
Homework 11: Math 6710 Fall 2012

Due in class on Thursday, November 8.

1. (a) Durrett Exercise 5.2.14: Dubins’s inequality. If Xn is a nonnegative supermartingale, and U is
the number of upcrossings of the interval [a, b], show that P (U ≥ k) ≤ (a/b)kE[min(X0/a, 1)].
See Durrett for an outline.

(b) Using Dubins’s inequality, conclude that P (U < ∞) = 1 and hence (following an argument from
class) that Xn converges almost surely. This gives an alternate proof of the convergence theorem
for nonnegative supermartingales.

2. (a) Let Xi be an independent (but not identically distributed) sequence of L2 random variables with
E[Xi] = 0. Suppose that

∑∞
i=1 Var(Xi) < ∞. Use the martingale convergence theorem to show

that
∑∞

i=1 Xi converges almost surely. Then show it also converges in L2. (This is sometimes
called the Kolmogorov convergence criterion and a different proof appears in Durrett as Theorem
2.5.3, as part of a proof of the strong law of large numbers.)

(b) Let ξ1, ξ2, . . . be an iid sequence with P (ξn = 1) = P (ξn = −1) = 1
2 (fair coin flips). Show that∑∞

n=1
ξn

n converges almost surely.
Remark: Recall that the harmonic series

∑∞
n=1

1
n = 1 + 1

2 + 1
3 + 1

4 + . . . diverges, while the

alternating harmonic series
∑∞

n=1
(−1)n+1

n = 1− 1
2 + 1

3−
1
4 +. . . converges (to ln 2). Although it may

seem like the conditional convergence that occurs in the latter case is pretty delicate, this problem
shows that if you choose signs at random, you’ll get convergence unless you are really unlucky. For
further reading on the random harmonic series, see B. Schmuland, “Random Harmonic Series,”
American Mathematical Monthly 110(5) pp. 407–416. May 2003, also available at http:
//www.stat.ualberta.ca/people/schmu/preprints/rhs.pdf.
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3. Let Sn be simple random walk (i.e. Sn = ξ1 + · · · + ξn where P (ξi = 1) = P (ξi = −1) = 1/2, and
Fn = σ(ξ1, . . . , ξn)). For an integer a, let τa = inf{n : Sn = a}.

(a) Show that Mn = S2
n − n is a martingale.

(b) We argued in class that τa < ∞ almost surely. Show that E[τa] = ∞. (Outline: By considering
E[Mn∧τa ], show that E[S2

n∧τa
] ≤ E[τa]. If E[τa] < ∞ then argue that {Sn∧τa} would be uniformly

integrable. Obtain a contradiction.)
(This says that simple random walk is null recurrent: it eventually reaches any point, but may
take a very long time to do so. As a more encouraging application, suppose you are betting on fair
coin flips in a casino, and intend to continue playing until your fortune drops to a < 0; recurrence
says you’ll eventually be ruined, but null recurrence says on average you’ll be served infinitely
many complimentary cocktails in the meantime.)

(c) Let −a < 0 < b, and let τ = τa∧ τb be the first time you hit either −a or b. Use optional stopping
on Mn to compute E[τ ]. (Be careful not to assume that E[τ ] < ∞. You may wish to recall our
computation from class that P (Sτ = −a) = b

a+b .)

4. (Durrett 5.2.9) Let ξ1, ξ2, . . . be nonnegative iid random variables with E[ξi] = 1, and suppose that
P (ξi = 1) < 1 (i.e. they are not constant). Set Xn =

∏n
i=1 ξi.

(a) Show that Xn is a martingale and conclude that Xn converges almost surely to some random
variable X.

(b) To determine what X is, show that E[
√

ξi] < 1 (hint: φ(x) = x2 is strictly convex) and hence
E[
√

Xn] → 0. Conclude that X = 0.

(c) (Bonus problem) For an alternative proof, use the strong law of large numbers to show 1
n lnXn →

E[ln ξi] < 0 (hint: φ(x) = ex is strictly convex). (Note that E[ln ξi] < +∞ but we could have
E[ln ξi] = −∞; handling this case needs a little extra work.)

Note this shows that although we know expectations of finite products of independent random variables
factor, i.e. E [

∏n
i=1 ξi] =

∏n
i=1 Eξi, this does not carry over to infinite products.

Interpretation: suppose ξi is the amount of money you end up with after betting $1 on a game.
E[ξi] = 1 so the game is fair. The strategy described by Xn is to start with $1 and bet your entire
stake on every play. We’ve shown that this strategy will cause you to go broke in the long run. (This
is obvious when P (ξi = 0) > 0, but we are not assuming this.)

2


