof the
constructionshows that it is possibleto useundirectedgraphsinstead.) All the
otheronesinvolving degreespectraandextensiondy constanthave beenproven
by Hirschfeldt,Khoussaing, SlinkoandShore[1999].

Althoughdirectconstructiongresometimepossible theseresultscanall be
derived from the resultson graphsby finding a sufiiciently effective coding of
graphsanto modelsof eachtheory Theideais that,if thecodingis sufficiently ef-
fective,all thecomputabilitypropertiesnvolvedcarryover. Thusall thesetheories
arenotonly undecidabldut the codings(of saygraphsiheededo prove thatthey
areuniversal(i.e. codeall of predicatdogic) arehighly effective. (In additionto
simplecodingsof thedomainandedgerelationon theinitial graph,animportant
issueis theeffective reversibility of thecoding.Thatis, onewantsthemodelcod-
ing agivengraphto effectively determinethe original graph.)On the otherhand,
thetheoriesdiscussedn 86 whosemodelsareall eithercomputablycateyorical or
of dimension aredecidableandhave strongstructuretheoremghatareusedin
theproofs.We expectthattherearenaturaltheorieshatareneither‘so decidable”
asthoseof 86 nor “so undecidable’asthe onesin Theorem8.4. In particular we
suggesthetheoryof fieldsasa goodtestcaseasit is undecidabléut the proofs
of undecidability(thatwe know) interpret in aratherspecificway ratherthan
arbitrarystructures.

9. TheBasicTheoremon DegreeSpectra

In this sectionwe sketchthe proof of the Theorem7.14,thecase of our
maintheoremon degreespectra.

Theorem 7.14(Khoussainoand Shoe [1998]) Theeis arigid directedgraph
of dimension with computabl€but notcomputablysomorphic)resentations
and andasubset of sud that with  noncomputable
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andc.e Moreovertherelation theris an
isomorphisnfrom to  which extendshemap is computable

Proof sketch. Our directedgraph  will consistof disjointcomponents  all
of onespecialtype. The graphwe denoteby is uniquely determinedoy the
set . It consistsof one -cycle andone -cycle for each
In addition,thereis oneelementof the -cycle, calledthetop of the graph,from
which thereis anedgeto oneelementof each -cycle for . This elemenif
the -cycleis calledthe codinglocationfor . For corveniencewe alsodenote
by . We build up our graphusingtwo operations, and . The sum
of two graphsis simply their disjoint union. The product, :
of two graphsof our specialform is gottenby taking disjoint copiesof and
andidentifying thetop elementgandthe associated-cycles)in eachof

the two graphs. For example and
. Notethat :

Ourplanisto construcourgraph together
with enumerationsf thesets sothat for (andindeedwe
guarante¢hat for every and ). Soclearly

isrigid.

Therequired will beasubsebf thecodingpointsin . We enumeratéwo
presentations and of as and eachisomorphico
andtheinterpretations (as )of in  sothat

is computablyenumerabléout not computable:As the constructionpro-
ceedswe enumerateghe elements of  soasto makethe setenumerated
noncomputabléy a standardliagonalizatiorprocedure.
is computableAs we enumerat@number into , we makesurethatthe
correspondinglement of  isanew largenumber Thus is enumerated
in increasingordet
is computable:
By theproceduralludedto above for choosingthe correspondingo a
given , thepairs areenumeratedh increasingorder
. Thisis guaranteedby the previousrequirementshat  is com-
putablebut is not. By therigidity of , thereis only oneisomorphisnfrom
to andit musttake to . If it werecomputablet wouldpreserethe
computabilityof theinterpretatiorof
Every computablepresentation of iscomputablyisomorphicto  or
Ourplanhereisto definemaps sothatateverystage of theconstructiorat

whichit still looksasif  mightbeisomorphicto IS amonomorphism
from into (for or ) andthat,attheendof stage , if we cannot
extendthe currentmap  thenwe switch so that is a monomorphism
from into . If, aftersomestage , we never switchour potential

isomorphisnthen is, in fact,thedesireccomputablesomorphism
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from to . Ontheotherhand,if we switchinfinitely often we guarantee
thatthereis a specialcomponent of  whichis notacomponenbf and
SO isnotisomorphicto

The crucial ideaneededor the constructionis how to diagonalizeto make

noncomputablavhile its isomorphicimage  remainscomputableandalso
maintaincontrol over the potentialisomorphism$etween and . Thediago-
nalizationproceduras basedon two symmetricoperations (left) and (right)
on sequencesf graphs

Definition 9.1 isthegraph

is thegraph

We applythe operationfor example,to agraph whosecomponentsn-
cludethe by remaving all the andinserting . We also
adoptthe corventionthat the elementsof the component  arethe sameones
in the correspondingubgraphn thecomponent of
while thoseelementsn the new graphcorrespondingo onesin of theorig-
inal grapharenew elementsn (with  for when ). This
cornventionis importantfor establishinggomputabilitypropertiesof thegraphe-
ing constructed.

We will applyan operationin the constructionto ) only whenwe also
applyan one(to ). We alsohave the correspondingorventionthatthe ele-
mentsof thecomponent arethesameonesin thecorrespondingraphin the
component of while thoseelementsn thenew graph
correspondingo onesin of theoriginalgrapharenew elementsn
(with  for when )

Thefollowing lemmais immediatefrom the definitions.

Lemma9.2 For any sequence of graphs, and
are isomorphicand extend . Moreovey if
hasthe as componentshenreplacingtheir sumwith or

producesdwo isomorphicgraphsead extending .

Theplanfor diagonalizations now easilydescribedTo makesurethat
, we choosenumbers and andinsertcopiesof and into
and . Fordefinitenesssaythat is the (numbermwnhichis) the codinglocation
for  in thesegraphs.We now wait for to corvergeto . If it never does
we do nothingandsowin as isnotin . If corvergesto atstage ,
we replacehecomponents and in and Dby and
, respectrely; put into  andits imagein into . The
crucial point hereis that, by our corventions,theimageof (asanelementof
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in in andsoin is a new large number
Thuswe diagonalizdor  butkeep computable.

The remainingissueis how to simultaneouslysatisfy the requirementghat,
if isomorphicto , is computablyisomorphicto  or . Considerthere-
quirementor asingle . Followingtheideadescribedibore, we choosea special
component of andmakeitsimagein the participaten infinitely mary of
the left andright operationgdonefor diagonalizations We have somedefinition
of expansionarstagethatmeasuregheextentof apossibleasomorphisnbetween

and . If thereareonly finitely mary suchexpansionarystageshen is not
isomorphidto  andno otheractionsarenecessarySosupposehereareinfinitely
mary expansionarstages.

At eachexpansionarstage wehaveamonomorphism from into and
components of  (for or ) correspondingo the specialcomponent

of . If we wishto diagonalizeata codinglocation in therangeof , we
wait for the next expansionarystage andperform and operationsn
and |, respectiely, onthe sequence . Here and

are eithernumberschosenin adwvancefor the requirementor or setsthat
have participatedn oneof thesetwo locationsin a previous operationfor . In
ary case,all of thesecomponentsarein therangeof = whenwe performthe
operationsSuppose mapped into . Thecrucialpointis thatwhenwe next
get an expansionarystageat andit is possibleto extend soasto keep
mappednto thenit is possibleto extend to beamapof into at .
Thekey ideahereis thateachcomponenin theoriginal sequencean“grow into”
only oneof two componentsn the final one,itself or the oneimmediatelyto its
left (or right dependingon whether or ). Thusif theimageof oneof the
componentgemainsfixed thenwe cansee(in the reverseorderof the operation
performed)thateachcomponentin turn remainsfixed asit hasno otherplaceto

go. In thiscasewe extend to still mapping into . If it is notpossible
tokeep mappednto thenwe change soasto define asamapfrom
into . This alsomeanghat is notthe samecomponenin  aswas

(or we could have keptit fixed). (Actually it is the componenthathadbeen

or dependingon the specificsof the situation.) We now guaranteeever
to usetheold componenin ary futureoperation.

The ultimateconsequencef sucha proceduras that,if we changeherange
of infinitely often, becomesnfinitein  but eachcomponent thatis a
potentialimageof in s involvedin only finitely mary operationsandsois
itself finite. Thus,in thiscase, is notisomorphicto . Ontheotherhand,if
actuallyisisomorphicto , we keepextending from somestageonwhile never
changingthe  to whichit maps . In this casewe arrangethe definition of
sothatif it eventuallymapsonto  andso determinegshe requiredcomputable
isomorphisnfrom to

We have, of course omittedsomeof the combinatoricq{particularlythe way
in which we extendthedomainof ) evenin thiscaseof one requirementThe
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full constructiorconsistof usinga moduleof this sortfor eachrequiremenbna
typical priority tree.Of coursethepreciseactionsfor adiagonalizatiomequire-
mentatanode (e.g.whichspecialcomponentfiave to gointo thesequencen
which the operationsare performedandin whatorderthey go onthislist) depend
on theoutcomeof nodes of higherpriority containedn  which aredevotedto
various . (Thechoicesherearewhetherthereareinfinitely mary expansionary
stageor notandif sowhethertherangeof isfixedas from somepointonor
we changet infinitely often.) Thedetailscanbefoundin Khoussaine andShore
[1998].

We take this opportunityto point out two correctionsthat shouldbe made
to the detailsof the generakonstructiorfoundin Khoussaine andShore[1998].
Thefirstis thatwhenaer oneapplies(or considersheapplicationof) anoperation
for anode toasequenceftheform

oneshouldinsteaduseits -transformwhich is definedto be the sequence

where list,
in order the suchthatthedesignatedsomorphisnfor the such
that at IS and list, in order the suchthat
the designatedsomorphisnfor the suchthat is

Theseconaconcernghe markingof numberswith thesymbols . No num-
bersshouldbe markedin Casel of the construction.As a result,condition1 in
Subcase?.1 shouldbe weakeneddy not requiring that the image of has
nonemptyintersectionwith if the designatedsomorphisnfor s or
with  if thedesignatedgsomorphisnfor is . Insteadthe markingtake
placeatthe endof eachstageof the constructiorasfollows:

At the end of stage we do someadditionalcancelationand marking.
Suppose isa recovery stage. If thereareary uncancelleccomponents
isomorphicto or for (and ) which, necessarilyhave not
participatedn ary operationwe cancelthemandappointnenv ones or

, respectrely. We now markall of the following with if they arenot
alreadysomarked:

1. Any cancelleccomponent.
2. Any componenassociateavith anode to theleft of

3. Any componenbf theform with

4. Any componentsf theform : or for

5. Any component®f theform or for :

6. Any componentsf theform if andthedesignatedsomorphism

for is or of theform if andthe designatedgsomorphism
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for is :
7.1f, at , we performedan operationon the -transformof a sequence
(andso ), then,
for ,wemark or if andit haspreviously participatedn
anoperationwe mark  if andthedesignatedgsomorphisnfor is
;wemark if andthedesignatedsomorphisnfor is ;

andwemarkboth and for

Thechangesieededn theverificationsto takeadwantageof thesecorrections
are straightforward. A completecorrectedversionof the papercanbe found at
http://math.cornell.edu/~shore/.
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