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A van Kampen diagram for
ba—lca lbchlcalblclbc1b—2acaclaiclaba.
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Define the intrinsic and extrinsic diameter of a van Kampen dia-
gram D by

IDiam(D) := max{ p(a, b) | vertices a, b of D}

EDiam(D) := max{d(r(a), 7(b)) | vertices a, b of D}
where

o = combinatorial metric on DY
d = word metric = combinatorial metric on the Cayley graph



P afinite presentation of agroup I'.

For edge-loops y in the Cayley 2-complex of # define

IDiam(y) := min{ IDiam(D) | D afilling of v}
EDiam(y) := min{ EDiam(D) | D afilling of v}

and for n € N define the resulting filling functions are

|Diam(n) :

max { IDiam(y) | edge-loopsy of length < n}

EDiam(n) := max{ EDiam(y) | edge-loopsy of length < n}



Question. Does measuring diameter in the Cayley (extrinsically)
and in van Kampen diagrams (intrinsically) give qualitatively dif-
ferent results?
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Question. Isthere afinite presentation for which
|Diam(n) # EDiam(n) ?
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Question. Isthere afinite presentation for which
|Diam(n) # EDiam(n) ?

Theorem. [Bridson, R.] Yes!



Theorem. [Bridson, R]
Ya > 0, there is afinite presentation for which

n“ EDiam(n) = O(IDiam(n)).

Our family of groups:
Yem = Dk *iy ['ms
amalgamated along an infinite cyclic subgroup (t).



Presentation of I'm
generators aj,...,am,o,t,7, T

relations o lamo =am; Vi<m o lao = aa,q
Vi [taj] = LILTL. T,
[7.amt], Vi<m, [z, §]

Presentation of @y

generators S1,...,S. .0 S51,....5.f,0 Dbt
relations t~1bs, = b3, s 1bt = b3, §1bg = b3

Vi<k, f- 13kf = f~ 1sf = §S+1, f‘lékf?@k, 151 = 5§54
g skg S 0 TS_10= S1,0” ék =
Vi<k-1, g 1sg = 5541,

g
Vi), [s,s)] =1, [§. 5] =
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['m-Diagramswith largeintrinsic diameter

generators aj,...,am,o. L7, T

relations o lanoc = am; Vi <m o lao = aa 1
V) [taj] = L[t TL[7 T,
[r,amt], Vi<m, [7,&]

['mm—diagrams such as
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have intrinsic diameter ~ n™ on account of the nested t-rings.
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Constructing a shortcut |

Therelations for @y include:
flgf =s¢ Vi<k flsf =554
0'Sg = S 9 TS-10 = -1
Vi<k-1, g7lsg=sS41
Vi# ], [s,sj]=1

These distort s to aword of length ~ nVK:

*

1

*

1

]c>x<V ,,f* g>x< L|_|-L|7 'g*
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Constructing a shortcut ||
Relations for @y includet~tbs, = b3, s~ 1bt = b3, §1bg = b3
t"" is distorted in @} to aword of length ~ n"K by afat diagram:

This diagram has IDiam ~ n™.



We get™ that Wy m has

~13

k|

EDiam(n) < amax|

and
n™ < IDiam(n),
and choosing k and m appropriately establishes:

Theorem. Ya > 0, there is afinite presentation # for which
n“ EDiamp(n) = O(IDiamp(n)).

roughly speaking
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Theorem. If £ isafinite presentation of the fundamental group I
of a closed connected smooth Riemannian manifold M then

IDiamp =~ IDiamy; and EDiamp =~ EDiamy.

Asall finitely presentable groups can be so realised, deduce —

Corollary. Ya > 0O, there exists a closed connected smooth Rie-
mannian manifold M such that

1% EDiamp (1) = O(IDiamy(1)).



