Notes on 2-Groups

Matt Noonan

April 17, 2006

1 Basic Definitions

1.1 Top-Down

The cocktail party definition of a 2-group is a “category where everything is a group”.
To unroll this definition, we first need a diagrammatic description of the axioms for

a category.
A small category C consists of a set O of “objects” and a set A of “arrows”, along

with the following functions:

1. To each object we can associate an “identity arrow”, so we have a map

0.4

2. There are two maps, called “source” and “target”, from A to O:

AT 0
t

3. There is a map called “composition” :
A A—5A
where A,x;A is the fibered product over s and ¢.
These functions must in turn satisfy certain relationships:
1. The identity arrow is a right inverse to both s and t:

sol=tol=1id



2. For all arrows a € A, we have

1(t(a)) o =aol(s(a)) =«

3. For all arrows f, g, h € A such that the composition (h o g) o f is well-defined,

is a commutative diagram.

Now if C is any category with fibered products, we can define a category inter-
nalized in C by replacing the word “set” in the definition of small category with the
phrase “object of C”, and the word “function” with “arrow in C”. This lets us write
a top-down definition of a 2-group.

Definition 1.1. A (strict) 2-group is a category internalized in Groups. In other
words, it is a category G such that

1. The objects of G form a group.
2. The arrows of G form a group.

3. The source, target, identity and composition maps are all homomorphisms.

1.2 Examples of 2-groups

Example 1.1. Let G be a group. We define the automorphism 2-group Autg as
follows: The objects of Autg are automorphisms of G, and there is an arrow

Pp—1)
whenever 1 = Ad(g) o ¢. Each arrow is determined uniquely by a pair (¢,g) €
Aut(G) x G corresponding to
o—Ad(g) 0 ¢
(though the group of arrows is generally not the direct product Aut(G) x G), and we
have



Example 1.2. Every group G is a 2-group such that the group of objects is just {1}.

Example 1.3. Let GG be a group. There is a unique 2-group K¢ such that the object
group is G and Hom(x, y) is a single arrow for all z,y € G. The arrow group of K¢ is
then the semidirect product G xaq G. An element (g,h) € G X g G determines the
arrow

h#gh

so we have

(92, ha) - (g1, h1) = (92h291h2_1, hahy)

s(g,h) =h
t(g.h) = gh
1(h) = (1, h)

(92791h1) o (91, h1) = (9291, h1)

Example 1.4. Let G—=H be a covering of Lie groups. We now construct the
covering 2-group Coverx .

The objects of Cover,x, are the points of H. There is one arrow from z to
y for each homotopy class of paths in G which project to paths from z to y in
H. Composition is concatenation of paths, and multiplication is done by choosing
representative curves, multiplying pointwise, and taking the resulting homotopy class.

Example 1.5. Suppose that G is a 2-group with object group G, and arrow group
G1, and H <Hom(1,1) < ;. Then there is a 2-group G/H with the same objects
as G and arrow group G;/H.

Example 1.6. If G is a 2-group as above, and H <Gy then there is a 2-group G with
Go = GO and
Homg(z,y) if x =y mod H

Hom, —
omg(2,4) {@ if © #y mod H

G has one connected component for each element of H.

2 The Exchange Law

Lemma 2.1. (Eckmann-Hilton argument): Let G be a set equipped with two products
-,0 such that G' forms a group under each. If -,0 share the same identity and satisfy
the exchange law

(@ob)-(cod)=(a-c)o(b-d)

then the two products coincide and are abelian.
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Proof. To show that the products coincide,

zoy=(x-1)o(l-y)=(xol)-(loy)=z-y

Once we know that the two products coincide, we also have

zoy=(l-z)o(y-1)=(loy)-(xol)=y-z=you
]

Now suppose that z,y, z, w are arrows in a 2-group G such that xoy and zow are
defined. Let us temporarily write composition in function notation, so fog = o(f, g).
The fibered product in Groups is given by

ArxyB ={(a,b) e Ax B: f(a)=g(b)} <AxB
so that fact that o is a homomorphism reads

(roy)-(zow) = o(x,y)-o(z
= o((z,9) - (=,
= oz-zy-w) =(r-2)o(y w)
In the case of 2-groups the Eckmann-Hilton argument does not apply since o and
- do not share an identity element. However, the subgroup Hom(1,1) < Gy does
have the same identity for both composition and multiplication. It must therefore be

abelian, and composition in Hom(1, 1) coincides with multiplication.
What’s more, the exchange law shows that if G is connected then Hom(1,1) is

actually a subgroup of the center Z(G1). First, note that if x € Hom(1,1) and 1i>g
then

fox=(f-1)o(l-2)=(fol)-(loz)=f 2
Now let f € Hom(1, —) be given. Then
fra-fh=(fox) (fol)=(f-f )o@ 1) =2z
soz € Z(Gy)!

2.1 Bottom-Up

There is a second way to define 2-groups which dates from the mid-20*" century study
of higher homotopy groups. In this context, 2-groups go by the name of “crossed
modules”. The equivalence of the two definitions of 2-group will be proven in the
next section.



Definition 2.1. A crossed module is a pair of groups K, H with an action
H-"5 Aut(K)

and a homomorphism
to

K—H

such that ¢y intertwines o and the adjoint action on H:

K

Tk
Ad(h
I ()

- = H

and satisfies the Peiffer identity
K \
H—— Aut(K)

Example 2.1. Let G be any group, and set K = G, H = Aut(G) with a(¢) = ¢ and
to = Ad. ty is an intertwiner since for any ¢ € H

to(c(9)(9))(g) = to(0(9))(g") = ¢(9) - ¢" - ¢(g7)
and
Ad(o)(to(9))(g) =dlg-o(g") - g7 ) =d(9) - g - d(g™")
The Peiffer identity holds since

a(to(9))(9') = to(9)(g") = Ad(g)(g")

Example 2.2. Let K = H = G for some group G, and set a = Ad, tg = id. This
corresponds to the 2-group with exactly one arrow between any two objects described
in the last section. The intertwining property is immediate, and the Peiffer identity

reads:
a(to(9))(g") = Ad(to(9))(¢") = Ad(g)(9")

Example 2.3. The notion of a crossed module came out of MacLane and Whitehead’s
study of the the relative homotopy group m2(X,Y). Recall that if Y C X is a sub-
complex then there is a long exact homotopy sequence

L — WQ(X,Y)inrl(Y) —m(X) —mX,)Y) —
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If S € m(X,Y), 0(S) is just the loop in Y obtained by forgetting the 2-cell in S.
m1(Y) acts on me(X,Y) by adding a “tail”.

We can now make a crossed module (mo(X,Y), 71(Y), 0, “add a tail”). The inter-
twining property is again immediate, and the Peiffer identity is

a(052)(51) = Ad(52)(51)

which holds because the 2-cell part of S, cancels with the 2-cell part of Sy ', leaving
only the action of the curve S, MY on §j.

We conclude this section with two lemmas about the structure of crossed modules.
Lemma 2.2. Given a crossed module (K, H,a,ty), there is a unique way to extend

to to the semidirect product

G=Kx,H

such that the extension t acts as the identity on H and as ty on K.

Proof. Define the extension G—H by

t(g,h) =to(g) - h

Then ¢ is a homomorphism:

t((g2,h2) - (91, h1)) = t((g2 - a(h2)(g1), hah1)

(92 - a(h2)(g1)) - haha
(92) - to(a(h2)(g1)) - haha
= to(ga)hato(g1)hy" - hahy

= t(g2, ha) - t(g1, h1)

where the second-to-last equation follows from the intertwining property of ¢,. [

= 1y

=

Lemma 2.3. If (K, H,a,ty) is a crossed module, then K = N @& A for some abelian
group A and some normal subgroup N < H.

Proof. First, let N = to(K') be the image of tg. Then N <1 H since, by the intertwining
property,
hto(g)h™" = to(a(h)(9))
Now the lemma amounts to showing that there is a central subgroup A < K with
K/A= N. Let A< K be the kernel of 3. Then by the Peiffer identity, for all g € K

la,g] = Ad(a)(g) - g ' = alte(a))(g)-g ' =g-g7" =1



2.2 Equivalence

We begin with the top-down definition of a 2-group and derive the bottom-up def-
inition. Throughout G will be our 2-group, with object group Gy and arrow group
G-

Lemma 2.4. Let H be the set of objects in Gy connected to 1. Then H < Gj.

Proof. To see that H is a subgroup, fix two elements hq, hy € H. Since these elements
are connected to 1, we can find arrows vy, 1, with sources at 1 and targets hq, hs
repsectively. Then we have

s(Y1-hp) =1
Zf(qﬂl : wZ) = hl : h2
and
tyr') =hy'

so H is closed under multiplication and inversion.
To see that H is normal, fix an element h € H. As before, choose a 1 € GGy such
that s(¢) = 1 and t(¢p) = h. If 0 € Gy is arbitrary, we compute

s(Ly--1;) =o0-5(¢) -0 =1
and
t(1, - -1, = oho™*
Since 1, -1 - 1,1 connects oho™! to the identity, H is normal in Gy. O]

To simplify the presentation, for the rest of this section we will assume that the
2-group is connected in the sense that H = GY.

To construct the crossed module associated to a 2-group, begin by considering
the subgroup K = Hom(1,—) < G; of arrows out of 1. This gives the split exact
sequence

1 K G —=H 1

~_—
1

presenting (7 as a semidirect product

GlzKNaH

for the action « = Adol : H — Aut(K). The target map ¢, is obviously just ¢
restricted to K.

Theorem 2.5. The quadruple (K, H,t,«) is a crossed module.



Proof. We begin by proving the Peiffer identity. Let g;,92 € K be arbitrary, and

consider the arrows

e
YaEy

We can compute this 2-group element in two different ways, which are identified by
the exchange law:

((1,t(g2)) 0 (92, 1)) - ((91,1) 0 (1,1)) = (g2,1) - (g1, 1) = (g2 - g1, 1)
((1,t(g2) - (91, 1)) © ((92,1) - (1,1)) = (a(t(g2))(91) - g2, 1)

which implies the Peiffer identity

a(t(g2))(g1) = Ad(g2)(91)

The intertwining property of @« = Ad o1 is more elementary. Let h € H and
g € K be given. Then

t(a(h)(g)) =t - g-1;") = Ad(t(1n))t(g9) = Ad(h)t(g)
since the target of 1, is just h. This completes the proof. O]

Now we reverse the argument to construct a 2-group from a crossed module.
Again, assume that the crossed module (K, H, ty, ) is connected (that is, ¢y is sur-
jective). Define G; = K x, H, Gy = H, and for any (g, h) € G4

s(g,h) = h
t(g,h) = to(g)-h
1, = (L,h)

(92,t(g1) - h) o (g1,h) = (g2-91,h)



Theorem 2.6. The data given above defines a 2-group.

Proof. We proved that ¢ is a homomorphism in the last section, so all that remains
is to prove that o is a homomorphism and check the axioms of a category.

To see that o is a homomorphism, it is enough to check that the exchange law
holds. Pick ¢1,...,gs, h1, and hy arbitrary and compute

((94,t(g2)h2) © (g2, h2)) - (g3, t(g1)h1) 0 (91, h1)) = (gaga, ha) - (g3g1, In)
= (9492 - a(h2)(g391), hah1)

((94,t(g2)h2) - (gs,t(91)h1)) © ((g2, h2) - (91, 7)) =
(gace(t(g2)h2)(g3), t(g2)hat(g1)hi) o (g2cx(h2)(g1), hah1)
= (92920(ha)(93)95 " - gacr(h2)(g1), haln)
= (9492 - a(h2)(g3g1), hahi)

where the second-to-last equality is an application of the Peiffer identity. This verifies
the exchange law, so o is a homomorphism G14x,Gy =G4,
Now we verify the category axioms. 1 is a right identity for s and ¢ since
s(L(h)) = s(1,h)=h
HL(R) = t(1,h) = to(1) - h=h

Next, let us verify that 1 acts as an identity for composition. If (g,h) € Gy is
arbitrary,

(g,h) o1(s(g,h)) = (g,h) o (1,h) = (g,h)
1(t(g,h)) o (g9,h) = (1,t(g) - h) o (9,h) = (g, h)

Finally, verify the associativity of o:

<(g3at(9291) ~h)o <(927t(91)h) o (917h)>> = ((g3,t(g201) - h) © (9291, b)) = (939291, h)

(((937“9291) “h)o (927t(91)h)> o (g1, h)) = ((g392.t(g1) - h) © (g1, h)) = (939291, )

[]

This completes the proof that “categories internal to Groups” and “crossed mod-
ules” are identical, at least in the connected case. The non-connected case is almost
identical, but there is an extra action of the group of components on Hom(1,1) to
account for.



