
MATH 6510, Algebraic Topology, Spring 2017

Midterm 2, Due at the start of class 17 April, 8:40am

This midterm has two pages and six questions. You may typeset your solutions or write them
by hand, as you prefer. You are reminded to follow Cornell’s Academic Integrity Code and
that papers may be subject to submission for textual similarity review to Turnitin.com. Please
abide by the following statement, which you should reproduce and sign on your exam (‘our
textbooks’ refers to ‘Algebraic Topology’ by Hatcher and ‘Fundamentals of Algebraic Topology’
by Weintraub):

“This is all my own work. I have not consulted any books (apart from our textbooks),
web sites, on-line forums, people, or any other sources.”

1. (a) Show that the spaces S1 × S2 and S1 ∨ S2 ∨ S3 have isomorphic homology and
fundamental groups.

(b) Show that S1 × S2 and S1 ∨ S2 ∨ S3 are not homotopy equivalent. (Hint: consider
their universal covers.)

2. The degree of a homeomorphism f : Rm → Rm can be defined as the degree of the extension
of f to a homeomorphism of the one-point compactification Sm.

(a) Calculate the degree of the map g : Rn × Rn → Rn × Rn which interchanges the two
factors: g(u, v) = (v, u).

(b) Suppose n is odd and Rn is homeomorphic to X ×X for some space X. Let f be the
homeomorphism of Rn ×Rn = X ×X ×X ×X that cyclically permutes the factors:

f(x1, x2, x3, x4) = (x2, x3, x4, x1).

By considering the degree of f2, obtain a contradiction from which we can conclude
that Rn is not homeomorphic to a product X ×X.

3. Hatcher, page 165, question 1.

4. Read Example 2A.2 on page 168 of Hatcher. For the case where M is the closed orientable
surface of genus g = 2:

(a) Explain why α1, α2, β1, β2 represent the elements of a basis for H1(M).

(b) On a sketch of M draw a simple (that is, non-self intersecting) loop representing
α1 − α2.

(c) On a sketch of M draw a simple loop representing α1 + β1.

(d) Is there a simple closed loop representing 4α1 + 7β1?

5. Write down an explicit cocycle in C1(S1;Z) representing a generator of H1(S1;Z).

6. Formulate a research question related to our course that you would like to answer. Explain
your choice.

http://cuinfo.cornell.edu/aic.cfm
http://turnitin.com/


Notes and acknowledgments

In the context of Question 1, let me mention that there are also celebrate 3-manifold examples of
the same phenomenon. There is a family of 3-manifolds called lens spaces L(p, q) (Example 2.43
in Hatcher) that include pairs of examples that are not homeomorphic despite having the same
fundamental group and the same homology: specifically, in 1919 J.W. Alexander showed L(5, 1)
and L(5, 2) is such a pair.

I am aware that Question 5 goes beyond the material we have covered so far in class. Reading
ahead to be able to answer this question will give you a worthwhile head-start on the topic of
cohomology, which we will soon be studying.

For Question 6, you do not have to answer the question you formulate. Just pose a good question
whose answer is unknown to you, and does not have an obvious answer based on what you know
from the course.

Questions 1 and 2 are based on questions of Hatcher (but are not in his book). Question 6 is a
suggestion of Francis Su on an MAA blog.

https://maateachingtidbits.blogspot.com/2017/03/5-reflective-exam-questions-that-will.html

