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Baumslag, 1972.  A finitely presented metabelian group with 
an infinite rank free abelian normal subgroup:
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Z , so    is metabelian but not polycyclic.!

!a, t" = Cm #Z

C2 � Z is the lamplighter group.
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tn (at! 1)2n atn! =
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Distance from     to a group element further than             from    is        . 6n + 1! > n1

– “unbounded dead-end depth” (ClearyÐTaback; Erschler) 
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ClearyÐR., 2007.   With respect to a suitable generating set,      
has unbounded dead-end depth.

Γ2

Ð the Þrst Þnitely presentable example
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Cm [t, t−1]               = ring of 
Laurent polynomials 
with coefÞcients in  Cm
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R m := Cm [t, t−1, (1 + t)−1]
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Horocyclic products of trees
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Bartholdi, Neuhauser, Woess
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Picture of a portion of the horocyclic product of two 3-valent 
trees by Tullia Dymarz  



SOL3(Fp(( t)) )Cp ! Z embeds as a cocompact lattice in                        .

SOL5(Fp((t)) )! p embeds as a cocompact lattice in                        .

pFor    prime,



! 2Grigorchuk, Linnell, Schick, Zuk.        is a counterexample to a 
strong version of the Atiyah Conjecture on     -Betti numbers.L 2

Bartholdi, Neuhauser, Woess
  Ð  Poisson boundary; random walks
  Ð  Finiteness properties 

Cleary.           is exponentially distorted in    .Z ! Z Γ



Dehn functions
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Area(n) := max {Area(w) | w = 1 , ! (w) ≤ n }

a quasiÐisometry invariant 
Ð in particular, invariant under passing to a subgroup of Þnite index.



KassabovÐR.  The Dehn function of     satisÞes                      .    ! Area(n) � 2n

de Cornulier, Tessera.  The Dehn function of        satisÞes                      .    ! m Area(n) ! n2

KassabovÐR.  The Dehn function of       satisÞes                      .    ! m Area(n) ! n4

Gromov. Cocompact lattices in                have Dehn function         . SOL5(R) � n2



Central extensions, distortion and Dehn functions
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Example.  Crazy proof that the Dehn function of       is           .! n2Z2
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an extension of     by                  .  ! H = !p, q" NOT CENTRAL!

But we can pass to indexÐ2 subgroups and get a genuine central extension:
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So the Dehn function of     is           .! 2n!

Conclusion.  In    ,!
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! 2nThis leads to                               .

From there, one can get that the Dehn function of     is         .   � 2n!

Our upper bound on the Dehn function of   !
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Our upper bound on the Dehn function of   Γ2
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!
a, atn

"
! n2 2n

at at 2

atat 2

1 1 1 10 0

1 1 1 1000

1 1 1 1 1 1 1 1

This is the beginning of a way to get a quartic upper bound on the 
Dehn function of       and similarly       .   ! 2 ! m


