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ABSTRACT: We study the cutoff phenomenon for generalized riffle shuffles where, at each step,
the deck of cards is cut into a random number of packs of multinomial sizes which are then riffled
together. © 2007 Wiley Periodicals, Inc. Random Struct. Alg., 32, 346-374, 2008
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1. INTRODUCTION

In this article we consider some generalizations of the standard riffle shuffle of Gilbert,
Shannon, and Reeds (GSR-shuffle for short). The GSR-shuffle models the way typical card
players shuffle cards. First, the deck is cut into two packs according to an (n, 1)-binomial
random variable where 7 is the number of cards in the deck. Next, cards are dropped one
by one from one or the other pack with probability proportional to the relative sizes of the
packs. Hence, if the left pack contains a cards and the right pack b cards, the next card drops
from the left pack with probability a/(a + b).

The history of this model is described in [8, Chap. 4D] where the reader will also find
other equivalent definitions and a discussion of how the model relates to real life card
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CUTOFF PHENOMENON FOR RIFFLE SHUFFLES 347

shuffling. The survey [10] gives pointers to the many developments that arose from the
study of the GSR model.

Early results concerning the mixing time (i.e., how many shuffles are needed to mix up
the deck) are described in [1,2, 8]. In particular, using ideas of Reeds, Aldous proved in [1]
that, asymptotically as the number n of cards tends to infinity, it takes % log, n shuffles to
mix up the deck if convergence is measured in total variation (we use log, to denote base a
logarithms and log for natural, i.e., base e, logarithms).

In [4], Bayer and Diaconis obtained an exact useful formula for the probability distri-
bution describing the state of the deck after k GSR-shuffles. Namely, suppose that cards
are numbered 1 through # and that we start with the deck in order. Let o denote a given
arrangement of the cards and let Q% (o) be the probability that the deck is in state o after k

GSR-shuffles. Then
f(nt2k=r
Qo) =27* ( . ) (1.1)

where r is the number of rising sequences in o. Given an arrangement of the deck, a
rising sequence is a maximal subset of cards consisting of successive face values dis-
played in order. For instance, the arrangement 3, 1,4,5,7,2,8,9, 6 has rising sequences
(1,2),(3,4,5,6),(7,8,9). See [2,4] for details. By definition, the total variation distance
between two probability measures i, v on a set S is given by

li = vty = sup{u(A) — v(A)}.
ACS

Using the formula displayed in (1.1), Bayer and Diaconis gave a very sharp version of the
fact that the total variation mixing time is 2 log,  for the GSR-shuffle.

Theorem 1.1 (Bayer and Diaconis [4]). Fix ¢ € (—00,+00). For a deck of n cards, the
total variation distance between the uniform distribution and the distribution of a deck after
k= % log, n 4+ ¢ GSR-shuffles is

1 27¢/4/3
V2T /—26/4[%

This result illustrates beautifully the so-called cutoff phenomenon discussed in [1-3, 8,
9, 14, 17]. Namely, there is a sharp transition in convergence to stationarity. Indeed, the
integral above becomes small very fast as ¢ tends to 400 and gets close to 1 even faster as
¢ tends to —oo.

The aim of the present article is to illustrate further the notion of cutoff using some
generalizations of the GSR-shuffle. Along this way we will observe several phenomena that
have not been, to the best of our knowledge, noticed before. For a deck of n cards and a
given integer m, a m-riffle shuffle is defined as follows. Cut the deck into m packs whose
sizes (ai,...,a,) form a multinomial random vector. In other words, the probability of
having packs of sizes ay,...,a, is m”’al,”—'am, Then form a new deck by dropping cards
one by one from these packs with probability proportional to the relative sizes of the packs.
Thus, if the packs have sizes (by,...,b,,) then the next card will drop from pack i with
probability b;/(b; + - - - + b,,). We will refer to an m-riffle shuffle simply as an m-shuffle in
what follows. Obviously the GSR-shuffle is the same as a 2-shuffle. A 1-shuffle leaves the
deck unchanged.

e dr + 0.V,
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348 CHEN AND SALOFF-COSTE
These shuffles were considered in [4] where the following two lemmas are proved.

Lemma 1.2. [n distribution, an m-shuffle followed by an independent m’-shuffle equals
an mm'-shuffle.

Lemma 1.3.  For a deck of n cards in order, the probability that after an m-shuffle the
deck is in state o depends only of the number r = r(o) of rising sequences of o and equals

Qn,m(r) where
Oun(r) = m™" (” e r).

n

For instance, formula (1.1) for the distribution of the deck after kK GSR-shuffles follows
from a direct application of these two lemmas since k consecutive independent 2-shuffles
equal a 2*-shuffle in distribution. These lemmas will play a crucial role in this paper as well.

The model we consider is as follows. Let p = (p(1),p(2),...) be the probability
distribution of an integer valued random variable X, i.e.,

PX =k =pk), k=12,....

A p-shuffle proceeds by picking an integer m according to p and performing an m-shuffle.
In other words, the distribution of a p-shuffle is the p-mixture of the m-shuffle distributions.
Note that casinos use multiple decks for some games and that these are shuffled in various
ways (including by shuffling machines). The model above (for some appropriate p) is not
entirely unrealistic in this context.

Because of Lemma 1.3, the probability that starting from a deck in order we obtain a
deck in state o depends only on the number of rising sequences in o and is given by

Onp(r) = Z p(m)Qym(r) = E(Qnx(r)). (1.2)
1

Abusing notation, if o denotes a deck arrangement of n cards with r rising sequences, we
write

Qn,p(a) = Qn,p(r)-

Very generally, if Q is a probability measure on deck arrangements (hence describes a
shuffling method), we denote by OF the distribution of the deck after k such shuffles,
starting from a deck in order. For instance, Lemma 1.2 yields

k
Qn,m = Qn,mk'

Let U, be the uniform distribution on the set of deck arrangements of n cards. Although
this will not really play a role in this work, recall that deck arrangements can be viewed as
elements of the symmetric group S, in such a way that Q%, the distribution after k successive
Q-shuffles, is the k-fold convolution of Q by itself. See, e.g., [1,4,8, 15]. Each of the measures
0., generates a Markov chain on deck arrangements (i.e., on the symmetric group S,,) whose
stationary distribution is U,. These chains are ergodic if p is not concentrated at 1. They
are not reversible. Note that [11] studies a similar but different model based on top m to
random shuffles. See [11, Section 2].

The goal of this article is to study the convergence of QF to the uniform distribution in

np
total variation as k tends to infinity and, more precisely, the occurrence of a total variation
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cutoff for families of shuffles {(S,, Q,.,,, U,)}$° as the number n of cards grows to infinity
and p, is a fixed sequence of probability measures on the integers. To illustrate this, we state
the simplest of our results.

Theorem 1.4. Let p be a probability measure on the positive integers such that
=Y pk)logk < oc. (1.3)
1

Fix € € (0, 1). Then, for any k, > (1 + e)% log n, we have
1 kn —
,}lj{}o H Qup — Un ”TV =0
whereas, for k, < (1 — e)% logn,
1 kn —
,}Lnolo ” Qn,p — U ”TV =1

In words, this theorem establishes a total variation cutoff at time % log n (see the defini-

tion of cutoff in Section 2 below). If p is concentrated at 2, i.e., O, , represents a GSR-shuffle,
then 1 = log2 and ziﬂ logn = %log2 n in accordance with the results of Aldous [1] and
Bayer-Diaconis [4] (e.g., Theorem 1.1).

The results we obtain are more general and more precise than Theorem 1.4 in several
directions. First, we will consider the case where the probability distribution p = p, depends
on the size n of the deck. This is significant because we will not impose that the sequence p,
converges as 7 tends to infinity. Second, and this may be a little surprising at first, (1.3) is not
necessary for the existence of a cutoff and we will give sufficient conditions that are weaker
than (1.3). Third, under stronger moment assumptions, we will describe the optimal window
size of the cutoff. For instance, Theorem 1.1 says that, for the GSR-shuffle, the window
size is of order 1 with a normal shape. This result generalizes easily to any m-shuffle where
m is a fixed integer greater or equal to 2. See Remark 3.1 and Theorem 5.4 below. Suppose
now that instead of the GSR-shuffle we consider the p-shuffle with p(2) = p(3) = 1/2.

In this case, u = log +/6. Theorem 1.4 gives a total variation cutoff at time %log ssn- We
will show that this cutoff has optimal window size of order ,/log n. Thus picking at random
between 2 and 3 shuffles changes the window size significantly when compared to either
pure 2-shuffles or pure 3-shuffles.

We close this introduction with a remark concerning the spectrum of these generalized
riffle shuffles and how it relates to the window of the cutoff. As Lemma 1.2 makes clear, all
riffle shuffles commute. Although riffle shuffies are not reversible, they are all diagonalizable
with real positive eigenvalues and their spectra can be computed explicitly (this is another
algebraic “miracle” attached to these shuffles!). See [4—6]. In particular, the second largest
eigenvalue of an m-shuffle is 1/m with the same eigenspace for all m > 2. See [13]
for a stronger result implying this statement. Thus, the second largest eigenvalue of a
p-shuffle is B = Y k~!p(k). By definition, the relaxation time of a finite Markov chain is
the inverse of the spectral gap (1 — 8)~! and one might expect that, quite generally, for
families of Markov chains presenting a cutoff, this quantity would give a good control of
the window of the cutoff. The generalized riffle shuffles studied here provided interesting
(albeit non-reversible) counterexamples: Take, for instance, the case discussed earlier where
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p2) = p3) = 1/2. Then 8 = 15—2 and (1 — )~ ! = '7—2, independently of the number n of
cards. However, as mentioned above, the optimal window size of the cutoff for this family
is {/log n. For generalized riffle shuffles, the window size of the cutoff and the relaxation
time appear to be disconnected.

2. THE CUTOFF PHENOMENON

The following definition introduces the notion of cutoff for a family of ergodic Markov
chains.

Definition 2.1.  Let {(S,, K,,, ,)}{° be a family of ergodic Markov chains where S, denotes
the state space, K, the Markov kernel, and 7, the stationary distribution. This family satisfies
a total variation cutoff with critical time t, > 0 if, for any fixed € € (0, 1),

. 0 ifk, > (1+ex
kn D — n n
}LTOfSSIz (Lo CIDEE A {1 if k, < (1 — ).

This definition was introduced in [2]. A more thorough discussion is in [9] where many
examples are described. Note that this definition does not require that the critical time ¢,
tends to infinity (in [9], the corresponding definition requires that #, tends to infinity). The
positive times #, can be arbitrary and thus can have several limit points in [0, oo]. Examples
of families having a cutoff with a bounded critical time sequence will be given below.
Theorem 1.4 above states that, under assumption (1.3), a p-shuffle has a total variation
cutoff with critical time #, = zi logn.

Informally, a family has a cutoff if convergence to stationarity occurs in a time interval
of size o(t,) around the critical time ,. The size of this time interval can be thought of as
the “window” of the cutoff. The next definition carefully defines the notion of the window
size of a cutoff.

Definition 2.2.  Let {(S,, K,,, 7,)}° be a family of ergodic Markov chains as in Defini-
tion 2.1. We say that this family presents a (t,,b,) total variation cutoff if the following
conditions are satisfied:

(1) Foralln =1,2,...,we have t, > 0 and lim b,/t, = 0.
(2) Forc e R— {0} andn > 1, set

[t,+cb,] ifc>0

k=k(n,c)= . .
lt, +cb,| ifc<O

The functions f, [ defined by

f(c) = lim sup sup ||K,’f(x, D =, ”TV for ¢ 20

n—oo xe€Sy

and
f(c) =liminf sup |K}(x,-) —m,|,, for c#0

xeSy
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satisfy B
lim f(c) =0, lim flo)=1

Definition 2.3.  Referring to Definition 2.2, a (t,,b,) total variation cutoff is said to be
optimal if the functions f,f satisfy f (¢) > 0 and f(—c) < 1 for all ¢ > 0.

Note that any family having a (¢, b,) cutoff (Definition 2.2) has a cutoff with critical time
t, (Definition 2.1). The sequence (b,){° in Definition 2.2 describes an upper bound on the
optimal window size of the cutoff. For instance the main result of Bayer and Diaconis [4],
i.e., Theorem 1.1 above, shows that the GSR-shuffle family presents a (z,, b,) total variation
cutoff with 7, = % log, n and b, = 1. Theorem 1.1 actually determines exactly “the shape”
of the cutoff, that is, the two functions f, f of Definition 2.2. Namely, for the GSR-shuffle

family and ¢, = % log, n, b, = 1, we have

27¢/4/3

1
jo=t0= g [
This shows that this cut-off is optimal (Definition 2.3).

The optimality introduced in Definition 2.3 is very strong. If a family presents an optimal
(t., b,) total variation cut-off and also a (s,, c,) total variation cut-off, then 7, ~ s, and
b, = O(c,). Inwords, if (¢,, b,) is an optimal cut-off then there are no cut-offs with a window
significantly smaller than b,. For a more detailed discussion of the cutoff phenomena and
their optimality, see [7].

2
e 2 ds.

3. CUTOFFS FOR GENERALIZED RIFFLE SHUFFLES

In this section we state our main results and illustrate them with simple examples. They
describe total variation cutoffs for generalized riffle shuffles, that s, for the p-shuffles defined
in the introduction. More precisely, for each n (n is the number of cards), fix a probability
distribution p, = (p,(1),p.(2),...) on the integers and consider the family of Markov
chains (i.e., shuffles)

{(S"’ Q”J’n ’ Un)}To

Here S, is the set of all deck arrangements (i.e., the symmetric group) and U, is the uniform
measure on S,. For any x € [0, oo], set

x/4/3
N2 Jyjav3

We start with the simple case where the probability distributions p,, is concentrated on
exactly one integer m, and use the notation Q, ,,, for an m,-shuffle.

W(x) = ey, (3.1)

Theorem 3.1.  Let (m,){° be any sequence of integers all greater than 1 and set

_3logn

n = lo my, I,
11, = log m

Then the family {(S,, Qum,» Un)}5° presents a (t,, 1, Y total variation cutoff.
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Remark 3.1.  'When m, = m is constant Theorem 3.1 gives a ( log,, n, 1) total variation
cutoff. In this case, fork = 2 5 log,, n+c, one has the more precise result that || Qn m—Unllty =
W (m™c) + O.(n""*). In partlcular for m = 2, this is the Theorem of Bayer and Diaconis
stated as Theorem 1.1 in the introduction.

Next we give a more explicit version of Theorem 3.1 which requires some additional
notation. For any real ¢ > 0, set

1 = 1/2 if 0<t<1/2
if k—1/2<t<k+1/2 forsomek=1,2,...,

(this is a sort of “integer part” of 7) and

|12 ifo<r<1)2
d(t)_{t—{t} if1/2 <t < oo.

Theorem 3.2.  Let (m,)° be any sequence of integers all greater than 1. Consider the
Sfamily of shuffles {(S,, Qum,> Un)}7° and let p,, t, be as in Theorem 3.1.

(A) Assume that lim m, = oo, that is, hm W, = 0o. Then, we have:

n—oQ

(1) The family {(S,, Onmy,> Un)}S° always has a ({t,},b,) cutoff for any positive b, =
o(1), that is,

lim inf | Qs — ||TV =1, lim SUP ”Qnmn ||TV =0.

n—o00 k<{ty} n—>00 (1,

(2) If lim |d(t,)| i, = oo then there is a (t,,0) cutoff, that is,

lim inf || ot

n—00 k<ty

=1, hm SUP ||Q —U,llrv =0.

n,mp || TV n,mnp

(3) Ifliminf |d(t,)|w, < oo then there exists a sequence (n;)S° tending to infinity such
n—00

that
0 < liminf |Qurin, — Uy ||y < limsup | Qnin, — Uy [l < 1
i—00 71 nilltv — i~>oop il nillTv ’
In particular, there is no (t,,0) total variation cutoff.
(4) If lim d(t,)u, = L € [—00, 00] exists then
n—o0
hm HQ“”H U, ”TV = W(eh). (3.2)

(B) Assume that (m,){° is bounded. Then t, tends to infinity, thereis a (t,, 1) total variation
cutoff and, for any fixed k € Z, we have

0 < liminf Q") — U, [, < lim sup |ot+t —u,|., <1

n,mp
In particular, the (t,, 1) cutoff is optimal.

Random Structures and Algorithms DOI 10.1002/rsa
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Example 3.1.  To illustrate this result, consider the case where m, = |n*| for some fixed
o > 0. In this case, we have

3logn
u, ~alogn, t,=
21t

3 o
~ — as n tends to infinity.
2

(a) Assume that % € (k,k+1) forsomek =0,1,2,.... Then |d(¢,)|n, — oo and

,}Lnolo ”QSmn — U “TV =1 ,}L‘Eo ” Q]:zTnIn — U HTV =0.
(b) Assume that % = k for some integer k = 1,2,.... Then |d(t,)| = O(n™*). Hence
ld(t,)|n, — O as n tends to infinity. Theorem 3.2(1) shows that we have a (k, b,)
cutoff where b, is an arbitrary sequence of positive numbers tending to 0. That means
that
nlirgo “Qk71 - U, ||TV =1, lim ” QkH - U, ”TV =0.

nm nm
n n—00 n

Moreover Theorem 3.2(4) gives lim,_, o, [|Q*, — U, |ltv = ¥(1).

Example 3.2.  Consider the case where m, = | (logn)®|, @ > 0. Then

3logn

U, ~ aloglogn, t, as n tends to infinity.

- 2 loglogn

Note that 7, tends to infinity and the window size w, ' goes to zero.

We now state results concerning general p-shuffles. We will need the following nota-
tion. For each n, let p, be a probability distribution on the integers. Let X,, be a ran-
dom variable with distribution p,. Assume that p, is not supported on a single integer
and set

log X, — w,
i = E(logX,), o =Var(logX,), & = —et
Oy

Consider the following conditions which may or may not be satisfied by p,:

. logn .
lim = 00. 3.3)
n—00 Mn
Ve >0, lim E(gjl {Ezw,llogn}) —0. (3.4)

Condition (3.4) should be understood as a Lindeberg type condition. We will
prove in Lemma 7.1 that (3.4) implies (3.3). Example 3.5 shows that the converse
is false.

Theorem 3.3.  Referring to the notation introduced above, assume that
0< w0, <00

and set

31 1 21
t, = ogn’ b, = — max {1, 1
2/.Ln Mn Mn

Random Structures and Algorithms DOI 10.1002/rsa



354 CHEN AND SALOFF-COSTE

Assume that the sequence (p,) satisfies (3.4). Then the family {(S,, Onp,, U,)}5° presents a
(t,, by) total variation cutoff. Moreover, if the window size b, is bounded from below by a
positive real number, then the (t,, b,) total variation cut-off is optimal.

Example 3.3.  Assume p, = p is independent of n and
p=Y pkylogk < oo, o= |u—logkl’p(k) < co.
1 1

Then condition (3.4) holds and
3
t, = 2—logn, b, =~ \/logn
m

where b, & ,/logn means that the ratio b,/ logn is bounded above and below by positive
constants. Thus Theorem 3.3 yields an optimal (% logn, \/log n) total variation cutoff.

Example 3.4.  Assume that p, is concentrated equally on two integers m, < m/, and write
m, = m,,k,%. Thus p,(m,) = p,,(m,,kﬁ) = 1/2 and

w, = logm,k,, o, =1logk,.
In this case, Condition (3.4) is equivalent to (3.3), that is
My = log(m,k,) = o(logn).
Assuming that (3.3) holds true, Theorem 3.3 yields a total variation cutoff at time

3logn

n

- 2 log m,k,

1 (logk,)?logn
b, = max {1, | ———— ¢ .
log m,k, log m,k,

For instance, assume that m, = m, + 1 with m, tending to infinity. Then (3.3) becomes
logm, = o(logn) and we have

with window size

1 (logn)!?
= max4q 1, ————¢.
log m, m,,(log m,)'/?

Specializing further to m, ~ (logn)® with o € (0, 0o) yields

3logn

n

" 2 loglogn

and
b 2 (loglogn)~! ifa e [1/2,00)
" (logn)!?~*(loglogn)™/? ifa € (0,1/2).

In particular, b, = o(1) when o > 1/2 but tends to infinity when o € (0, 1/2). Compare
with Example 3.2 above.

Random Structures and Algorithms DOI 10.1002/rsa
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Regarding Theorem 3.3, one might want to remove the hypothesis of existence of a second
moment concerning the random variables log X,,. It turns out that it is indeed possible but
at the price of losing control of the window of the cutoff. What may be more surprising is
that one can also obtain results without assuming that the first moment p, is finite. In some
cases, it might be possible to control the window size by using convergence to symmetric
stable law of exponent o € (1,2) but we did not pursue this here.

Theorem 3.4.  Referring to the notation introduced above, assume that i, > 0 (including
possibly ., = 00). Assume further that there exists a sequence a, tending to infinity and

satisfying

1 EZ? 1

(ogmEZ, i 1087 _ (3.5)
a’EY, n—oo EY,

where Y, = Z, = log X, iflogX, < a,, andY, =0, Z, = a, iflogX,, > a,. Then the family

{(Sn> Onpy» Un))S° presents a total variation cutoff with critical time

a, = O(logn), lim

; _ 3logn
" 2EY,’

Remark 3.2.  In Theorem 3.4, if (3.5) holds for some sequence (a,) then it also holds for
any sequence (da,) with d > 0. Moreover, for all d > 0,

E((loan)l(loangdg,,}) ~ EYn

This is proved in Lemma 8.2 below.

Example 3.5.  Assume p,(le']) = ¢ 'i? forall 1 < i < [logn], where ¢, = 1 +
2724+ 372+ ... + (llogn])™2. Note that ¢, — ¢ = 7?/6 as n — oo. In this case,
wn ~ ¢ 'loglogn, o ~ ¢~ 'logn and for e > 0

2 ~|—
E[502 it ogn] loglogn’

Hence the Lindeberg type condition (3.4) does not hold and Theorem 3.3 does not apply.
However, if we consider a, = logn and try to apply Theorem 3.4, we have EY, = pu,, ~
¢ 'loglogn and EZ> ~ ¢'logn. This implies that (3.5) holds and yields a total variation

7r210gn
4loglogn®

cutoff with critical time

The untruncated version of this example is p,(le']) = p(le']) = ¢7'i %, i=1,2,...
and ¢ = 72/6. In this case, i, = i = 0o. Theorem 3.4 applies with a, = log n and yields

Jrzlogn

a total variation cutoff with critical time i .
og logn

We end this section with a result which is a simple corollary of Theorem 3.4 and readily
implies Theorem 1.4.

Theorem 3.5. Let X, p,, L, be as above. Assume that

w, = E(logX,) = o(logn) 3.6)
and that, for any fixed n > 0,
E[(log X,) Liiog x> ntogny] = 05 (1hn). 3.7
Then the family {(S,, Qup,> Un) 1S has a total variation cutoff at time t,, = 3212—‘5”".
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356 CHEN AND SALOFF-COSTE

Example 3.6.  Suppose p, = pand 0 < pu, = pu < oo as in Theorem 1.4. Then condition
(3.6)—(3.7) are obviously satisfied. Thus Theorem 1.4 follows immediately from Theorem
3.5 as aforementioned.

Remark 3.3.  Condition (3.7) holds true if X, satisfies the (logarithmic) moment condition
that there exists € > 0 such that

E([logX,]'*) (
BT

4. AN APPLICATION: CONTINUOUS-TIME CARD SHUFFLING

In this section, we consider the continuous-time version of the previous card shuffling mod-
els where the waiting times between two successive shuffles are independent exponential(1)
random variables. Thus, the distribution of card arrangements at time ¢ starting from the
deck in order is given by the probability measure H,, = e~'{=2w) defined by

(o] tk
Hy(0) = Hy(r) = 7'y 204, () foro €5, .1
k=0

where r is the number of rising sequences of o.

The definition of total variation cutoff and its optimality for continuous time families is
the same as in Definitions 2.1, 2.2, and 2.3 except that all times are now taken to be non-
negative reals. To state our results concerning the family {(S,,, H,,, U,)}{° of continuous time
Markov chains associated with p,-shuffles, n = 1,2, ..., we keep the notation introduced
in Section 3. In particular, we set

31
. = E(logX,), o; = Var(logX,), t,= zogn
n

>

where X,, denotes a random variable with distribution p,, and, if w,, o, € (0, 00),

. logX, — .
= o .

&,
We will obtain the following theorems as corollaries of the discrete time results of Section
3. Our first result concerns the case where each p, is concentrated on one integer as in

Theorem 3.1.

Theorem 4.1.  Assume that for each n there is an integer m, such that p(m,) = 1 Then

Hn = logm,, t, = % and the family F = {(S,, H,,, U,)}{° presents a total variation
cutoff if and only if
. logn
lim =00
n—00 ]()g m,

Moreover; if this condition is satisfied then F has an optimal (t,,, \/t,) total variation cutoff-

Compare with the discrete time result stated in Theorem 3.1 and with Example 3.1 which
we now revisit.
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Example 4.1.  Assume that P(X,, = [n*]) = 1 for a fixed @ > 0 as in Example 3.1.
According to Theorem 4.1, the continuous time family F does not present a total variation
cutoff in this case since lim,_, « lig” = 1/a < oo. Recall from Example 3.1 that the
corresponding discrete time family has a cutoff.

Assume that P(X, = |(logn)*]) = 1 for some fixed @ > 0 as in Example 3.3. In this
case, the family F presents a (z,, +/7,) total variation cutoff with ¢, = 2‘131‘1‘;%: -. Note that
the window of the continuous time cutoff differs greatly from the window of the discrete

time cutoff in this case.

Next we consider the general case under various hypotheses paralleling Theorems 3.3
and 3.4.

Theorem 4.2.  Consider the continuous time family F = {(S,, H,;, U,)}}° associated to a
sequence (X,)S° of integer valued random variables with probability distributions (p,)S°.

(1) Assume that u,,o0, € (0,00) for all n > 1 and that (3.4) holds. Then the family F
presents an optimal (t,, b,) total variation cutoff, where

31 1 1
t, = Ogn, bn = —max (/‘Ln + Gn) ﬂ’ Ig.
2“/}1 Mn /J/n

(2) Assume that |, > 0 (including possibly p, = 00) and there exists a sequence (a,)}°
tending to infinity such that (3.5) holds. Then F presents a total variation cutoff with
critical time

_ 3logn
" QEY,

where Yn = (IOan)l(]ogana”}.

Remark 4.1.  Theorem 4.2(2) applies when p, = p is independent of n and u =
Z‘l’o p(k)logk < oo. In this case, the family F = {(S,, H,,, U,)}{° presents a total varia-
tion cutoff with critical time ¢, = 312"% as in Theorem 1.4. If in addition we assume that

o? = Y 7 |u — logk|*p(k) < oo then Theorem 4.2(1) applies and shows that F has a
(., /logn) total variation cutoff. Compare with Example 3.3.

We now describe how Theorem 4.2 applies to Examples 3.4-3.5 of Section 3.

Example 4.2.  Assume, as in Example 3.4, that p,(m,) = p,,(m,,kfl) = 1/2. Assume
further that u, = log(m,k,) = o(logn). Then, by Theorem 4.2(1), F presents a (t,, \/%,)
total variation cutoff, where

3logn

n

—2 log m,k,

Finally, for Example 3.5, both in truncated and untruncated cases, Theorem 4.2(2) implies
that the family presents a total variation cutoff with critical time ﬂj;’fg”n . However, Theorem
4.2(1) is not applicable here since, in either case, the Lindeberg type condition (3.4) has

been shown failed in Example 3.5.
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5. TECHNICAL TOOLS

Two of the main technical tools we will use have already been stated as Lemma 1.2 and 1.3
in the introduction. In particular, Lemma 1.3 gives the probability distribution describing a
deck of n cards after an m-shuffle, namely,

Qun(r) = m™" (” e ’)
n

where r is the number of rising sequences in the arrangement of the deck. The next three
known lemmas give further useful information concerning this distribution.

Lemma 5.1 (Tanny, [18]).  Let R, be the number of deck arrangements of n cards having
r = n/2 + h rising sequences, 1 < r < n. Then, uniformly in h,

Rn i —6112/11 1
= e(5)
n! JTn/6 Jn
Lemma 5.2 (Bayer and Diaconis, [4, Proposition 1]).  Fix a € (0, 00). For any integers
n,m such that ¢ = c(n,m) = mn>? > aand anyr = % +h € {1,2,...,n}, we have

Qun (5 +1) ! L(chslyo, ("
nm \ & = — X —F \ — = al|l —
2 a P evm 2 n
1 1 (hY o (X
24¢2 2 \cn “Nen
Lemma 5.3 (Bayer and Diaconis, [4, Proposition 2]).  Let h* be the unique integer such

that O, (5 +h) = # if and only if h < h*. Fix a € (0,00). For any integers n, m such that
c=cm,m) =mn=? > a, we have

as n goes to infinity.

—Jn
W= —Y" 40,1
24C+ (D

as n tends to oo.

The statements of Lemmas 5.2 and 5.3 are somewhat different from the statement in
Propositions 1 and 2 in [4] but the same proofs apply. The following theorem generalizes
[4, Theorem 4], that is, Theorem 1.1 of the introduction. The proof, based on the three
lemmas above, is the same as in [4]. It is omitted.

Theorem 5.4. Fixa € (0, 00). For any integers n,m such that ¢ = c(n,m) = mn™>? > a

we have
1 1/(4/3¢)

V21 Jo1@v30

Theorem 5.4 provides sufficient information to obtain good upper bounds on the cutoff
times of generalized riffle shuffles. It is however not sufficient to obtain matching lower

2
1Qum — Unllrv = e Pt + 0,(n V.
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bounds and study the cutoff phenomenon. The reminder of this section is devoted to results
that will play a crucial role in obtaining sharp lower bounds on cutoff times for generalized
riffle shuffles. It is reasonable to guess that shuffling cards with an (m + 1)-shuffle is
more efficient than shuffling cards with an m-shuffle. The following Proposition which is
crucial for our purpose says that this intuition is correct when convergence to stationarity
is measured in total variation.

Proposition 5.5.  For any integers n,m, we have

”Qn,m+l - Un”TV = ”Qn,m - Un”TV'

Proof. Let A, = {o € S,|Quu(0) < &} for m > 1. By Lemma 5.6 below, we have
Am+1 - Am and Qn,m (G) = Qn,m+1(U) foro € Am+1' This lmphes

”Qn,m - Un”TV = Un(Am) - Qn,m(Am) > Un (Am+l) - er,m(A;n+l)
2 Un(Am+1) - Qn,m+](Am+l) = ”Qn,m+1 - Un”TV'

Lemma 5.6.  For any integers, nm and r € {1,...,n}, we have:

(1) Qn,m(r) S Qn,m-H(r)’ ian,m(r) S %
() Quilr) > & forallk = m, if Quu(r) > =

n!®
In particular, if n,m, r are such that Q, ,,(r) < # then

k> Qi (r)

is nondecreasing on {1, ..., m}.

Proof. 'We prove this lemma by fixing n and 1 < r < n, and considering all possible cases
of m. For 1 < m < r, the first claim holds immediately from Lemma 1.3 since Q,,,,(r) = 0,
and no Q, ,(r) satisfies the assumption of the second claim.

For m > r, consider the following map

f x+1 x—r+1
> nl —_— I — ) Vx€e[r, .
by nog( T >+Og(x—r+1+n> x € [r,00)

The formula of the distribution of deck arrangements in Lemma 1.3 implies

O (1)

f(m) =log (— .
Qn,m-H (r )
A direct computation on the derivative of f shows that

nfr—n—Dx—(r -1 —-1-—n)]

P = T Do —r s D —r T 1)

Here we consider all possible relation between r and n. If r, n satisfy % < r <n,then

the derivative f” is positive on [r, 00). This implies that f (x) is strictly increasing for x > r.
As
lim f(x) =0, (5.1
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it follows that the function f is negative for x > r and hence Q,,,,(r) < O, u41(r) form > r.
This proves the first claim. Moreover, as

1
lim Qnm(r) = (52)
m— 00 ’ n!

we have Q,,,,(r) < & forallm > rand 2! <r <n.

Ifr,nsatisfy 1 <r < %, let xo = W In this case, the derivative f’ satisfies
>0 ifr<x<x
f'x) .
<0 ifx>x

This implies that f is either decreasing on [r, 00) or increasing on [r, xo] and decreasing on
(x9, 00) according to whether xy < r or xy > r.

On one hand, if xy < r, that is, f is decreasing on [r, 00), then (5.1) implies that f is
positive on [r, 00), which means, in particular, that Q,,,,(r) > Q,,,+1(r) for m > r. In this
case, (5.2) implies that Q,,,,(r) > # form > r.

On the other hand, if x, > r, that is, f increases on [r, xy) and decreases on [xy, 00), then
(5.1) implies that f has at most one zero in [r, 00). If f has no zero, then f is positive on
[, 00) and thus (by (5.2))

1
Qn,m(r) > Qn,m+l(r) > ; Vm > r,

This proves claim (2) (claim (1) is empty in this case).
If f has a zero, say z, then (5.1) implies that f < 0 on [r,z) and f > 0 on (z,00). By
writing z = |z] + € with € € [0, 1), it is easy to check that

Qn,LzJ (r) = Qn,LZJ+](r) > Qn,m(r)a Ym=>r,m ¢ {l_Z_]’ LZJ + 1}’

when € = 0, and
Qn,[zﬁ»l(r) > Qn,m(r)7 Vm >r,m 7& LZJ + 1’

when € € (0, 1). Moreover, if we set mg = |z] + 1, then the map m — Q,,,, () is increasing
on [r, mg] and strictly decreasing on [, 00). In the region [m, 00), (5.2) implies as before
that Q,,,,,(r) > % for m > my. In the region [r, my], let m; > r be the largest integer m such
that Q,,,,(r) < # Then the monotonicity of the map m — Q,,,(r) implies that O, ,,(r) < ;',
forr <m <m;and Q,,,(r) > ni, form; < m < my. This proves the desired inequalities. =

Lemma 5.7.  Consider all deck arrangements of a deck of n cards.

(I) Forl <r <n,letA, be the set of deck arrangements with at least r rising sequences.
Then for all integers n,m and r € {1, ...,n}, we have

Un(Ar) - Qn,m(Ar) > 0.

(2) Fixa > 0. For integers n,m, let c = c(n,m) = mn=>'*> > a. Let B, be the set of deck
arrangements with number of rising sequences in [5 — T‘f’; + ni ,n]. Then
1/(4+/3¢) 2 1
inf Un(Bc) - Qn,k(Bc) =7 e " dt + Oa(n71)~
k=m ( ) V2T J-1/@v3E0)
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Proof. As Q,,,(r) is nonincreasing in r, we have either Q,,,(c) < ”i, forallo € A, or
Qum(o) > % forall o € S, —A,. The inequality stated in (1) thus follows from the obvious
identity

Un(Ar) — Qum(Ar) = Onm(Sy — A) — Un(S, — A)).

To prove (2), let hy = —% + n%. By Lemma 5.3, since hy, > h* for large n, we have
Qum(o) < # for o € B.. Lemma 5.6 then implies

llgf(Un(Bc) - Qn,k (Bc)) = Un(Bc) - Qnm(Bc) fOI' n large'

By Lemmas 5.1, 5.3, we have

ho
Rn,h
|(Un(Be) = Qun(B) = 1 Qun = Unllrvl = Y- ==
h=h*
1 hov/12/n 20 ( 1 1
= — e "“dt+0(n"2)=0,(n"%).
. )= 0,(7})

The equality in (2) then follows from Theorem 5.4. .

6. PROOF OF THEOREM 3.1, 3.2

The following lemma is a corollary of Theorem 5.4. It is the main tool used to prove
Theorems 3.1 and 3.2.

Lemma 6.1. Forn €N, letm, € Nand c, = m,n=3?. Set

liminfc, =L, limsupc,=U.

=00 n—00

(1) If L > 0 (including possibly the infinity), then

lim sup |Qym, — Unllry < W(LT).

(2) If U < oo (including possibly 0), then

liminf Q. — Upllrv > W(U™).

(3) IfU = L € [0, 00], then

1im (G, — Unllry = W (U™).

Proof. Note that (3) follows immediately from (1) and (2). As the proofs of (1) and (2)
are similar, we only prove (1). Assume first that 0 < L < oo. Let € € (0,L) and choose
N = N(¢) such that ¢, > L — € for n > N. This implies that for n > N,

”Qn,m” - Un”TV S Sup ”Qn,k - Un”TV
k>(L—e)n3/2

=V(L—-e) ) +0.n ",
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where the last equality follows from Theorem 5.4. Letting n tend to infinity first and then €
to 0 gives (1).

If L = oo, let C € (0,00) and choose N = N(C) so large thatc, > Cif n > N. As in
the previous case, forn > N,

”Qn.mn - Un”TV < \IJ(C_I) + Oc(l’l_l/4)_

Now letting n, C tend to infinity yields (1) again. .

Proof of Theorem 3.1. Forn > landc € R, lett, = 321;’% and

[t +cp,'] ife>0

k=k(n,c) = . .
lty +cu '] ife<0

This implies

‘ 3/2{ze” ifc>0

m,n ) .
<e ifc<0
Letf, J be the functions introduced in Definition 2.2. By Lemmas 1.2 and 6.1, we have
flc) <W(e™) ifc>0,
and
fle) = Y™ ifec<0.
Letting ¢ tend respectively to oo and —oo proves Theorem 3.1. .

Proof of Theorem 3.2. In this proof, k always denotes a non-negative integer. We first
assume that m, tends to infinity. Note that

>t+1/2 ifk > {t}
ki<t—1/2 ifk <{t}andt e [1/2,00).
=0 ifk < {t}andr € (0,1/2)

This implies
>ml? ifk > {t,)
<m;'? ifk <{t,}andt, > 1/2

=n? ifk <{t,}andt, € (0,1/2)

k. —3/2
m,n

Theorem 3.2(1) thus follows from Lemmas 1.2 and 6.1.
The proof of Theorem 3.2(2) is similar to the proof of (1) but depends on the observation
that

- .

X >+ 1d@)] %fk>t for k € N,
<t—|d@®)| ifk<t

which implies

n

mkn—3/2 z exp{ld(tn)“/“n} lfk > tn
= exp{_|d(tn)|ﬂn} ifk <t,
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For Theorem 3.2(3), by assumptions
liminf |d(t,)| 1, < 00, lim p, = oo.
n—oo n—oo

Thus we can choose M > 0 and a sequence (n;){° tending to infinity such that |d(z, )|, <
M andt, > 1/2foralli > 1. Since {t} =t — d(t) fort > 1/2, we have that for all i > 1,

— {tn;} —3,2
M <mn-t ni /

e < ; feM.

By Lemmas 1.2 and 6.1, this implies that

lim sup HQ,{f,"i,?,,l — Uyl

11— 00

w S VE <1,

and o
. . In; _
lim inf H Oniimn; — Un, HTV > W(e ™) > 0.
11— 00

For Theorem 3.2(4), if L < oo, then the fact, lim,_, ., u,, = oo, implies that ¢, > 1/2 for
large n. In this case, {t,} =, — d(t,) € Z and

m’[ltn) — n3/ze_d(fn)ll«n_ (61)

Then the desired inequality (3.2) follows from Lemmas 1.2 and 6.1.
If L = oo, let (n;){° be a sequence such that £, > 1/2 if and only if n = n; for some i.

1T —

Observe thatifn ¢ {n;|li = 1,2,...}, then |{#,}] = 0, and hence (3.2) follows immediately.
For the sequence (%,,){°, since (6.1) holds in this case, the discussion for L < oo is applicable
for #,, and hence (3.2) holds. This finishes the proof of (4).

‘We now assume that (m,){° is bounded and let N be an upper bound of m,,. The proof in
this case is similar to the proof of (3) after observing that

t,+k—1<{t,})+k<t,+k+1,
and

min{2k_l,Nk_1} < m’{itn}+kn—3/2 < maX{2k+1,Nk+l}.

7. PROOF OF THEOREM 3.3
We start with the following elementary but crucial lemma.

Lemma 7.1. Let {Y,}32, be a sequence of nonnegative random variables. Set

Yn_un

un=ElY,), o) =Var(Y,), §& =
Oy

Suppose that (a,)52 | is a sequence of positive numbers such that the Lindeberg type condition
. 2
Ve > O’nlin;oE[é”l{s,%xan}] =0, (7.1
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holds. Then R

) o
lim a, =00 and lim —— =0.
n—o00 n— 00 '[,L a,

Proof. Note that E[E,fl(srg ] < e€a, forall € > 0. By (7.1), this implies

<eapn}
P -1 2 -1
liminfa, > e 'E[§]] =€
n—0o0
Hence lim,,_, , a, = 00. Next, fix € > 0. As Y, is nonnegative, we have

\/_u’nan

O-2

>

[5 15,,<0)] = G—; < —)

n

for all n large enough, and

_ eulay
E[§ 1 10<g,<yeam | < 0, ' VE@E[(Y, — ) o<t < yeam ] < o2
LetL = hm 1nf wla,/o? € [0, 00]. Combining both inequalities and letting n — oo imply
1 < JelL+VL).
Letting € — 0 shows that L = oo, that is, o.?/(u2a,) — 0. .

Recall the generalized model of riffle shuffle defined in (1.2). Forn > 1, let p, be the dis-
tribution of an integer-valued random variable X, and consider the family {(S,, Q,.,, U.)}°
where

Qupn () = E(Qux, () = D pu(m)Qun ().

m=1
Let X,,1, X2, ... be a sequence of i.i.d. random variables sharing the same distribution as
X,,. Then, fora, k > 0,

190 = Unllyy = ZP (]—[Xn, = m) 10 — Unllny
k
<1_[X’“ = f’l a) +P (HXM > I’l d) (\I/(a )+ 0 (n7]/4))

i=1

= (W)~ DP {]‘[Xn,i > n3/2a} + 140,077, (7.2)
i=1
where the first inequality comes from the triangle inequality and the second inequality

follows from Theorem 5.4.
Consider the set B, defined in Lemma 5.7, that is, the subset of S, containing permutations

with numbers of rising sequences in [4 — % + n'4,n]. Lemma 5.7 then implies that

k
” Q”I’n “TV = Z P {HXn,i = m} (Un(Ba) - Qn,m(Ba))

m<n32q i=1

. (7.3)
> W(a P { []x. < n3/2a} + 0, (n™'.

i=1
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Proof of Theorem 3.3. Forc € R — {0}, let

[t,+cb,] ifc>0

k:k(n,c)Z{ Ltn+Can ifC<0 s

where 1, 31°g” and b, —n max { 1,/ ‘T”:zg" } By hypothesis, (3.4) holds. Thus Lemma

7.1 implies
lim ¢, =00, b, =o0(t,). (74)

n—0oo

By Definition 2.2, to prove a (¢,, b,) total variation cut-off, we have to show that
lim f(c) =0 lim f(c) =1,

where
f(C) - hm Sup ||ann - ”TV’ f(C) - hm lnf ||Q"[’n ||TV

Note that b, > L <1 +,/ 2 log"> This implies

2logn (<0 ifc>0
3/2 c/2y _ ¢ |oylogn |< if
log(n™"e™) =k + 5\ =~ {zo ife <0
Hence, we have
k k
P l_[Xn,i = ni el >P 2z 108 X0i = kit > < logn forc >0
i=1 O'n\/% 2 k/”“n

k k
P {Hxn,i < n%ec/z} >P { iz log X — kit << logn} for c < 0.

and

O'n\/% N 2 k/'Ln

For fixed ¢ € R — {0}, consider a triangular array of random variables whose k-th row
consists of

i=1

log X,.1,10g X5, ..., 10g X, «.

In this setting, k ~ t, and (3.4) is equivalent to the well-known Lindeberg condition for
such an array. Hence the central limit theorem (e.g., [16, Theorem 1, page 329]) yields

k
limianiHX,,lznZe”/z, ;( +W(2v2¢)) ifc >0,

n— oo
i=1
and

(1 +\I'( Zﬁc)) ifc < 0.

Nlb—i

k
lim inf P {l_[X,,, < nze‘/z}
i=1
Then, by (7.2) and (7.3), we have
fle)<1— %(1 —W(e™?))(1+¥(2v2c)) fore >0,
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and
flo)> %\I/(e’”/z)(l +W(-2v2¢)) forc < 0.

Hence the (7,, b,)-cutoff is proved by letting ¢ tend to co and —oo respectively.
For the optimality of such total variation cutoff, we need to estimate f(c) for ¢ < 0 and
]:(c) for ¢ > 0. Assume that b, > b > 0 for all n > 1. Then we have

— lt, +cb,| > t,+cb,—1>t,+(c—b""b, ifc<0
bl <t b, +1<t,+(c+bNb, ifc>0"

Arguing as in the proof of cutoff above, we obtain

k
lim inf P !]‘[x > nie(f—b“)} > %(1 —W@4V207 =) forc <0,

i=1

and

(1 —w@v2(b™" +¢))) fore> 0.

1
n—00 -2

k
lim inf P {HX < nie(‘*b')} >

i=1

Hence, the functions f, J are bounded by

Ve<0, flo)<1- %(1 — () (1 - w@V20 - 0)) < 1,
and
Ve>0, flo)= %xp(e—“”‘“))(l — (V207" +0)) > 0.

By Definition 2.3, the family {(S,, Q,,, U,)}7° has an optimal (z,, b,) total variation
cutoff. .

8. PROOF OF THEOREMS 3.4, 3.5

To work without assuming the existence of u,, we need the following weak law of large
numbers for triangular arrays. See, e.g., [12].

Theorem 8.1. (Weak law of large numbgrs) For each n, let W,;, 1 < k < n, be
independent. Let b, > 0 with b, — oo, and W, = W,,,kluwn’k‘ﬁhn}. Suppose that

(1) >k PUWoi| > by} — 0, and
(2) b2 EW;, — Oasn — oc.

IfwesetS, =W, + -+ W,, and put s, = Y _, EW,s, then

S,,—S,,

— 0 in probability.

n
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Proof of Theorem 3.4. For 0 < |e| < 1, let

- _ [ ra+en] ife>0
k—k(naf)—{ (1 +e),] ife<O

By (7.2) and (7.3), to prove a total variation cutoff with critical time #,, it suffices to prove
that for alla > 0

k
lim P{[[ X =nfaf =1, ife>0, (8.1)
i=1
and
k 3
lim P{[[X. <nZap =1, ife <o. (8.2)
i=1

Indeed, if these limits holds true then (7.2) and (7.3) give

lim sup ||Q'n"pn -U, ||TV <W@') fore>0

and
> W) fore <0.

vV —

liminf |, — U, |

n.pn

The total variation cutoff is then proved by letting a tend to infinity and O respectively.
To prove (8.1)~(8.2), note that EZ? = EY? + a?P{log X, > a,}. By the second part of
assumption (3.5), we have

(1 +e)t,P{logX, > a,} -0 and (1+€)t,a,’EY; — 0, asn—> oo. (8.3)
In order to apply Theorem 8.1, for fixed € € (—1, 1), consider
Wi =log X, 1,..., Wi =log X«

as the k-th row of a triangular array of random variables. Then (8.3) shows that the hypotheses
(1) and (2) in Theorem 8.1 hold. Hence

i=1

k
a;’! (Z log X,.; — (1 + e)tnEY,l> — 0 in probability. (8.4)
Note also that for a > 0, a, ' (log(n*?a) — (1 + €)1,EY,) ~ 4571:“4" Hence the first part of
assumption (3.5) implies that
lim supa;l(log(n3/2a) —(1+euEY,) <0 ife >0,

n—00 (85)
lim inf a;l(log(nma) —(1+etEY,) >0 ife <O.

Combining both (8.4) and (8.5) proves (8.1) and (8.2). .
Proof of Theorem 3.5. Let X, be integer valued random variables such that
P{X, =k} =p,(k) fork=1,2,...
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and satisfying (3.6), (3.7). Let a, = log n in Theorem 3.4 so that

Yn = (logx)l{logxﬁogn)a Zn = Yn + (10g n)l{IOgX>logn}-

Set L, = logX,. By (3.7), we have E(L,1{1,~100n) = 0(u,,). Hence E(Y,) ~ p, and the
third condition of (3.5) follows from (3.6). To apply Theorem 3.4, it remains to show

EY? . P{L, > logn}logn
=0, lim

lim —*— =0, =0,
n—oo EY, logn n—00 EY,
or equivalently,
EY? P{L, >1 1
lim 20 g, jim Db > logntlogn
n—oo L, log n n—00 I

The hypothesis (3.7) gives

P{L, > 1 1 E(L,11,5108n
{L, > logn}logn < L1z, >100 1)) — ()
e Mo

which proves the second desired limit. For the first limit, for any n € (0, 1), write

EYn2 = E[ertl{LnS’ﬂOg”}] + E(erzl{nlogn<Lnflogn})
= Nin lOgl’l + E(Lnl{L,,>nlogn}) logn
< (+o0,(1))unlogn
where we have used (3.7) again to obtain the last inequality. Thus
2

Y
1% loyign =n+op(D).

Letting n tend to infinity and then 7 tend to 0 shows that the left-hand side tends to O as
desired. .

The next lemma deals with condition (3.5) appearing in Theorem 3.4 and plays a role in
the proof of Theorem 4.2(2).

Lemma8.2. Forn>1,leta,,b, > 0andX, be a non-negative random variable. Accord-
ing to the sequence (a,){° and ¢ > 0, set Y, = X, 1ix,<capy and Z, = Y, + ca,ix,>ca,)-
Consider the following conditions.

b,EZ? . b,
=0, lim = 00. (8.6)
a2EY, n—oo EY,

a, = O(b,), lim
Then (8.6) holds for some ¢ > 0 if and only if it holds for any ¢ > 0.

Proof. On direction is obvious. For the other direction, we assume that (8.6) holds for
some ¢ > (. The second condition in (8.6) implies

EY, EY? EY,
P{X, > ca,} =0 — |, =o|l—). 8.7
b, a2 b,
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Letd > O0and Y, = X,1x,<da,) and Z, =Y, 4 da,1x,-4a,,- Then (8.7) and Chebyshev
inequality imply

, ca,P{Y, > da,} ifd <c
EY, — EY,| = {da,,P{X,, > ca,) ifd>c
a,LY,
=o0 = o(EY,),
by
and
|EZ? — EZ}| < |d* — P|a.P{X, > (d A 0)ay,)
=|d* — a2 (P{Y, > (d A c)a,} + P{X, > ca,})
EY? 2EY,
<|d® - cz|aﬁ —" — +P{X,>ca,} ]| =0 ekl .
(d A c)*a? b,
Hence we have EY, ~ EY, and EG? -

d2aZEY),

9. PROOFS OF THEOREMS 4.1 AND 4.2
In this section we are concerned with the continuous time process whose distribution at
time ¢, H,,, is given by (4.1), that is

k

[}
Hn’, = €7t Z EQﬁ‘pn.

k=0

~

LetX, 1, X,2, .. .beasequence of independent random variables with probability distribution
pa. Let X, be an integer valued random variable whose probability distribution p, is given
by

e PEn1#l) ifl=1

j . 9.1
YT AP X = 1) =1 e

ﬁn(l) = P{Xn = l} = {

With this notation, we have
H,1 = EQ,%,) = O,
and
Hy=EQ )=04,., k=12,....

Let i be any nonnegative function defined on [0, co) satisfying #(0) = 0. Fubini’s
Theorem yields

o]

~ 1 -
E(h(logX,)) =e' ) FEGE), 9.2)

J=1

where X,;J =logX, + - +logX,;. Thus, if we assume that s, 0, < oo and let h(t) =t
(resp. h(t) = t*), we obtain

E(logX,) = i, and Var(logX,) = o’ + u>.

Random Structures and Algorithms DOI 10.1002/rsa



370 CHEN AND SALOFF-COSTE

Proof of Theorem 4.1. Here, we deal with the case where, for each n, p,(m,) = 1 for
some integer m,. Observe that for any integers n, M and time ¢ > 0,

. 1 _ 1
”Hn,t - Un”TV 2 Hn,t(ld) - _‘ Z e - _‘
n: n:

M .
_ Z t
”Hn,t - Un”TV E e ! ; + ” Qﬁ\fpn - Un

i=0

TV’

where id is the identity of S, that is, represents the deck in order.

Assume that
. . .logn
lim inf
n—00 l,Ln

< Q.

. . . 21
Let M be an integer and (,){° be an increasing sequence such that sup,. :g"k < M.
= "y,

Let (#){° be an arbitrary sequence of positive numbers. Then, by Theorem 3.1 and the
observation above, we have
lim ||H,, ;, — Uy lltv = 0 & lim 4 = oco.
k—00 k—o00
This means that the subfamily {(S,,, , H,, .., Uy, )}5°, and thus F itself, does not present a total
variation cutoff.
Assume now that

. logn
lim =00
n— o0 Mn
Then t, = % tends to infinity and thus 7, ~ |t,]. Clearly, a (¢,, \/%,) cutoff for H,,

is equivalent to a (%, +/7,) cutoff for Q’;,ﬁ". We now prove the desired cutoff by applying

Theorem 3.3 to Q, 5, To this end, we need to show that (3.4) holds for X,.Set&, = —log—z';zg .
Then (9.2) implies

o0 —1:2
=y _ e ’j
E(E,,l{g’%xlzgn”}> = Z TESY — 0 asn— oo,
N

for any € > 0 and n > m}/ €. Hence (3.4) holds for )}n and, by Theorem 3.3, the family
{(Sn, Onjpn» Un)}5° presents, as desired, an optimal (t,, b,) total variation cutoff with b, =

Jlogn/u,. .

Proof of Theorem 4.2(1). Asin the proof of Theorem 4.1, the desired cutoff for the family
{(Sn, H,4, U,)}{° s equivalent to the same cutoff for {(S,, Q,,, U,)}7° because cutoff time
and window size tend to infinity. Hence, the desired conclusion will follow from Theorem

3.3 if we can show that X,, at (9.1) satisfies (3.4). Set &, = ‘g"% Then (9.2) implies

o+

E(E 10 e )=e-lilE Gy ity SN X))
" {EweW} = J! o2+ u? [(Xn,i””) >El(;gn]
= o iy n
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if ew,'logn > 1. Fixe,8 > Oandlet M = M(§) € N, N = N(¢,M) € N such that
2 ZM+1 /]—2, < § and /61:% > 2M if n > N. In this case, (9.3) implies that

T Ky — )?

=5 .
E<$n 1{§%>el‘;§l"}> = §+e Z‘]—’E Wl’ Xn‘/*lln \/ei;)ﬁ] . (94)

j=1
(771 +/1

To bound the expectation in the right hand side, we consider the following sets. For 1 <
i<j<M,let

(o2 + u2)logn

1
An,i,j = loan,i > = Mn +
] I’LH
(logX,; — u,)*  €elogn
Bni = >
| o} 4M2u,,
Then '
elogn !
& C UAn,i,/' 9.5)
+ Mn Mn i1
and

A,ij C B, if /922 > 0oM.
" ’ Hn

This implies that forn > N, 1 <i<j <M,

E ()_(n,/' - N/n)2 1
02 + 12 Anjij

)_(n'_l Xni2 1 Xni_ n2
<op (Kn 108Xy Y o (L8 X )7y
02+M% n,i 0.’12 n,i

-1 -1 2,,2
_ ((/ )U +0G ) K ”)P{Bn,} +2F (5 1 elogn )
n + lun {EPM}
<3E (Efl s clogn ) if n is large.
{€n>4M2ﬂ~n}

Now, using (9.5) and these estimates in (9.4), and applying the hypothesis that X, satisfies
(3.4), we obtain

hmsupE<§”1{ ,(ﬂ}) <5 V8,e >0.

n—00 Hn

Hence (3.4) holds for X,,. By Theorem 3.3, the family {(S,, H,,, U,)};° presents an optimal

(3;2& b,,) total variation cutoff, where

2 2
by = L max | [(G8 1) logn |
Mll l’l/}’l

(note that b, always tends to infinity). .
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Proof of Theorem 4.2(2). The proof is similar to that of part (1) except that we will use
Theorem 3.4 instead of Theorem 3.3. Let

?n == (log Xn)l{logf(nfan)’ Z”l = ?” + a”1(10g2n>an)'

By (9.2), we have

]

. 1 /
— ol .
EYn =e Z]—'E |:<Z IOan,i) I(Zjl IOan,i<anl:| .
=1 i=1

It is apparent that EY, < EY,. For j > 0, we have

J

J
E |:<Zl: loan,i> 1{2,-1 IOan,,-<an}:| > Z {E(loan,il{loan‘idjﬂ})

i=1

J
a}l
X l_[P <loan,k < 7) }

k=1
ki

By Lemma 8.2 (or Remark 3.2) and (8.7), we have

J
lim inf E [(Z 1oan,,»> i ngm.%}} / EY, 2]
i=1 o

Hence, fork > 0

. EY, 1
hmmeY > e Z,—.

n— 00

Letting k — oo implies EY, ~ EY,. ~
_ To apply Theorem 3.4, it remains to prove that the second part of (3.5) holds for ¥, and

Z,, that is,
~ ’EY, ~ EY,
E(Y))=o0 <a”—) , PllogX, >a,}=o0 ( ) .
logn logn

Note that, by the hypothesis that X, satisfies (3.5), we have

5 a’EY, EY,
E(Y))=o(-2—), PllogX,>a,}=0 .
logn logn

Then (9.2), Lemma 8.2 and the above observation imply

. 2

SR [ iy

E(YZ) —¢ IZFE (ZlOan,i) I{Zjl loan,iSan}
i=1

j=1""
2

j=17" i=1
a’EY,
logn J°

= EY? + (EY,)* <2EY’=o0 <
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and

[o9)

3 I
P{logX, > a,} = ¢! Z ,—'P [ZlogX,,,,- > an}
i=1

j=1 J:

= 1 a
<e! E . P{loan>¥}.
= (G- J

Since, forj > 1,

n

P{logX,, > ﬂ} = Pf{log X, > an}—i—P{Yn > a_}
J J

2EY? EY,
:P{logX,,>a,,}+] 2" =j2><0< >,
a logn

n

we have

- EY,
P{logX, > a,} = 0( ) .
logn

By Theorem 3.4, the family {(S,, O..5,, U.)}$° presents a total variation cutoff with critical

time

322’—‘;’:. Hence the same holds for {(S,, H,;, U,)}{°. .
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