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This is a crowded �eld.

There are results of Farb, Franks, Ghys, Liousse, Margulis,Plante,
Shalen, Thurston and others about how smoothness of maps and
\of the group" may restrict the possibilities of these subgroups.

Some of these results are given as (Tits-like) alternative theorems
and this is the pattern we followed too.
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Let Homeo(S1) be the group of orientation-preserving
homeomorphisms of the unit circleS1.

Givenf 2 Homeo(S1), a lift F of f is a mapF : R ! R such that

for all x 2 R; F(x + 1) = F(x) + 1, and

f (x) = F(x) (mod 1).
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De�nition

Givenf 2 Homeo(S1), let F : R ! R be one of its lifts. We de�ne
the rotation number of f to be

rot (f ) = lim
n!1

Fn(x)
n

(mod 1) (it exists!)

The limit is independent of the choice ofx and of the lift.
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Theorem (Poincar�e)

Let f 2 Homeo(S1). Then f has a periodic orbit of length q if and
only if rot(f ) = p=q 2 Q=Z.
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Poincar�e and Denjoy's Theorems

Theorem (Poincar�e)

Let f 2 Homeo(S1). Then f has a periodic orbit of length q if and
only if rot(f ) = p=q 2 Q=Z.

Theorem (Denjoy)

Let f 2 Homeo(S1) be a piecewise-linear map.
If rot (f ) is irrational, then f is conjugate to a rotation by an
element in Homeo(S1),
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Theorem (Ping-Pong)

Let G be a group of permutations on a set X . Let g1 and g2 be
elements of G. If there are non-empty, disjoint sets X1 and X2

contained in X , where for all n6= 0 and i 6= j, we have Xi gn
j � Xj ,

then hg1; g2i � G is isomorphic to a free group on two generators.

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems
De�nition and Tools

Ping-Pong Lemma

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems
De�nition and Tools

Ping-Pong Lemma

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Groups without non-Abelian Free Subgroups
Corollaries and Margulis' Theorem

Groups without non-Abelian Free Subgroups

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Groups without non-Abelian Free Subgroups
Corollaries and Margulis' Theorem

Groups without non-Abelian Free Subgroups

Theorem (BKM)

Suppose G� Homeo(S1) has no non-abelian free subgroups and
de�ne

G0 = f g 2 G jFix(g) 6= ;g :

Then
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Theorem (BKM)

Suppose G� Homeo(S1) has no non-abelian free subgroups and
de�ne

G0 = f g 2 G jFix(g) 6= ;g :

Then

The map rot : G ! R=Z is a homomorphism,
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Groups without non-Abelian Free Subgroups

Theorem (BKM)

Suppose G� Homeo(S1) has no non-abelian free subgroups and
de�ne

G0 = f g 2 G jFix(g) 6= ;g :

Then

The map rot : G ! R=Z is a homomorphism,

ker(rot ) = G0,

G=G0
�= rot (G) � R=Z.
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Lemma
G0 is a normal subgroup of G, and

G0 admits a global �xed point (by compactness of S1).
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Idea of the Proof

Le f ; g 2 Homeo(S1). Rewrite the product

(fg)n = f ngnhn

with hn product of commutators. Sincehn 2 G0, we can ignore it.

Let F; G be lifts for f ; g and s 2 Fix(G0). Then

Fn(s) + Gn(s) � s � 2 � FnGn(s) � Fn(s) + Gn(s) � s + 1

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Groups without non-Abelian Free Subgroups
Corollaries and Margulis' Theorem

Idea of the Proof

Le f ; g 2 Homeo(S1). Rewrite the product

(fg)n = f ngnhn

with hn product of commutators. Sincehn 2 G0, we can ignore it.

Let F; G be lifts for f ; g and s 2 Fix(G0). Then

Fn(s) + Gn(s) � s � 2 � FnGn(s) � Fn(s) + Gn(s) � s + 1

Now divide byn, send it to 1 and get
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Idea of the Proof

Le f ; g 2 Homeo(S1). Rewrite the product

(fg)n = f ngnhn

with hn product of commutators. Sincehn 2 G0, we can ignore it.

Let F; G be lifts for f ; g and s 2 Fix(G0). Then

Fn(s) + Gn(s) � s � 2 � FnGn(s) � Fn(s) + Gn(s) � s + 1

Now divide byn, send it to 1 and get

rot (fg) = rot (f ) + rot (g):�

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Groups without non-Abelian Free Subgroups
Corollaries and Margulis' Theorem

Applications

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Groups without non-Abelian Free Subgroups
Corollaries and Margulis' Theorem

Applications

Theorem (Margulis)

Suppose G admits no non-abelian free subgroups. Then there is a
G-invariant probability measure on S1.
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Corollaries and Margulis' Theorem

Applications

Theorem (Margulis)

Suppose G admits no non-abelian free subgroups. Then there is a
G-invariant probability measure on S1.

Proof: Let s 2 Fix(G0) and sG be the orbit underG.
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Theorem (Margulis)

Suppose G admits no non-abelian free subgroups. Then there is a
G-invariant probability measure on S1.

Proof: Let s 2 Fix(G0) and sG be the orbit underG.

If g(s); h(s) 2 sG and rot (g) < rot (h), de�ne
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G-invariant probability measure on S1.

Proof: Let s 2 Fix(G0) and sG be the orbit underG.

If g(s); h(s) 2 sG and rot (g) < rot (h), de�ne
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Theorem (Margulis)

Suppose G admits no non-abelian free subgroups. Then there is a
G-invariant probability measure on S1.

Proof: Let s 2 Fix(G0) and sG be the orbit underG.

If g(s); h(s) 2 sG and rot (g) < rot (h), de�ne

� ((g(s); h(s)]) = rot (h) � rot (g)

� extends to aG-invariant measure on the Cantor setsG.
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Structure and Embedding Theorems

Groups without non-Abelian Free Subgroups
Corollaries and Margulis' Theorem

Applications

Theorem (Margulis)

Suppose G admits no non-abelian free subgroups. Then there is a
G-invariant probability measure on S1.

Proof: Let s 2 Fix(G0) and sG be the orbit underG.

If g(s); h(s) 2 sG and rot (g) < rot (h), de�ne

� ((g(s); h(s)]) = rot (h) � rot (g)

� extends to aG-invariant measure on the Cantor setsG.

Lift � to S1. �
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How to buildQ=Z in PL0(S1)

De�ne PL0(I ) as the group of piecewise-linear orientation
preserving homeomorphisms of [0; 1]. Similarly, de�nePL0(S1).
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De�nition of a Fundamental Domain

Idea: If G0 is trivial, then G �= rot (G) � R=Z.

If G0 is non-trivial, takes 2 Fix(G0) and considersG orbit underG.
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De�nition of a Fundamental Domain

Idea: If G0 is trivial, then G �= rot (G) � R=Z.

If G0 is non-trivial, takes 2 Fix(G0) and considersG orbit underG.

S1 n sG is a countable union of open intervals on whichG acts.
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De�nition of a Fundamental Domain

Idea: If G0 is trivial, then G �= rot (G) � R=Z.

If G0 is non-trivial, takes 2 Fix(G0) and considersG orbit underG.

S1 n sG is a countable union of open intervals on whichG acts.

Two intervalsI1; I2 are equivalent ifg(I1) = I2, for someg 2 G.

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Structure of Groups without non-Abelian Free Subgroups
Structure of solvable PL-groups
Thompson's groups and Embeddings in Homeo(S1)
Analytic and Fixed-Point Free Actions

De�nition of a Fundamental Domain

Idea: If G0 is trivial, then G �= rot (G) � R=Z.

If G0 is non-trivial, takes 2 Fix(G0) and considersG orbit underG.

S1 n sG is a countable union of open intervals on whichG acts.

Two intervalsI1; I2 are equivalent ifg(I1) = I2, for someg 2 G.

Let f Ii g be a family of representatives and de�neD =
S

Ii .
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Main Structure Theorem

D is a fundamental domain forG acting on the intervals ofS1 nsG.
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Main Structure Theorem

D is a fundamental domain forG acting on the intervals ofS1 nsG.

We considerH0 restriction of G0 to the domainD =
S

Ii .
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Main Structure Theorem

D is a fundamental domain forG acting on the intervals ofS1 nsG.

We considerH0 restriction of G0 to the domainD =
S

Ii .

Theorem (BKM)

Suppose G admits no non-abelian free subgroups, then
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Main Structure Theorem

D is a fundamental domain forG acting on the intervals ofS1 nsG.
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S

Ii .

Theorem (BKM)

Suppose G admits no non-abelian free subgroups, then

G embeds inR=Z, or
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Main Structure Theorem

D is a fundamental domain forG acting on the intervals ofS1 nsG.

We considerH0 restriction of G0 to the domainD =
S

Ii .

Theorem (BKM)

Suppose G admits no non-abelian free subgroups, then

G embeds inR=Z, or

G embeds in H0 oT , unrestricted wreath product, where
T := G=G0 is isomorphic to a subgroup ofR=Z (at most
countable) and H0 �

Q
Homeo(Ii ) has no non-abelian free

subgroups.
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A "Tits' alternative" Theorem

Let G0 = 1 and, for n 2 N, we de�ne inductively a groupGn by

Gn =
M

k2 Z

(Gn� 1 oZ)
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A "Tits' alternative" Theorem

Let G0 = 1 and, for n 2 N, we de�ne inductively a groupGn by

Gn =
M

k2 Z

(Gn� 1 oZ)

Theorem (Bleak)

Let H � PL0(I ). Then H is a solvable group of derived length n if
and only if H can be realized as a subgroup of Gn.
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A "Tits' alternative" Theorem

Let G0 = 1 and, for n 2 N, we de�ne inductively a groupGn by

Gn =
M

k2 Z

(Gn� 1 oZ)

Theorem (Bleak)

Let H � PL0(I ). Then H is a solvable group of derived length n if
and only if H can be realized as a subgroup of Gn.

Theorem (BKM)

Every solvable subgroup of PL0(S1) can be decomposed as a
restricted wreath product HoR, where H is a subgroup of some Gn

and R is a subgroup ofQ=Z.
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Another "Tits' alternative" Theorem

Let W0 = 1 and, for n 2 N, we de�ne Wi = Wi � 1 oZ. We build
the group

W =
M

i 2 Z

Wi
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Another "Tits' alternative" Theorem

Let W0 = 1 and, for n 2 N, we de�ne Wi = Wi � 1 oZ. We build
the group

W =
M
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Theorem (BKM)

A subgroup H of PL0(S1) either,
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Another "Tits' alternative" Theorem

Let W0 = 1 and, for n 2 N, we de�ne Wi = Wi � 1 oZ. We build
the group

W =
M

i 2 Z

Wi

Theorem (BKM)

A subgroup H of PL0(S1) either,

contains a non-abelian free subgroup on two generators,
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Another "Tits' alternative" Theorem

Let W0 = 1 and, for n 2 N, we de�ne Wi = Wi � 1 oZ. We build
the group

W =
M

i 2 Z

Wi

Theorem (BKM)

A subgroup H of PL0(S1) either,

contains a non-abelian free subgroup on two generators,

contains a copy of W
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Another "Tits' alternative" Theorem

Let W0 = 1 and, for n 2 N, we de�ne Wi = Wi � 1 oZ. We build
the group

W =
M

i 2 Z

Wi

Theorem (BKM)

A subgroup H of PL0(S1) either,

contains a non-abelian free subgroup on two generators,

contains a copy of W

is solvable.
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composition, of all piecewise-linear homeomorphisms of the unit
interval I = [0 ; 1] with a �nite number of breakpoints, such that

all slopes are integral powers of 2,
all breakpoints have dyadic rational coordinates.
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Thompson's groupT

Similar to F, but de�ned on the unit circle: it preserves the cyclic
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Some Embedding Theorems

Theorem (BKM)

For every T� R=Z countable and for every H0 � Homeo([0; 1]),
there is an embedding of the restricted wreath product H0 oT into
Homeo(S1).
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Some Embedding Theorems

Theorem (BKM)

For every T� R=Z countable and for every H0 � Homeo([0; 1]),
there is an embedding of the restricted wreath product H0 oT into
Homeo(S1).

Theorem (BKM)

For every V� Q=Z, there is an embedding of the restricted
wreath product FoV into T , where F and T are the respective
Thompson's groups.

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Structure of Groups without non-Abelian Free Subgroups
Structure of solvable PL-groups
Thompson's groups and Embeddings in Homeo(S1)
Analytic and Fixed-Point Free Actions

Analytic Actions on the Circle

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Structure of Groups without non-Abelian Free Subgroups
Structure of solvable PL-groups
Thompson's groups and Embeddings in Homeo(S1)
Analytic and Fixed-Point Free Actions

Analytic Actions on the Circle

Theorem (Ghys)

Every solvable subgroup of Di�! (S1) is metabelian.

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Structure of Groups without non-Abelian Free Subgroups
Structure of solvable PL-groups
Thompson's groups and Embeddings in Homeo(S1)
Analytic and Fixed-Point Free Actions

Analytic Actions on the Circle

Theorem (Ghys)

Every solvable subgroup of Di�! (S1) is metabelian.

We are trying to re�ne this result, by classifying these subgroups:

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Structure of Groups without non-Abelian Free Subgroups
Structure of solvable PL-groups
Thompson's groups and Embeddings in Homeo(S1)
Analytic and Fixed-Point Free Actions

Analytic Actions on the Circle

Theorem (Ghys)

Every solvable subgroup of Di�! (S1) is metabelian.

We are trying to re�ne this result, by classifying these subgroups:

Theorem (BKM)

Every solvable subgroup of Di�! (S1) is isomorphic to a subgroup
of one of the following groups:

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Structure of Groups without non-Abelian Free Subgroups
Structure of solvable PL-groups
Thompson's groups and Embeddings in Homeo(S1)
Analytic and Fixed-Point Free Actions

Analytic Actions on the Circle

Theorem (Ghys)

Every solvable subgroup of Di�! (S1) is metabelian.

We are trying to re�ne this result, by classifying these subgroups:

Theorem (BKM)

Every solvable subgroup of Di�! (S1) is isomorphic to a subgroup
of one of the following groups:

R=Z, or

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Structure of Groups without non-Abelian Free Subgroups
Structure of solvable PL-groups
Thompson's groups and Embeddings in Homeo(S1)
Analytic and Fixed-Point Free Actions

Analytic Actions on the Circle

Theorem (Ghys)

Every solvable subgroup of Di�! (S1) is metabelian.

We are trying to re�ne this result, by classifying these subgroups:

Theorem (BKM)

Every solvable subgroup of Di�! (S1) is isomorphic to a subgroup
of one of the following groups:

R=Z, or

Z o Ck , with Ck �nite cyclic, or

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Structure of Groups without non-Abelian Free Subgroups
Structure of solvable PL-groups
Thompson's groups and Embeddings in Homeo(S1)
Analytic and Fixed-Point Free Actions

Analytic Actions on the Circle

Theorem (Ghys)

Every solvable subgroup of Di�! (S1) is metabelian.

We are trying to re�ne this result, by classifying these subgroups:

Theorem (BKM)

Every solvable subgroup of Di�! (S1) is isomorphic to a subgroup
of one of the following groups:

R=Z, or

Z o Ck , with Ck �nite cyclic, or

R o (R � Ck ), with Ck �nite cyclic.

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Structure of Groups without non-Abelian Free Subgroups
Structure of solvable PL-groups
Thompson's groups and Embeddings in Homeo(S1)
Analytic and Fixed-Point Free Actions

Fixed-Point Free Actions on the Circle

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Structure of Groups without non-Abelian Free Subgroups
Structure of solvable PL-groups
Thompson's groups and Embeddings in Homeo(S1)
Analytic and Fixed-Point Free Actions

Fixed-Point Free Actions on the Circle

For the unit interval [0; 1] we have

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Structure of Groups without non-Abelian Free Subgroups
Structure of solvable PL-groups
Thompson's groups and Embeddings in Homeo(S1)
Analytic and Fixed-Point Free Actions

Fixed-Point Free Actions on the Circle

For the unit interval [0; 1] we have

Theorem (Sacksteder)

Let G � Homeo([0; 1]). Suppose that every element of Gn f idg
has no �xed points on(0; 1). Then G is abelian.

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Structure of Groups without non-Abelian Free Subgroups
Structure of solvable PL-groups
Thompson's groups and Embeddings in Homeo(S1)
Analytic and Fixed-Point Free Actions

Fixed-Point Free Actions on the Circle

For the unit interval [0; 1] we have

Theorem (Sacksteder)

Let G � Homeo([0; 1]). Suppose that every element of Gn f idg
has no �xed points on(0; 1). Then G is abelian.

We get another proof of its generalization to the unit circle:

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)



Rotation Number
Rotation Map is a Homomorphism

Structure and Embedding Theorems

Structure of Groups without non-Abelian Free Subgroups
Structure of solvable PL-groups
Thompson's groups and Embeddings in Homeo(S1)
Analytic and Fixed-Point Free Actions

Fixed-Point Free Actions on the Circle

For the unit interval [0; 1] we have

Theorem (Sacksteder)

Let G � Homeo([0; 1]). Suppose that every element of Gn f idg
has no �xed points on(0; 1). Then G is abelian.

We get another proof of its generalization to the unit circle:

Theorem

Let G � Homeo(S1). Suppose that every element of Gn f idg has
no �xed points. Then G is abelian.

Francesco Matucci (joint with C. Bleak and M. Kassabov) Structure Theorems for Subgroups of Homeo(S1)


	Rotation Number
	Definition and Tools

	Rotation Map is a Homomorphism
	Groups without non-Abelian Free Subgroups
	Corollaries and Margulis' Theorem


