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1. Introduction

In my research, I study symplectic manifolds and Hamiltonian group actions. A
manifold M2n is symplectic if M has a closed, non-degenerate 2-form ω ∈ Ω2(M).
The classical example, which arises quite naturally in physics, is the cotangent bundle
T ∗X of a manifold X. The manifold X can be thought of as the possible positions of
particles in a physical system, and the cotangent bundle T ∗X is the phase space: all
the possible positions and momenta.

Symplectic geometry, unlike Riemannian geometry, is a study of global rather than
local properties. This is seen through the theorem of Darboux, which says that every
point in a symplectic manifold has a neighborhood isomorphic to a neighborhood of 0
in Cn.

The notion of a Hamiltonian torus action also comes from physics. Every symmetry
of a physical system X has a corresponding conserved quantity, such as angular mo-
mentum. This conserved quantity is a real-valued function H on the phase space T ∗X
called the Hamiltonian. We can use the (non-degenerate) symplectic form to turn the
differential of H into a vector field, and this provides a flow on the manifold. When
this flow is periodic, it gives rise to a (Hamiltonian) circle action on the symplectic
manifold T ∗X.

For any symplectic manifold M let Symp(M) denote the group of diffeomorphisms
of M that preserve ω. Any homomorphism S1 → Symp(M) generates a vector field ξ
on M . The homomorphism is a Hamiltonian circle action if there exists a function
H : M → R satisfying the differential equation

ω(ξ, ·) = dH(·).

This implies that the function H is preserved by the group action. The prototypical
example is the angular momentum of the physical system, and in general the function
H is called the momentum map. The action of a compact torus T ∼= (S1)k given
by a homomorphism T → Symp(M) is Hamiltonian if each circle S1 ↪→ T acts in
a Hamiltonian fashion. If additionally the dimension of the torus acting is half of the
dimension of the manifold, we call such an action toric. The notion of Hamiltonian
action can be further generalized to the actions of a non-abelian group G. In this case,
the momentum map is an equivariant map M → g∗ from the manifold to the dual of
the Lie algebra of the group G.
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The first example of a Hamiltonian action is a circle acting on a 2-sphere by rotation
about the z-axis. This fixes the north and south poles, and the momentum map is
simply given by the z coordinate (the height function).

An important class of examples of symplectic manifolds is given by coadjoint orbits
of Lie groups. A Lie group G acts on g∗, the dual of its Lie algebra, through the
coadjoint action. Each orbit O of the coadjoint action is naturally equipped with the
Kostant-Kirillov symplectic form. For example, when G = U(n) the group of (complex)
unitary matrices, a coadjoint orbit can be identified with the set of Hermitian matrices
with a fixed set of eigenvalues. The action of G on an orbit O is Hamiltonian, and the
momentum map is just inclusion O ↪→ g∗.

The Thimm trick allows us to construct new actions on a coadjoint orbit. Let
M ⊂ g∗ denote the orbit and k be the rank of the group G. Consider a sequence of
subgroups G = Gk ⊃ Gk−1 ⊃ . . . ⊃ G1. Inclusion of Gj into G gives an action of Gj on
M . This action is Hamiltonian with momentum map Φj, where Φj is the composition
of the G-momentum map Φ and a projection pj : g∗ → g∗j . Choose maximal tori and
positive Weyl chambers for each group Gj in the sequence. Every Gj orbit intersects
the positive Weyl chamber (tGj

)∗+ exactly once. This defines a continuous (but not
everywhere smooth) map sj : g∗j → (tGj

)∗+. Let µj denote the composition sj ◦ Φj:
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As an example, consider the case of G = U(n) ⊃ U(n − 1) ⊃ . . . ⊃ U(1) and the
standard choices of maximal tori and positive Weyl chambers (described in detail in
[P2]). Then the function µj sends a Hermitian matrix A to a sequence of eigenvalues
of its j × j top left submatrix, ordered in a non-increasing way. Due to this ordering,
the function µj is not smooth on the whole orbit. (The singularities may occur when
eigenvalues coincide.) There is, however, an open dense subset of M where the function
µj is smooth. On this set, the differential of µj gives rise to a vector field which
integrates to an action of the maximal torus Tj of Gj. Combining these actions of Tj

for j = 2, . . . , k we obtain the action of a torus of dimension N = 2+ . . .+k, called the
Gelfand-Tsetlin torus action. The functions µj are called the Gelfand-Tsetlin
functions([GS], [K]). Exploiting the symmetries coming from this action, one can
obtain information about the manifold and its invariants.

2. Current Research

2.1. Equivariant Cohomology. One of the fundamental invariants for manifolds
with group actions is the equivariant cohomology ring. In some sense, it is a gen-
eralization of the cohomology of the quotient space M/G. If a compact Lie group G
acts on a manifold M freely, then the equivariant cohomology ring H∗

G(M ; R) (with
coefficients in a ring R) is exactly H∗(M/G; R), the singular cohomology ring of the
orbit space. If the action is not free, one considers a product of M with a contractible
space EG equipped with a free G action (it is a nontrivial fact that such a space exists
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for any group G and is well defined up to homotopy). Then the diagonal action of G
on M × EG is free and one defines H∗

G(M ; R) to be the singular cohomology ring of
H∗( (M × EG)/G; R).

In the case of Hamiltonian torus actions, a theorem of Kirwan states that the inclu-
sion of the fixed points induces an injective map in equivariant cohomology, [Ki]. If
there are d isolated fixed points we obtain an inclusion

H∗
T (M ; R) ↪→ H∗

T (MT ; R) = ⊕d
j=1R[x1, . . . , xn],

where n is the dimension of the torus acting. Thus one can describe H∗
T (M ; R) as a

subring of ⊕d
j=1R[x1, . . . , xn]. The presentation is especially nice for GKM actions. We

call T action on M a GKM action if the set of zero dimensional orbits in the orbit
space M/T is zero dimensional and the set of one dimensional orbits in M/T is one
dimensional ([GKM], [T],[TW2]).

Kirwan also found a different presentation of the equivariant cohomology ring for the
Hamiltonian torus actions. Using Morse theory for the components of the momentum
map for this action, Kirwan constructed equivariant cohomology classes that form a
basis for the integral equivariant cohomology ring of M , [Ki].

In [P1] I used the Kirwan’s generating classes to give necessary and sufficient condi-
tions for f = (f1, . . . , fd) ∈ ⊕d

j=1Q[x1, . . . , xn] = H∗
T (MT ; Q) to be in the image of the

inclusion H∗
T (M ; Q) ↪→ H∗

T (MT ; Q), i.e. to represent an equivariant cohomology class
of M . In the case of circle actions, this result is also valid for integral coefficients. The
proof is motivated by the techniques from [GH], [TW1].

This algorithm is extremely useful if we are given a GKM action of a torus T and a
subtorus K ↪→ T which acts not in a GKM fashion. The relations describing the image
of H∗

T (M) in H∗
T (MT ) (i.e. the GKM relations) will not induce all the relations needed

to describe the image of H∗
K(M) in H∗

K(MK). On the other hand, Kirwan’s generating
classes for H∗

K(M) can be easily obtained from generating classes of H∗
T (M). (These

classes are calculated using a simple algorithm, since the T action is GKM.) Kirwan’s
generating classes for H∗

K(M) together with my algorithm produce the description of
H∗

K(M) as a subring of H∗
K(MK).

2.2. Gromov width. Non-degeneracy of the symplectic form ω on M2n implies that
ω∧n is a volume form. Therefore every symplectomorphism is volume preserving. How-
ever, preserving the symplectic form is a much stronger condition than just preserving
the volume. In 1985, Mikhail Gromov proved the nonsqueezing theorem which is one
of the foundational results in the modern theory of symplectic invariants. The theorem
says that a ball of radius r (with standard symplectic structure) cannot be symplecti-
cally embedded into the infinite cylinder D2(1)× R2n−2 unless r ≤ 1. This motivated
the definition of the invariant called the Gromov width. This quantity is defined to
be the supremum of the set of a’s such that a ball of capacity a:

B2n
a =

{
z ∈ Cn

∣∣∣ π

n∑
i=1

|zi|2 < a
}

can be symplectically embedded in (M2n, ω). In [P2] and [P3] I proved the following
theorem.
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Theorem 2.1. Let G be U(m) or SO(m) with the maximal torus T . Let Oλ ⊂ g∗

be an orbit of the coadjoint G action through a point λ in the open cell of a positive
Weyl chamber (i.e. Oλ is a regular orbit). Then the Gromov width of Oλ is at least
the minimum

min{ |〈α∨, λ〉| ; α∨ a coroot}.

In the case of U(m) and SO(2m + 1), this theorem can be strengthened to cover a
class of orbits that are not regular (then one needs to take the minimum only over the
positive numbers in the above set; see [P2], [P3]). Although there is no group action
involved in the question of finding the Gromov width of M , it can be extremely helpful
to equip M with some Hamiltonian torus action. Karshon and Tolman in [KT] use
a Hamiltonian torus action to define a subset of M , centered around the image of a
fixed point under the momentum map. They prove that this subset is equivariantly
diffeomorphic to a certain easy to understand subset of Cn. Using this diffeomorphism
one can construct explicit symplectic embeddings of balls and therefore obtain a lower
bound for Gromov width.

This technique, applied to the standard action of the maximal torus T on a coadjoint
orbit Oλ, was used by Zoghi in [Z] to find a lower bound for Gromov width of regular
U(m) coadjoint orbits. I applied the theorem of Karshon and Tolman to the action
coming from the Gelfand-Tsetlin system. This allowed me to reprove the result of
Zoghi and extend it to regular SO(m) coadjoint orbits and a class of non-regular U(m)
and SO(2m + 1) orbits.

This particular lower bound is important for the following reasons. Assuming some
additional integrality conditions, Zoghi in [Z] proved that the above value is the up-
per bound for Gromov width. An orbit satisfying these integrality conditions is called
indecomposable. He also proved a similar upper bound for Gromov width of reg-
ular, indecomposable coadjoint orbits of other simple compact Lie groups. Together
with my Theorem 2.1 this shows that regular, indecomposable SO(m) or U(m) coad-
joint orbits have Gromov width exactly equal to the min{ |〈α∨, λ〉| ; α∨ a coroot}. The
same formula for Gromov width holds for complex Grassmannians ([KT]), which are a
class of non-regular U(n) coadjoint oribts. Currently, Alexander Caviedes is extending
the result about upper bound for Gromov width to other partial flag manifolds with
monotone symplectic form (preprint not available yet).

The result for SO(2m + 1) orbits is especially important. The root system for
SO(2m + 1) is non-simply laced, i.e. the roots have different Euclidean lengths. Ap-
plying the theorem of Karshon and Tolman to the standard action of the maximal torus
of SO(2m + 1) gives a lower bound that is smaller than the one claimed in Theorem
2.1. This observation is explained in detail in the Appendix of [P3].

3. Future work

3.1. Displaceable sets. In symplectic geometry one can observe an interesting phe-
nomena on rigidity of intersections. Certain submanifolds are forced to intersect each
other in more points than an argument from algebraic or differential topology would
predict ([B]).
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A submanifold L of M is called Lagrangian if the restriction ω|L is identically zero
and L has dimension n = 1

2
dim M . A question of great importance in current symplec-

tic geometry is whether a Lagrangian L1 can be made disjoint from a Lagrangian L2

by the means of Hamiltonian diffeomorphism. When it can, we call the pair (L1, L2)
displaceable. One may ask if given Lagrangian L is displaceable from itself. These
questions are closely related to Lagrangian Floer theory. Lagrangian Floer homology
assigns to a pair of (transversally intersecting) Lagrangians L1, L2 ⊂ M a Z2 vector
space HF (L1, L2). The rank of HF (L1, L2) gives a lower bound on the number of
intersection points of any Lagrangians L̃1 and L̃2 Hamiltonian isotopic to L1 and L2.
Therefore a displaceable Lagrangian L satisfies HF (L, L) = 0.

Hamiltonian torus actions have interesting applications in answering this question.
Components of the momentum map of a Hamiltonian torus action form a finite di-
mensional Poisson-commutative subspace of C∞(M). Entov and Polterovich proved in
[EP] that for any such subspace of C∞(M), there is at least one non-displaceable fiber.
(The technical hypothesis for this theorem is that M needs to be rational and strongly
semi-positive.) In the case of toric actions, fibers of the momentum map are isotropic
submanifolds. Moreover, fibers mapped to the interior points of the momentum map
image have dimension n, while the dimension of the fibers mapped to the boundary
points is less than n. If the dimension of an isotropic submanifold is less than n, then
the fiber is displaceable. The method of probes developed by McDuff in [MD] allows to
displace many fibers of dimension n (i.e. Lagrangian submanifolds) and narrows down
the search of non-displaceable fibers.

I am currently working on using the Gelfand-Tsetlin system to find non-displaceable
Lagrangians in the coadjoint orbits of U(m). The main idea is the following. Apply
the theorem of Entov and Polterovich to the subspace of C∞(M) obtained from the
Gelfand-Tsetlin system to deduce the existence of a non-displaceable fiber. Then use
McDuff’s method of probes to displace some fibers of the momentum map. This
narrows down the search of non-displaceable fibers to a significantly smaller collection
of fibers. In the case m = 3, this collection has only two fibers.

3.2. Further work on Gromov width. There are also two projects related to Gro-
mov width that I plan to investigate in the near future.

It seems to be more than a coincidence that for a large class of the coadjoint orbits
(simply laced or not, regular or not) their Gromov width is exactly given by the

min{ |〈α∨, λ〉| ; α∨ a coroot and |〈α∨, λ〉| 6= 0}.
There is not enough evidence to conjecture that this formula will work in general,
but there is enough to motivate further analysis. In particular, not much is known
about the Gromov width of orbits that are non-regular. Karshon and Tolman in [KT]
calculated the Gromov width of Grassmannians. My theorem covers only a class of
non-regular orbits. The question remains open for other not regular orbits. The reason
why my methods do not work for all non-regular orbits is that the Gelfand-Tsetlin
functions are not everywhere smooth. For some non-regular orbits the set of points
where they are smooth does not contain any fixed point. If this is the case, I cannot
find a centered region and apply Karshon and Tolman’s theorem. The momentum
map for the coadjoint action of the maximal torus of G is smooth on the whole orbit,
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but this torus is of dimension smaller than half of the dimension of the orbit. The
theorem of Karshon and Tolman still applies, but finding a centered region can now be
a complicated problem in combinatorics. I want to investigate this problem and hope
to prove a similar lower bound for a wider class of non-regular coadjoint orbits.

Another project is to investigate the Gromov width for the coadjoint orbits of
the symplectic group. I hope to prove that the lower bound is also given by the
min{ |〈α∨, λ〉| ; α∨ a coroot}. In the case of symplectic group, the Gelfand-Tsetlin sys-
tem is not completely integrable. The induced action is smooth on a dense open set,
but it is no longer toric. We may still apply Karshon and Tolman’s theorem, but in
general it is much more difficult to identify the centered region for an action that is
not toric.
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