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S|kC

slC Is the Lie algebra of complex k kK
traceless matrices.

It Is a simple algebra, of type Ax 1.

We can take as the Cartan subalgebra h the
diagonal subalgebra.

sl,C and gl, C differ very little:
gl,C=slkC CI:
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Roots

The dual h of the Cartan subalgebra can be
identi ed with

f(XyiX) 2 RS - xg+  + x¢ = 0g;

the hyperplane of R where the coordinates
sum up to zero.
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Roots

The dual h of the Cartan subalgebra can be
identi ed with

f(XyiX) 2 RS - xg+  + x¢ = 0g;

the hyperplane of R where the coordinates
sum up to zero.

With this identi cation, the 1S
=fe g :1 16] Ko:
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The roots are
+=fe ¢ 1 1<) Kkg:

The roots are

=feg e+ 1 1 k 1g:
We will denote ¢ €41 by .

There are k 1 simple roots and they form a
basis of h .
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“ Weights




Weights

The l o001 g are
de ned by
hi;!ji: ijZ

With the identi cation above, we have

1 : . . .
!i:Eq( i; K {E:::;k & })

| times kK | times

6/14



Weights

The l o001 g are
de ned by
hi;!ji: ijZ

With the identi cation above, we have

1 : . . .
!i:Eq( i; K {E:::;k & })

| times kK | times

The 1S rR=/2

6/14






of index K.




of index K.

(k 3) (k 1)):



The Weyl group

The IS the group generated by the
re ections with respect to the hyperplanes
through the origin with the roots as normals.
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The Weyl group

The IS the group generated by the
re ections with respect to the hyperplanes
through the origin with the roots as normals.

In the case of slyC, the re ection through the
hyperplane with normal ¢ g simply
Interchanges the ith and j th coordinates.

Thus the Weyl group for sl C is the

The lattices r and \y are invariant under
the action of the Weyl group.
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Representations

A representation of g is a vector space V with
a Lie algebra homomorphism :g ! gl(V).
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Representations

A representation of g is a vector space V with
a Lie algebra homomorphism :g ! gl(V).

Any representation V of a complex
semisimple Lie algebra g with Cartan
subalgebra h can be broken up into the

where
V =fv2V : (h) v= (h)v 8h2 hg:
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The representations of sl,C are

Indexed by , 1.e. weights
2 W such that 1 K-
The of In Isthe

dimension of the weight space V
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The representations of sl,C are

Indexed by , 1.e. weights
2 W such that 1 K-
The of In Isthe

dimension of the weight space V

The 'sforwhich V 6 0O are exactly those
for which

2w,
2 R,
2 cov(Sk ).
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Irreducible representations of slyC can be
lifted to irreducible
representations of gl, C.
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Irreducible representations of slyC can be
lifted to irreducible
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parts.
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Irreducible representations of slyC can be
lifted to irreducible
representations of gl, C.

Those are indexed by partitions with at most k
parts.

The character of the representation indexed
by Is the Schur symmetric function
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mposition
tity

K m :




The weight space decomposition
corresponds to the identity

X
5 = K m :
This means that
K =m ()
B J
where = —((1 1 1).

K
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Kostant's multiplicity formula

The IS the function
N X O
KW= (k)o , 2N +: k =v ;
2

l.e. K (V) Is the number of ways that v can be
written as a sum of positive roots.
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Kostant's multiplicity formula

The IS the function
n . X O
KW= (k)o , 2N +: k =v ;
20

l.e. K (V) Is the number of ways that v can be
written as a sum of positive roots.

Kostaxnt's multiplicity formula
R (™MK ((+ ) (+ )

AT
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