dg, >-LEMMA FOR EQUIVARIANT DIFFERENTIAL FORMS WITH
GENERALIZED COEFFICIENT

YILIN

ABSTRACT. Consider a Hamiltonian action of a compact Lie Group on
a symplectic manifold which has the strong Lefschetz property. We es-
tablish an equivariant version of the Merkulov-Guillemin dd-lemma for
equivariant differential forms with smooth or distributional coefficient.
As a corollary we also obtain a version of equivariant formality theorem
in this case.

1. INTRODUCTION

Equivariant differential forms with generalized coefficient was introduced
by Berlin and Vergne and their coauthors (c.f.[DV93], [BV82]). Recall an
equivariant differential form, p, can be regarded as an equivariant map-

ping

(1.1) p:g— QM)

which depends polynomially on mathfrakg, and its equivariant cobound-
ary, dgp, can be defined to be the mapping

(1.2) (dgp)(&) = d(p(&)) —1iep(E).

This definition does not require p to be a polynomial function of . Hence
one can define the equivariant cohomology of M with C* coefficient:

HE (M)

to be the cohomology of the complex of smooth mappings, (1.1), with the
coboundary operator (1.2) and one can define an equivariant cohomology
of M with distributional coefficient

HE™ (M)
by allowing the mappings (1.1) to be distributional function of g (c.f. [KV93]
)- In general equivariant cohomology with generalized coefficient is much
larger than the usual equivairant cohomology groups. Paradan [Pa00] dis-
covered that there are interesting classes living only on the equivariant co-

homology with generalized coefficient, and many formulas, such as local-
ization formulas, work much better in this setting.
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In this paper, in the spirit of [L-S03] we study the equivariant cohomol-
ogy of a compact Hamiltonian strong Lefschetz manifold with smooth or
distributional coefficient from symplectic Hodge theoretic point of view.
Symplectic Hodge theory was initiated by Brylinski in [Bry88]. He defined
the notion of symplectic harmonic forms and further conjectured on a com-
pact symplectic manifold every cohomology class contains a (symplectic)
harmonic representative. He himself showed this is the case for compact
Ké&hler manifolds.

A symplectic manifold (M, w) of dimension 2m is said to have the strong
Lefschetz property if and only for any 0 < k < m, the Lefschetz type map

(1.3) Liy : H™5M) = H™ M), [o] — [a A w]

is onto. It is then a remarkable theorem of Mathieu proved in [Mat95] that
the Brylinski conjecture is true for a symplectic manifold (M, w) if and
only if it has the strong Lefschetz property. This result was sharpened
by Merkulov [Mer98] and Guillemin [GuiO1], who independently estab-
lished the symplectic d, é-lemma for compact symplectic manifolds with
the strong Lefschet property. Let & be Koszul’s coboundary operator and
suppose M has the strong Lefschetz property. The d, 5-lemma asserts if o
is a harmonic k-form on M and is either d-exact or 4-exact, then o« = dop
for some k-form .

In [L-S03], Lin and Sjamaar extended the above results to an equivariant
setting and obtained an improved version of Kirwan-Ginzburg equivariant
formality theorem ([Kir84] for compact Hamiltonian manifolds with the
strong Lefschetz property , [Gin87]). In particular, it was shown in [L-S03]
for a compact strong Lefschetz Hamiltonian G-manifold any closed form
has a canonical equivariantly closed extension unique up to coboundaries.
In a subsequent paper [L04] Lin showed by examples that the category of
compact strong Lefschetz symplectic manifolds with the strong Lefschetz
property is much larger than the category of compact Kdhler manifolds
with compatible group actions.

Suppose M is a compact Hamiltonian manifold with the strong Lefschetz
property. The main results of this paper are a dgd-lemma for equivariant
differential forms on M with smooth or distributional coefficient, and a ver-
sion of the equivariant formality theorem. These results show for a com-
pact Hamiltonian manifold with the strong Lefschetz property any class in
HE™ (M) has a harmonic representative. It is an intriguing question that
whether we could find explicit formulas for the harmonic representatives
of the classes discovered by Paradan.

Let us briefly outline the content of this paper. Suppose M is a com-
pact smooth manifold provided with an action of a compact connected Lie
group G with Lie algebra g. In section 2 we define the complex of differen-
tial forms with smooth or distributional coefficient (in g)

AT (g, QM)
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and compute their cohomologies. Assume that (M, w) is a compact sym-
plectic manifold with the the strong Lefschetz property. In section 3 we es-
tablish the d, 6-lemma for differential forms with smooth or distributional
coefficient in g. Suppose that (M, w) is a compact Hamiltonian symplectic
manifold with the strong Lefschetz property. We study the equivariant co-
homology of M with generalized coefficient in section 3.1-5. In section 3.1
we review the definition of equivariant cohomology with generalized coef-
ficient. In section 4 we abstract some ideas that we used in [L-S03] to prove
the D, 6 lemma for general double complexes with certain properties. And
in section 5 we apply it to show the dgo-lemma for equivariant forms with
generalized coefficient. As a corollary we have a version of equivariant
formality for equivariant cohomology with generalized coefficient.

2. DIFFERENTIAL FORMS WITH GENERALIZED COEFFICIENT

Let M be a compact smooth manifold provided with an action of a com-
pact connected Lie group G with Lie algebra g. We denote by Q*(M) the
algebra of differential forms on M (over R). If & is a vector field on M,
we denote by iz : Q*(M) — Q*~ (M) the contraction by &. The action
of G on M gives a morphism X — Xpm from g to the Lie algebra of vec-
tor fields on M. Let A% (g, Q*(M)) be the space of smooth maps from g to
0O*(M), and let A=*°(g, Q*(M)) be the space of continuous R-linear maps
Hom(D(g), Q(M)) from the space of smooth compactly supported densi-
ties D(g) to the space Q(M), where D(g) and O(M) are both endowed with
the C*®-topologies. Thus if « is an element of A™°(g, Q*(M)) and if © is
a smooth compactly supported density on g, then («, @) is a differential
form on M denoted by [ «(X)d®(X). A compactly supported C*® density
on g will be called a density (on g). A compactly supported C* function
on g will be called a test function. The differential d on A*® (g, Q*(M))
and A~ (g, Q*(M)) is given by the following equations 2.1 and 2.2 respec-
tively:

(2.1) (do) (X) = d(x(X)), V€ A®(g,Q*"(M)),VX € g

(2.2) (da, @) = d(x, @), Vax € A (g, Q" (M)) V test density .

Observe that the Z grading of O*(M) induces a Z, grading on A*® (g, Q*(M))
and A~ (g, Q*(M)) respectively. An element o € AE® (g Q"(M)) is called
a differential form (with smooth or distributional coefficient) of degree .
Furthermore by definition both (A% (g, Q*(M)), d) and (A~ (g, Q*(M)), d)
are differential complexes, i.e,, we have d> = 0. Analogously, for any
open subset V. C M we have two differential complexes (A% (g, Q(V)),d)
and (A™*(g,Q(V)),d). For any i > 0, we define the cohomology group
HY(A*>®(g,Q(V)),d) to be the i-th cohomology group of the correspond-
ing differential complex. Denote by C*(g) the space of smooth functions
on g and by C™*°g the space of continuous linear functional from D(g) to
R,i.e.,, Hom(g, R).
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Lemma 2.1 (Poincaré lemma ). For any contractible open set V. C M, we have :

i C=2(g) if 1=0
i +oo * —
Proof. The usual proof for the Poincaré lemma of ordinary De Rham coho-
mology (see e.g., [BT82]) applies without change.
O

First we would give a sheaf theoretic interpretation of Lemma 2.1. We
will present here in detail such an interpretation only for the statement that

C>®(g) if i=0
0 it i>0
A sheaf theoretic explanation for another half of the statement in Lemma

2.1 is completely analogous. Define the sheaf € to be the sheaf associated
to the presheaf

HE (A (5,07 (V)), ) :{

V — C%(g), for any opensetV C M,

and for each integer i > 0 define the sheaf a' to be the sheaf associated to
the presheaf

V — A% (g, QYV)), for any open setV C M.
Note for any integer i > 0 and open set V C M, we have a differential map
d: A% (g, Q(V)) = A% (g, Q" (V).
All these differentials define a morphism of presheaves and thus induce a
sheaf homomorphism a* % a7, Lemma 2.1 asserts that
(2.3) 05€—a®d ... Lat g gt

gives us a resolution of the sheaf £. Next we define another sequence of
sheaves bt by letting bl i > 0, to be the sheaf associated to the presheaf

V = C®(g) ® QY(V), for any opensetV C M
For any integer i > 0 and open set V C M, we have a natural map
bY(V) = C(g) @ QY(V) 2% C%(g) @ Q' (V) =™ (V)
These maps define a morphism of presheaves and hence induce a sheaf

homomorphism bt % bit!. Combine the ordinary Poincaré lemma and
the fact that C*(g) is a real vector space, we get that

(2.4) 0— & — b0 124, . 184, i 18d, it

is another resolution of the sheaf . Besides, it is easy to see that both at
and b' are acyclic sheaves for any i > 0. Thus (2.3) and (2.4) actually give
us two acyclic resolutions of the same sheaf €. These observations leads to
the following lemma:
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Lemma 2.2. For any integer i > 0, the i-th cohomology of the differential complex
(A>(g,Q*(M)), d)

H (A% (g,Q (M), d) = C*(g) & H'(M)

Proof. Note that for each i > 0, bl is a subsheaf of a' and there is a natural
inclusion p : b* — a*. And we have the following commutative diagram of
two acyclic resolutions:

E —— b*

a e

E — a*

Then it follows immediately from the standard sheaf theory that p is a
quasi-isomorphism and for each i > 0,

H' (A% (g,Q*(M)),d) = C®(g) @ H(M).
The proof that
HY (A (g,Q*(M)),d) = C *(g) ® H'(M)

follows essentially the same way.

3. THE d, -LEMMA FOR DIFFERENTIAL FORMS WITH GENERALIZED
COEFFICIENT

Throughout this section, (M, w) is assumed to be a compact symplectic
manifold of dimension 2m. Denote by I'(T(M)) the space of all C* vector
fields on M and by I'(A*T(M)) the graded algebra of all skew-symmetric
C*® multi-vector fields. Let 2 : I(T(M)) — Q'(M) be the usual isomor-
phism given by AX := ixw,where X € I'(T(M)), and let § be its inverse.
Extend f to a graded algebra isomorphism § : Q*(M) — I'(A*T(M)), i.e.,
gl A B) = (fx) A (#B). Next extend the contraction of vector fields with
forms to i : T(ATT(M)) ® Q¥T(M) — QK(M) such that ixayax = iyixo.

n

Then the symplectic Hodge star operator is defined by o = iﬁ(x%, and the

symplectic coboundary operator 6 is defined by dax = (—1)"" Tedso, & €
QT(M) (see [Bry88] for details).

Symplectic Hodge coboundary operator gives rise to a third differential
on A*® (g, QY(M)), which will also be denoted by & for convenience, by the
equations 3.1 and 3.2 respectively:

(3.1) Voe A% (g, Q% (M)),VX € g, (dx)(X) = d(x(X)),

(3.2) Voae A (g, Q%(M)), Vtest density @, (6o, @) = &(cx, D).
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It is easy to check that d5 = —8dand 8% = 0. Next we define operators
L,L*, A on A*®(g, Q(M)) by the equations 3.3 and 3.4 respectively.
(3.3)
(Lo} (X) = wA (X)), (L") (X) = =+ w A (xx(X)), (A} (X) = (i —m](X),

where & € A® (g, QY(V)).
(3.4)
(Loe, @) = w A (o, D), (L*x, @) = —x w A x(ax, D), (Ax, D) = (1 —m)(ex, D),

where « € A7°(g, QY(M)) and @ is a test density.
These operators satisfy the following commutator relations:

Lemma 3.1.
[L* 1] =A, [A L] =-2L, [A,L*] =2L% [L,8] = —d, [L*,d] = 5.

Proof. The same proof for the usual symplectic Hodge identities carries
without any change here. For details see for instance section 1 of [Yan96].
O

It follows immediately from Lemma 3.1 that A, L, and L* define a repre-
sentation of s1(2) on AT*® (g, Q(M)). This representation gives a very spe-
cial case of infinite dimensional sl(2)-module such that the operator A has
only finitely many distinct eigenvalues, which is discussed in great details
in [Yan96]. A differential form (with generalized coefficient) o in the s1(2)-
module A¥® (g, Q™ ¥(M)) is said to be a primitive differential form (with
generalized coefficient) if and only if L*« = 0 or equivalently Mo = 0.
The following lemma is only a direct consequence of corollary (2.5) and
(2.6) of [Yan96].

Lemma 3.2. Let Py be the space of primitive differential forms (with general-
ized coefficient) in A** (g, Q™ %(M)). Then we have:
(i) L*: AF®(g, Q™ ¥(M)) — AF®(g, Q™ K(M)) is an isomorphism.
(i) A*®(g, Q™ *M)) = Pyx @ Im L.
(111) A:too (g, Qmﬁk(M)) - mek@Lmekfz@LZmek74EB' : '@Lrpmfkflr (k 2
0); and
(iv) AF(g, Q™M) = L¥Pry i @ L TPy g 2@+ (k> 0)

A form a € A**®(g,Q*(M)) is called a harmonic form if and only if
do = dx = 0. Let Afaoro (g, Q%(M)) be the space of all harmonic k-forms in
A*® (g, Q%(M)), and let Afaor"(g,ﬂ*(M)) = iﬁoﬂfaoro(g,ﬂk(M)). Then
by Lemma 3.1 we see that Afa(’ro (g,Q*(M)), as a subspace of AT® (g Q(M)),
is a sl(2)-submodule. It follows again from corollary (2.5) of [Yan96] that
the map

L*: AE® (g, Q™ (M) — AE® (g, Q™ (M)

is an isomorphism for each k. And we have the following commutative
diagram:
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AZX (g, Q™M) ——  AEP(g, Q™M)

| !

HE (A (g, ™ K(M)),d) —— HE (4% (g, ™M), d)
Assume that (M, w) has the strong Lefschetz property, i.e., for eachi > 0,
the map H™ (M) — H™ (M), [a] — [ A w'] is an isomorphism. It
follows easily from Lemma 2.2 that

35)  H™L(AT®(g Q% (M), d) 1 H™ (A% (g Q*(M), d)

is an isomorphism for each i > 0. By adapting Dong Yan’s proof of Math-
ieu’s theorem (see [Yan96]), we get an analogue of Mathieu’s theorem ([Mat95])
for the differential complexes (AT® (g, Q*(M)),d).

Theorem 3.3. Suppose (M, w) satisfies the strong Lefschetz property. Then every
cohomology class in H (A% (g, Q*(M)), d) has a harmonic representative.

Proof. 1t is easy to see we need only to show that for any 0 < k < m, any
cohomology class in H™ & (A%% (g, Q*(M)), d) has a harmonic representa-
tive. First we claim

H™* (AF*°(g,Q*(M)),d) =Im L + P,

where P, = {0 € HM K (AT® (g, O*(M)),d) | L¥ T = 0}. In fact due
to the isomorphism 3.5 for any o € H™* (A% (g, Q*(M)), d), M«
L**2B for some B lying in H™ %2 (A*® (g, Q*(M)), d). Therefore oc—LB €
Pk, which implies that

o= (x—LB)+LPeImL+Pri.

This establishes our claim. The rest of the proof follows by the induction
on the degree of cohomology classes in H (AT® (g, Q*(M)), d). Obviously
any 0-cocycle and 1-cocycle in A*® (g, Q*(M)) are harmonic. We suppose
for any r < m — k, any cohomology class in H" (AT*®(g,Q*(M)),d) has
a harmonic representative. It suffices to show any cohomology class in
H™ & (A% (g, Q*(M)), d) also has a harmonic representative. By induc-
tion, any class in Im L has a harmonic representative. Thus it remains to
show any class in P, x has a harmonic representative. Let u = [z] €
P_x, wherez € A**® (g, Q™ *(M)) is a closed form. Since [z A w**1] =0
in H™Hk+2 (4% (g O*(M)), d), there exists y € A*® (g, QMTk+1(M)) such
that zZAw**! = dy. Since LK1 : AT (g Q™ % T(M)) — AF® (g, QMK+ (M)
is an isomorphism we can pick 0 € A*®(g, Q™% 1(M)) such that y =
8 A w**!. Then (z — d8) A w¥*! = 0. Therefore, if we write y for z — d8,
then [z] = [y] = u. Note that y is both primitive and closed. According to
Lemma 3.1 y is harmonic. This finishes the proof. O
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For any r < m and any primitive element u € A*® (g, QP(M)), we still
have Weil’s identity

L™u plp+r1) [MP Ty
pl

= (1)

(3.6) * mop_nl

Adapting Guillemin’s proof of symplectic d, 6-lemma(see [Gui01]), one can
establish the d, -lemma 3.4 for the differential complex (A* (g, Q*(M)), d).

Theorem 3.4. Let (M, w) be a strong Lefschetz manifold. If « € A (g, QP(M))
is harmonic and is either d-exact or -exact, then there exists somey € A*> (g, QP(M))
such that o« = doy = —6dy.

Here we collect some important steps on how to adapt Guillemin’s proof
to our situation. First we point out that we have the following:

Lemma 3.5. Let  be in AT® (g, QP(M)). Then
(i) o can be uniquely written as a sum

(37) a=) Loy 1> (p—m)

with o, € AT® (g, QP~2"(M)) being primitive.
(ii) there are non-commutative polynomials ®, (L, L*) such that

(3.8) o =Dp (L, L) ex

(iii) each «, € A*>(g, QP2"(M)) is d-closed and primitive if « is har-
monic.

Proof. The first assertion follows from Lemma 3.2. For the proof of the sec-
ond assertion we refer to Theorem 3.12, page 182 of [W80] (c.f. also [We58],
page 26). The last assertion is an immediate consequence of the first two
and Lemma 3.1. O

We note that in Lemma 3.5 (M, w) does not have to be a strong Lefschetz
manifold. For the following lemma we need to assume that (M, w) has the
strong Lefschetz property.

Lemma 3.6. If the form, «, in 3.7 is d-exact, then each o, is d-exact.

Proof. By 3.7
q

= Z L o,
r=(p—m)+

wherep —2q = 0or 1. Thus o1 = 0is d-exact. Let’s assume by induction
that o, is d-exact for r > k and conclude that o is d-exact. By the induction

hypothesis
o = oc—ZLrocr = ZLTocr

>k r<k

Y(p —m), denotes max{p — m, 0}



is exact. Applying L™ P** we get from this identity

(39) mep—i—kocl _ mep—i-Zk(xk + Z me[prr)—O—(kfr) o
r<k

and since «, is primitive and of degree (p — 2r) all the terms on the second
line are zero. Thus

(3.10) LM P = T P2

The left hand side of 3.10 is exact; therefore by the isomorphism 3.5 «; is
exact. 0

As a consequence of the above lemma and Weil’s identity we have:
Corollary 3.7. If x € AT®(g, QP(M)) is harmonic and d-exact it is 5-exact.

Now suppose « € AF>®(g, QP(M)) has the property that da is harmonic.
Let

(3.11) x = Z L'ay, 72 (p—m)4
with o, € AT (g, QP~2"(M)) being primitive. Then
(3.12) da=) L'dar,

and we have:

Lemma 3.8. Each summand, w'd«,, in the sum 3.12 is d-exact. Furthermore,
doy = uy + wul, with w, and W, being primitive and d-exact.

For a proof of this lemma we refer to [Gui0Ol], page 8 — 9. The same
argument applies here without any change. Now we are ready to give a
proof of Theorem 3.4.

Proof. Due to the relations that &6 = + * d* and *+x = 1, we need only to
prove if o € At (g O*(M)) is harmonic and d-exact, then o = d&p for
some B € AT®(g, Q*(M)). We will prove this by induction on the degree
of x € A*®(g, O*(M)). In degree zero there is nothing to prove. In degree
one « = dh,h € A*®(g, Q°M)). It suffices to show that h is d-exact. If
h € A% (g, Q%°(M)), define hy € A% (g, Q°(M)) by

E— J h(&)w™, forany & € g;
M
if h € A=°(g,Q°(M)), define hy € A= (g, Q°(M)) by
o — J (h,®)w™, for any test density on g.
M

In any case, replacing h by h — hy if necessary, we can assume & = dh and

J hw™ = 0.
M
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Observe that hw™ represents a class in H2™M (A% (g,Q(M)), d). By Lemma
2.2 there existn € AT (g, Q?™ 1(M)) and @ (Aw?™) € C**(g)@Q?™(M), where ¢ €
C*>®(g)and A € Q°(M), such that hw?™ — @ ® (Aw?™) = dn. Therefore

J ® @ (Aw?™) :J hw?™ =0
M M

. Furthermore by Lemma 3.2 we haven = L™ 1B for some p € AT®(g, Q'(M)).
Apply Weil’s identity we get that up to a constant

(3.13) h—@®A=>5p.

If ¢ = 0, then the above equation shows that h is d-exact. Assume ¢ # 0.
Then [, ¢ ® (Aw?™) = 0 implies that [, Aw?™ = 0. Thus Aw?™ = d(B1 A
w™ 1) for some B € Q'(M). Apply Weil’s identity again we get that A\w?™
and hence ¢ ® (Aw?™) is 5-exact. Therefore by the equation3.13 we have
that h is d-exact. This proves the case that the degree of « is one. Assuming
the d, 5-lemma is true in dimension p—2 we will prove it in dimension p. By
Lemma 3.8 it suffices to show the d, 6-lemma for « € A+ (g, QP(M)) such
that « = w"dv = w"(u; +wuy) with uy, u; being d-exact and primitive and
v being primitive. Since v is primitive and of degree p — 2r — 1, by Weil’s
identity

xw"™v = cw™ Py for some constant c.
Hence

dxw™v=c(w™PTy, 4+ ™ PHT2y,).
Thus by Weil’s identity,

1

dwa=x*xd*xwv=crw™ 'u; +cowu,

for some constants c1,c2. So dw'™ is both d and 6-exact. Therefore by
induction hypothesis

sw'v = ddo, o€ AT®(g, QP 2(M))

Let Tt = w'v—do. Then o« = dt and 6t = 0. Since 7 is é-closed, it fol-
lows easily from Theorem 3.3 that the 5-homology class, [t]s, contains a
harmonic representative vy, i.e., T =y + 5 where pu € A**®(g, QP(M)) and
&y = dy = 0. Thus

x =dt =dy+ dop = dop

proving the Theorem 3.4. O

Denote by H(A*® (g, Q*(M)), 8) the homology of A*> (g, Q*(M)) with
respect to 5, and by A}foo(g,Q*(M)) the kernel of & in A*®(g, Q*(M)),
which are differential complexes with respect to the differential operator
d since d and $ anti-commute with each other. The following result is an
easy consequence of Theorem 3.4.
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Theorem 3.9. Assume the strong Lefschetz property for (M, w). Then the d-
chain maps in the diagram
AF®(g, Q% (M) — A5 (g, Q*(M)) — H[AT(g,Q*(M)), 8)
are quasi-isomorphisms, i.e. they induce isomorphisms in cohomology.

This immediately implies the following sharpened version of Theorem
3.3.

Theorem 3.10. Assume (M, w) has the strong Lefschetz property. Then the map
Hs(A*(g, Q" (M) — H(AT> (g, Q" (M)

is bijective. Here Hg(A*> (g, Q*(M)) denotes the cohomology of the differential
complexes (A (g, Q*(M))s, d).

3.1. Equivariant cohomology with generalized coefficient. suppose{E,---

is a basis of g, and Ey, - - - | E,, the associated dual basis of g*. Let Xy,--- , X,
be the corresponding coordinate functions on g. We define the differential
9 on A*® (g, Q*(M)) by the equations 3.14 and 3.15 respectively:

(3.14) for any o € A* (g, Q*(M)), (0x)(X) = —ig,, (x(X)), X € g,
(3.15)

Py

forany x € A"(g,Q*(M)), (0, D) ZlEl o, Xi®), ® is a test density on g

i

Remark 3.11. For any smooth function f on g, and test density @ the mul-
tiplication f® is well-defined. In particular for any coordinate function Xj,
X;® is well defined. Thus for any « € A7 (M), and smooth function f on
g, we can define fa by the equation

(fo, @) = («, f®), for any test density®.
With this definition on mind, we can rewrite 3.15 as

(0, @) Zlﬁ (Xior, D)

The (equivariant) differential dg on At® (g O*(M)) is defined to be the
sumof dand 9,i.e, dg=d+ 0.

The group G acts naturally on A (g, Q*(M)) by the equations 3.16 and
3.17 respectively:

(3.16) (hat)(X) = h* (oc((Adh*’)X)) .

(3.17) (ho, ®) = h* (o, h ')

Here Ad : G — gl(g) denotes the adjoint representation of G on its Lie
algebra g, and h™'® is defined by h~'®(f) = ®(Adh~!(f)) for any com-
pactly supported smooth function f on g.
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Let A (M)'be the G invariant subspace of A** (g, Q¥(M)). Itis easy to
check that operators d, 0 and dg preserve Aéoo (M); moreover on Aé“’ (M)
we do have 00 =0, and dgdg = 0.

We will need the following lemma in section 5.

Lemma 3.12. (i) do = —0d, 80 = —05, dgd = —bdg.
(ii) Suppose x € A*(g,A(M)) is a closed form, i.e., dx = O, then d«x is
d-exact, i.e., there exists p € A® (g, Q(M)) such that 9o = df.

For a proof of the Lemma 3.12, see e.g., [L-S03].

Remark 3.13. Suppose do = 0, x € AE®(M) C A**(g,Q(M)). Then by
the second part of Lemma 3.12 there exists y € A*® (g, Q(M)) such that
dx = &y. Now that both d and 9 are G-invariant, after averaging over G
we may assume that 9« = dvy, for somey € Aéo" (M).

Definition 3.14. Define:
ZE®(M) ={ax € AE® (M), dga = 0}

Béo"(M) ={x € Aé‘x’(M), o= dgp, for some 3 € Aé”(M)}
and
HE® (M) = Z5*(M)/BE* (M)
We call HE (M) and H > (M) the equivariant cohomology of G-manifold M with
smooth and distributional coefficient respectively.

Remark 3.15. Note that on Aé‘” (M) d is a differential of degree 1, whereas
3 is a differential of degree —1. Thus HE™ (M) is naturally Z, graded and
dg is an differential on Aéoo (M) of parity 1.

4. ABSTRACT D, d LEMMA FOR A GENERAL DOUBLE COMPLEX

Throughout this section (K**, d, d’) is assumed to be a double complex of
vector spaces which is bounded in the following sense: for each n, there are
only finitely many non-zero components in the direct sum K™ = @, ;_, K.
Here d is the degree 1 vertical differential and d’ the degree 1 horizontal dif-
ferential. Furthermore we assume there is a degree —1 vertical differential
5 which anti-commutes with both d and d/, i.e.,, d0 = —6d,d’6 = —&d’.
Let (K*,D) be the associated total complex, where D = d + d’ as usual.
We will recast some key ideas used in [L-S03] in the current situation and
prove an abstract D, 6 lemma which we need to establish the dg, 6-lemma
for eugiviariant forms with generalized coefficient.

Before we state this lemma, let us first give an interpretation of the above
“boundedness” condition. Recall on any double complex there are two
filtrations, horizontal filtration F and vertical filtration 'F, which are defined
by F? = @5, K" and 'F4 = @; K" respectively. Our “boundedness”
condition says that for any fixed dimension n both filtrations FK™ and 'FK™
are of finite length. Therefore the spectral sequences associated to both



13

filtrations converge to the total cohomology groups of this double complex
(for details, see for example section 14 of [BT82]).

Lemma 4.1 (D, 4 lemma). Suppose the double complex (K, d, d’) satisfies:

(a1) imd Nkerd = imdd = kerd N imbd
(az) The spectral sequence associated to the row filtration degenerates at the
E; stage.
Then we have imD N kerd = imD®.

Proof. Since for each dimension n the filtration FK™ is of finite length, it
suffices to prove by induction that given any fixed integer p the following
assertion (Ay) is true for any k > p.
(Ax) @ Suppose x = dyP + 3 ;- (d'yt+ dy**") € FPK™, where y* €
Kin—i=1 Agsume &x = 0, then for any k > p there exist zt e Kbnt
for p < i < k—1such that

x=Ds | Y 2| = (@ -s N ayh+ ) (dyt+aytT) e P
PLigk—1 ik
We first study the case k = p + 1. Note that dx = 0 implies ddy? = 0 by

simple type consideration. By assumption (aj) there exists zP € KPP
such that dyP = dézP. Therefore

x—DozP = (d’(yp —52°) + dyp“) n i;ﬂ (d’yi n dyi“) .

This proves the assertion (Ap;1). Assume that (Ay) is true, i.e, there exist
z' € Kb for p <1< k—1such that

x-Ds| Y Zi (d’ 6zk’1)—|—dyk)—i—Z(d’yi—l—dyi“).

P<i<k—T i>k
Then type consideration yields immediately that
d(yP? —6zP) = 0,d'(y' — 6z4) + d(y*' — 8z1t") =0

for p < i < k — 1. Recall assumption (a;) is equivalent to the following
condltlon Given any integer j > 1, and suppose for 0 < i < j, bt € K** are
glven such that db® = 0 and d’b* "4+dbt = 0 for 1 < i < j. Then there exists
bl € K** such that d’b/~! + dbJ =0 (For details, see for instance section 14
of [BT82]). It then follows immediately that there exists a* € Kkm—k=1
such that d’(y* ! — 6z%") = da*. Thus d’(y* ' — 6z ") 4+ dy* is both d-
exact and d-closed. By assumption (aj) there exists zX € K*™* such that
d'(y* 1 — 86z 1) + dy* = dozX. And so

x—Ds | Y 2 :(d’(yk—ézk)+dyk“)+ Yy (d’yi+dyi+1).
p<igk i>k+1
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This proves the assertion (Ay1) is true. By induction the assertion is true
for any integer k > p. O

5. dg,d LEMMA FOR EQUIVARIANT DIFFERENTIAL FORMS WITH
GENERALIZED COEFFICIENT

In this section we assume that G is a connected compact Lie group acting
in a Hamiltonian fashion on a 2m-dimensional compact symplectic man-
ifold (M, w). And let (Ajé"o( g,0*(M)), dg) be the differential complex
of equivariant differential forms with smooth or distributional coefficient.
We introduce a periodic differential double complex (.AjéOo (M)per, d, 0) as
follows: set AG®(M)pd: = AX(M)Y1if j > iand AG®(M)pl = 0 if
j < 1, it is equipped with a vertical differential d of degree 1 which is
induced from the differential d on A** (g, Q(M)) as we defined in the
equation 2.1 and 2.2 respectively, and a horizontal differential 0 of degree
1 which is induced from the differential as we defined by the equation 3.14
and 3.2 respectively. This double complex is neither bounded from below
or from above. However for each fixed dimension n, in the direct sum
AjGEOO(l\/l)l{,‘er = @Diin AjGEOO (M)pé; there are only finitely many non-zero
components.

Now Lemma 3.12 implies that Aéfg (M)per = kerd ﬂAéo" (M)per is a dou-
ble sub-complex of AE™ (M)per, and that the homology complex H(AE™ (M) per, 8)
of AjGEOO (M)per with respect to 6 is a double complex with differential in-
duced by d and 9. Thus we have a diagram of morphisms of double com-
plexes

(6.1) AE (M)per — AE% (M)per = H* (A (M) per, 8)

Let us first examine the homology double complex H* (AjGEOO (M), d). The
following proposition asserts that it is a double complex with trivial vertical
and horizontal differentials.

Proposition 5.1. Both differentials on H(AéOO (M)per, &) are zero.

Proof. Suppose « € AE®(M)g: = AX (M)~ such that 5 = 0. Then by
the d, 6-lemma 3.4 we have dx = —5d for some p € AT®(g, Q*(M)) 11,
Since both d and 6 are G-invariant, after averaging over G we get da =
—56dp; for some B € .,éljéoo(l\/l)”]*i = Aéoo(]\/l);‘éﬁ. This shows that the
differential induced by d is zero. Before we prove the differential induced
by 9 is zero, we first point out the following lemma in [L-S03] also holds in
our situation.

Lemma 5.2. (i) d(fo) = foox—(v¢) for all functions f and forms o.. Here
t(v¢) denotes the Hamiltonian vector field of a function f.
(ii) If o is closed, then dot is exact. If « is coclosed, then dx and (v¢)x are
coexact.



15

In fact the same proof used in [L-503] applies here without any change.
Now let ¢ : M — g* be the moment map of the Hamiltonian manifold
(M, w, G). We are going to prove that 9 acts trivially on H(A¥ (M)per, 8)
and H(AG™ (M)per, 8) separately.

(i) Suppose x € AE (M )per such that s« = 0. First note that the mo-
ment map defines an element ¢ in AF (M)per by the equation

@(&) = ¢5, forany & € g,

where ¢ is the £ component of the moment map?.
Since dx = 0, it follows from the second equality in Lemma 5.2
that

(00) (&) = —igyy ((E)) = —(igy, ) (&)
(5:2) = (3(¢%))(8) = 8 ($F(&))
=5 ((9o0)(2)) = (5900 (&)

for any £ in g. Consequently 0 = d«.
(i) Suppose ot € A5 (M)per such that o =0

Fix a basis {£',--- &P} of g, and &1, - - - , &p the associated dual
basis of g*. Let Xj,---, X, be the corresponding coordinate func-
tions on g. By definition and Lemma 5.2, for any test density ® we
have

(dcx, D) Zlg (ot, X; @)
:_Z. i (X
:_Z (bé'l Xia),
=—(8 (Zqﬁ i), ).

1

Thus 0x = =8 ) ; d)‘iiXioc. It is easy to check that — ) ; d)aiXioc €
A (M)per- This proves the differential induced by 9 is zero.

(5.3)

O

In the remainder of this section, all arguments that we are going to give
are working for both the case concerning distributional coefficient and that
concerning smooth one. Henceforth we will present only proofs for the
case concerning distributional coefficient. However, keep on mind that our
proofs work for smooth coefficient as well and we will include it in the
statement of our theorems and propositions.

*Precisely speaking, let (, ) be the natural pairing between g and its dual g*, ¢ is de-
fined by ¢& = (&, ¢)
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Let E be the spectral sequence of A ™ (M)pe; relative to the filtration
associated to the horizontal grading and Es that of Aa’g (M)per- The first
terms are:

BV = (HA (5,27 (M), )

G4 = (g o wim)°
C(g)® @ H (M)

(5.5) - (H(A*”(Q,Qj’i(M))’ d)>G
= C®(g)° @ H M)

Here we used the isomorphism Hs(A™*(g, Q*(M)) = H(A (g, Q*(M))

of Theorem 3.9 and the connectedness of G. By Proposition 5.1 H(A 5™ (M)per, 8)
is a trivial double complex so that its spectral sequence is constant with triv-

ial differential at each stage. The two morphisms in (5) induces morphisms

of spectral sequences

(5.6) E ¢+ (Es) — H(AGT (M), d)per.

It follows from 5.4 and 5.5 that these morphisms are isomorphisms at the
first stage. Hence they are isomorphisms at all stages. In particular the
three spectral sequences converges to the same limit, so the morphisms
induce isomorphisms on the total cohomology. In fact, since the spectral
sequence for H(A:™(M)per) is constant, so are spectral sequences E and
Es. This proves the following result.

Theorem 5.3 (equivariant formality). The spectral sequences E and Es degen-
erate at the first term. The morphisms 5.1 induce isomorphisms of C**(g)©
modules

HE® (M) per ¢— HES (M) per — HIAE® (M), 8) e

Corollary 5.4. Let j > 1 and suppose for any 0 < 1 < j oy € AE™ (M)per are
given such that doxg = 0 and 0i_1 + day = 0 for 1 < i < j. Then there exists
o5 € AE™ (M) er such that dog_1 + doy = 0.

Proof. This is equivalent to the degeneracy of the first spectral sequence
E. O

Definition 5.5. An equivariant form o € Aéoo M) (xe Aéoo (M) per) is called
(i) equivariantly harmonic if dgox = dx =0,
(ii) equivariantly exact if there exists y € Aéoo (M) (y € Ajéoo (M) per) such
that « = dgv,
(iii) coexact if there exists y € Aé‘x’(M) (v € Aéoo(M)per) such that « =
oy.
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As an easy consequence of Theorem 5.3 we have:

Corollary 5.6. Suppose o € Aéoo(l\/l) is equivariantly harmonic. Then o is
equivariantly exact if and only if « is coexact.

We are ready to prove the dg, 6-lemma for equivariant differential forms
with generalized coefficient.

Theorem 5.7 (dg, § lemma ). Suppose « € AE™® (M) is equivariantly harmonic
and either equivariantly exact or coexact. Then there exists y € AE® (M) such
that « = dgdy = —d6dgYy.

Proof. We need only to prove dg, 6 lemma for the double complex A5 (M)per,
ie, if dgx = dax = 0, € A (M)per, and « is either equivariantly ex-
act or coexact, then there exists v € A (M)per such that o« = dgdy.
Note that A:> (M)per by definition is a double complex with vertical dif-
ferential d and horizontal differential 0, and is bounded in the sense that
we explained in section 4. Furthermore it is equipped with a degree —1
vertical differential 6. First it follows easily from the d, 6-lemma 3.4 that
kerd Nimd = imdd = kerd N imd. Second by the corollary 5.4 we have: if
j = 1 and suppose for any 0 < i < j o; € A5™ (M)per are given such that
doo = 0and do; 1+do; = 0 for T < i < j, then there exists o; € A (M) per
such that 0051 + doy = 0. As a direct application of the abstract D,
Lemma 4.1 we get if « € A (M)per is equivariantly harmonic and dg ex-
act, then o = dgdy for somey € A:™(M)per. The second half of the dg, &
lemma follows from the first: assume dgox = 0, x € A (M)per, and « is
coexact, then a is also equivariantly exact. Thus there exist y € AZ™ (M) per
such that « = dgdax = —6dgy.

U

Note that we also have the following diagrams of complexes:
(5.7) AT (M) = AGT (M) = H (AG™ (M), 5)

where Aé?g(l\/l) = kerd N .AjGEOO(M) and H*(.Aéoo(M), d) is the homology
of Aéoo (M). Both of them are equipped with equivariant differential dg as
we defined in section 3.1.

As an easy consequence of Theorem 5.7, we have

Theorem 5.8 (Equivariant formality). The morphisms 5.7 induce isomporphism
of C**°(g)C-modules

HE® (M) «— HEZ (M) — H(AE® (M), 5)

Proof. Let € A (M) be a representative of some arbitarily given coho-
mology class in H;*(M). Note dge = 0 implies that dgdx = 0. Thus
dx is both equivariantly closed and coexact. By Theorem 5.7 there exists
some 3 € A (M) such that da = ddgp. Hence « — dgf is coclosed
and represents a cohomology class in H (M) whose image in H5™ (M) is
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[«]. This proves the left hand map in the diagram 5.7 is surjective. On the
other hand, let vy be a representative of some cohomology class in Hgf’g (M).
Then vy is both equivariantly closed and coclosed. If v is equivariantly ex-
act, then it follows immediately from Theorem 5.7 that y = dgdn for some
n € AZ(M). This completes the proof that the left hand map in the dia-
gram 5.7 is an isomorphism. A similar argument shows that the right hand
map in the diagram 5.7 is also an isomorphism.

(]

Remark 5.9. Using the isomorphism Hs (A~ (g, Q*(M))) = H(A™>(g,Q*(M)))
of Theorem 3.9 and the connectedness of G, it is easy to show that H(Aé‘x’ (M), 8) =
(H(A**(M),8))¢ = C*>(g)® ® H(M).
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