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Abstra ct. Let k b e a p ositiv e in teger divisible b y 4, ` > k a prime, and

f an elliptic cuspidal eigenform (ordinary at ` ) of w eigh t k � 1, lev el 4, and

non-trivial c haracter. Let �

f

b e the ` -adic Galois represen tation attac hed

to f . In this pap er w e pro vide evidence for the Blo c h-Kato conjecture for

the motiv es ad

0

M

0

( � 1) and ad

0

M

0

(2), where M

0

is the motif attac hed to f .

More precisely , let L (Symm

2

f ; s ) denote the symmetric square L -function of f .

W e pro v e that (under certain conditions) ord

`

( L

alg

(Symm

2

f ; k )) � ord

`

(# S ),

where S is the (P on try agin dual of the) Selmer group attac hed to the Galois

mo dule ad

0

�

f

j

G

K

( � 1), and K = Q (

p

� 1). Our metho d uses an idea of

Rib et [45 ] in that w e in tro duce an in termediate step and pro duce congruences

b et w een CAP and non-CAP mo dular forms on the unitary group U (2 ; 2).

1. Intr oduction

Let ` > 2 b e a prime and let � b e a prime of Q lying o v er ` . The idea of linking

up � -divisibilit y of an L -v alue with the existence of congruences among mo dular

forms and using these congruences to construct elemen ts in a Selmer group go es

bac k to Rib et and his pro of of the con v erse to Herbrand's theorem [45 ]. In that

pap er a sp ecial v alue L ( �; � 1) of an ev en Diric hlet c haracter � is realized as a

constan t term of an Eisenstein series E

�

. If L ( �; � 1) � 0 (mo d � ), one sho ws there

exists a cuspidal Hec k e eigenform f whose Hec k e eigen v alues are congruen t to those

of E

�

(mo d � ) and as a result of that the mo d � Galois represen tation �

f

attac hed

to f is reducible (a consequence of the congruence) but can b e c hosen to b e non-

semisimple (a consequence of the irreducibilit y of the � -adic Galois represen tation

�

f

), th us giving rise to a non-split extension of one-dimensional Galois mo dules

o v er F

`

. This extension can b e in terpreted as a non-zero elemen t in a certain piece

(determined b y � ) of the class group of Q ( �

`

).

This strategy can b e phrased in the language of automorphic represen tations

suggesting w a ys to generalize it to other situations. Let � b e an automorphic

represen tation of an algebraic group M o v er Q . Realize M as a Levi subgroup in a

maximal parab olic subgroup of a larger algebraic group G o v er Q and lift � (e.g., b y

inducing) to an automorphic represen tation � of G ( A ). Assuming one kno ws ho w

to attac h � -adic Galois represen tations to automorphic represen tations of G ( A ), the

one attac hed to � will b e reducible and semisimple. If � divides a certain L -v alue

L ( � ), construct a represen tation �

0

of G ( A ), whose Hec k e eigen v alues are congruen t

to those of � mo d � and whose � -adic Galois represen tation is irreducible. These

t w o conditions (resp ectiv ely) ensure that the mo d � Galois represen tation attac hed
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to �

0

is reducible and non-semisimple, th us giving rise to some non-split extension

of Galois mo dules whic h one in terprets as lying in an appropriate Selmer group

related to � . In Rib et's case, M = GL

1

� GL

1

, G = GL

2

, � = � 
 1, � (resp. �

0

)

is the automorphic represen tation of GL

2

( A ) attac hed to E

�

(resp. f ).

Some v ersions of this approac h ha v e b een applied b y sev eral authors: Mazur,

Wiles, Bella • �c he-Chenevier, Skinner-Urban, Bro wn, Berger ([41 , 60 , 1, 9 , 3 ])) to

giv e lo w er b ounds in terms of L -v alues on the orders of Selmer groups. The di�cult

p oin t is the construction of �

0

and di�eren t cases require di�eren t metho ds to tac kle

that p oin t.

Let K = Q ( i ), f 2 S

k � 1

�

4 ;

�

� 4

�

��

, a normalized cuspidal Hec k e eigenform, ` > k

a prime suc h that f is ordinary at ` . W rite L

in t

(Symm

2

f ; k ) for the v alue at k of the

symmetric square L -function of f divided b y a suitable \in tegral" p erio d. In this

article w e implemen t the ab o v e strategy with M = Res

K= Q

(GL

2 =K

), G = U(2 ; 2) -

a quasi-split unitary group asso ciated with the extension K = Q , � = base c hange to

K of the automorphic represen tation asso ciated to f , and L ( � ) = L

in t

(Symm

2

f ; k ).

This will allo w us to construct elemen ts in the Selmer group of V := ad

0

�

f

j

G

K

( � 1),

where �

f

is the � -adic Galois represen tation attac hed to f , G

K

= Gal ( K =K ), and

� 1 denotes a T ate t wist. W e will no w describ e the construction of � = the lift of

� to G ( A ) and of the represen tation �

0

.

The represen tation � is obtained b y lifting f to a Hec k e eigenform F

f

2 S

k

,

where S

k

is the space of (w eigh t k and lev el 1) hermitian mo dular forms as de�ned

b y Braun [6, 7 , 8 ], using the Maass lifting constructed b y Ko jima, Gritsenk o and

Krieg [36 , 23 , 37 ]. Denote b y S

M

k

� S

k

the image of the Maass lift. It is kno wn that

the eigen v alues of eigenforms in S

k

lie in a n um b er �eld. In fact w e alw a ys c ho ose

a su�cien tly large �nite extension E of Q

`

and �x em b eddings Q , ! Q

`

, ! C ,

so w e can view all the algebraic n um b ers of our in terest as lying inside the same

�eld E . F rom no w on � will denote a uniformizer of E and O its v aluation ring.

Assuming L

in t

(Symm

2

f ; k ) � 0 (mo d � ), w e need to construct a hermitian mo dular

eigenform F

0

2 S

k

orthogonal to the Maass space S

M

k

whose Hec k e eigen v alues are

congruen t to those of F

f

(mo d � ). The form F

0

will giv e rise to the represen tation �

0

as ab o v e. Indeed, the � -adic Galois represen tation attac hed to F

f

is reducible and

semisimple of the form �

f

� ( �

f


 � ), where � is the ` -adic cyclotomic c haracter, while

it is conjectured that the � -adic Galois represen tation attac hed to an eigenform

orthogonal to the Maass space is irreducible. In pro ving a b ound on the Selmer

group w e will need to assume this conjecture (see Theorem 1.2).

The construction of F

0

is carried out in sev eral steps. Note that, unlik e in

Rib et's case, our lift F

f

is a cusp form, so there is no \constan t term" whic h w ould

\naturally" con tain the L -v alue L

in t

(Symm

2

f ; k ). Let � b e a Hec k e c haracter of

K of in�nit y t yp e ( z = j z j )

� t

with � k � t � � 6. W e �rst de�ne a \nice" hermitian

mo dular form � whic h is essen tially a pro duct of a hermitian Siegel Eisenstein series

D and a hermitian theta series �

�

dep ending on the c haracter � . Using some results

of Shim ura [49 , 50 , 51 ] on algebraicit y of F ourier co e�cien ts of hermitian Eisenstein

series w e sho w that � has � -in tegral F ourier co e�cien ts. W e write

(1.1) � = C

F

f

F

f

+ F with C

F

f

= ( � ) �

� 3

h D �

�

; F

f

i

h F

f

; F

f

i

;

where ( � ) is a � -adic unit, F is orthogonal to F

f

, i.e., h F

f

; F i = 0, and the inner

pro ducts are the P etersson inner pro ducts on S

k

. Using results of Shim ura [51 ] and
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some form ulae due to Ragha v an and Sengupta [44 ] w e are able to express the inner

pro ducts b y L -functions related to f . More precisely , w e get

(1.2)

h D �

�

; F

f

i

h F

f

; F

f

i

= ( � ) �

� 1

L

in t

(BC( f ) ; 1 +

t + k

2

; � ! ) L

in t

(BC ( f ) ; 2 +

t + k

2

; � ! )

L

in t

(Symm

2

f ; k )

;

where ( � ) 2 E with ord

�

(( � )) � 0, � is the Hida congruence ideal of f , ! is the

unrami�ed Hec k e c haracter of K of in�nit y t yp e ( z = j z j )

� k

, and L

in t

(BC( f ) ; s;  )

is the L -function of the base c hange of f to K t wisted b y the Hec k e c haracter

 . Note that (ignoring the factor �

� 1

for the momen t) if one can �nd � whic h

mak es the n umerator of the righ t-hand side of (1.2) a � -adic unit, then using (1.1)

and � -in tegralit y of the F ourier co e�cien ts of � and of F

f

w e see that if �

n

j

L

in t

(Symm

2

f ; k ) then w e can write C

F

f

= a�

� n

with a a � -adic unit and hence

F

f

� � a

� 1

�

n

F (mo d �

n

). Ho w ev er F

00

:= � a

� 1

�

n

F need not b e orthogonal

to the Maass space. T o ac hiev e this last prop ert y w e mo dify F

00

appropriately

(to obtain F

0

) using some results of Hida as w ell as deformation theory of Galois

represen tations.

This w a y w e obtain the �rst main result of the pap er. T o simplify the exp osi-

tion here w e omit a certain tec hnical h yp othesis on the c haracter � . F or the full

statemen t see Theorem 7.12.

Theorem 1.1. With notation as b efor e, assume that k 2 Z

+

, 4 j k , ` > k , f

is or dinary at ` and the mo d � r epr esentation �

f

r estricte d to G

K

is absolutely

irr e ducible. Assume ther e exists a He cke char acter � of K of c onductor prime to

` , in�nity typ e ( z = j z j )

t

, � k � t � � 6 , such that the numer ator of the right-hand

side of (1.2) is a � -adic unit. If ord

�

( L

in t

Symm

2

f ; k ) = n > 0 , then ther e exists

F

0

2 S

k

, ortho gonal to the Maass sp ac e, such that F

0

� F

f

(mo d �

n

) .

T o b e precise, the form F

0

in Theorem 1.1 need not b e a Hec k e eigenform. T o

measure congruences b et w een F

f

and eigenforms orthogonal to the Maass space w e

in tro duce the notion of a CAP ideal, whic h is a simple mo di�cation of the Eisenstein

ideal in tro duced b y Mazur [39 ]. Theorem 1.1 implies that

(1.3) ord

`

( I

f

) � ord

`

(# O =�

n

) ;

where I

f

is the index of the CAP ideal of F

f

inside the hermitian Hec k e O -algebra

acting on the orthogonal complemen t of S

M

k

lo calized at the maximal ideal corre-

sp onding to F

f

.

W e emphasize that the ordinarit y assumption on f is essen tial to our metho d.

It is used to ensure that F

0

is orthogonal to the Maass space (see section 8). F or a

giv en f it is unkno wn for ho w man y primes f is ordinary , although one conjectures

that for a non-CM form (whic h is the case here) this set of primes has Diric hlet

densit y one. An analogous statemen t for elliptic curv es is due to Serre [48].

Let V

Q

b e the E [ G

Q

]-mo dule ad

0

�

f

( � 1). Fix a G

Q

-stable O -lattice T

Q

� V

Q

and set W

Q

:= V

Q

=T

Q

. F or A = V ; T ; W , write A

K

for A

Q

regarded as an E [ G

K

]-

mo dule. W rite �

`

for the set of primes of K lying o v er ` . Let Sel

�

`

( W

K

) b e

the Selmer group of W

K

in the sense of Blo c h-Kato (for de�nition see section 9)

and write S

�

`

( W

K

) for the P on try agin dual of Sel

�

`

( W

K

). Then our second main

theorem (whic h uses a result of Urban [55 ]) is the follo wing (again w e omit some

mild h yp otheses on f - see section 9):



4 CONGR UENCES AMONG MODULAR F ORMS ON U(2 ; 2)

Theorem 1.2. Assume that for every eigenform F 2 S

k

ortho gonal to S

M

k

the

� -adic Galois attache d to F is absolutely irr e ducible. Then

ord

`

(# S

�

`

( W

K

)) � ord

`

( I

f

) :

The existence of � -adic Galois represen tations attac hed to general automorphic

forms on G is at this p oin t only conjectural, so Theorem 1.2 is conditional up on that

conjecture. In fact once this conjecture is kno wn in full strength, one should b e able

to remo v e the irreducibilit y assumption from Theorem 1.2, as it is exp ected that

Galois represen tations attac hed to non-Maass cuspidal eigenforms are irreducible.

Com bining Theorem 1.2 with (1.3) whic h is a consequence of Theorem 1.1, w e

obtain the follo wing corollary .

Corollary 1.3. With the same assumptions as in The or ems 1.1 and 1.2 one has

ord

`

(# S

�

`

( W

K

)) � ord

`

(# O =L

in t

(Symm

2

f ; k )) :

Let us brie
y explain the relation of Corollary 1.3 to the Blo c h-Kato conjecture

for M = ad

0

M

0

( � 1), where M

0

is the motif attac hed to f . Let � = f 2 ; ` g and write

S

�

( W

Q

) for the P on try agin dual of Sel

�

( W

Q

) (where w e require that the classes

b e unrami�ed a w a y from ` and crystalline at ` ). Let L ( M ; s ) =

Q

p

L

p

( s � 1) b e

the L -function of M de�ned b y

(1.4) L

p

( s ) :=

(

(1 � �

p; 1

�

� 1

p; 2

p

� s

)

� 1

(1 � p

� s

)

� 1

(1 � �

� 1

p; 1

�

p; 2

p

� s

)

� 1

p 6= 2

(1 � p

� s

)

� 1

p = 2 ;

where �

p; 1

, �

p; 2

are the p -Satak e parameters of f . Then the Blo c h-Kato conjecture

for M can b e phrased in the follo wing w a y:

Conjecture 1.4 (Blo c h-Kato) . One has

(1.5) # S

�

( W

Q

) � T am

!

( T

Q

) =

L ( M ; 0)




!

( T

Q

)

O

as fr actional ide als of E , wher e T am

!

( T

Q

) is the ` -T amagawa factor and 


!

( V

Q

)

is a c ertain p erio d de�ne d with r esp e ct to the \inte gr al structur es" T

Q

and ! (for

pr e cise de�nitions se e se ction 9.3 ).

Giv en our assumptions (whic h in particular include the ordinarit y assumption

on f ) Corollary 1.3 falls short of pro ving that the left-hand side of (1.5) con tains

the righ t-hand side of (1.5), but pro vides some evidence for it. In fact (for an

appropriate c hoice of T

Q

and ! ) the righ t-hand side of (1.5) equals L

in t

(Symm

2

f ; k ) �

O . Ho w ev er, the Selmer group on the left-hand side of (1.5) could p oten tially

b e smaller than S

�

`

( W

K

) and w e do not kno w if T am( T

Q

) = O . F or a more

detailed discussion see section 9.3. In that section w e also explain the relation of

Corollary 1.3 to the Blo c h-Kato conjecture for the motif ad

0

M

0

(2) whic h is \dual"

to ad

0

M

0

( � 1).

The Blo c h-Kato conjecture is curren tly kno wn only for a few motiv es - see [33 ] for

a surv ey of kno wn cases. The most recen t result is due to Diamond, Flac h and Guo

[13 ] and it concerns the motiv es ad

0

M

0

and ad

0

M

0

(1), while our result concerns

the motiv es ad

0

M

0

( � 1) and ad

0

M

0

(2). The metho d used in [13 ] is related to the

metho d emplo y ed b y Wiles and T a ylor to pro v e the T aniy ama-Shim ura conjecture

[61 , 54 ] and so is di�eren t from ours.

Let us brie
y discuss the organization of the pap er. In section 2 w e in tro duce

notation whic h is used throughout the pap er. In section 4 w e summarize the basic
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facts concerning the Maass lifting f 7! F

f

and compute the P etersson inner pro duct

h F

f

; F

f

i in terms of L (Symm

2

f ; k ). T o carry out the calculations w e need to

�rst compute the residue of the hermitian Klingen Eisenstein series and this is

done in section 3. The inner pro duct h D �

�

; F

f

i is computed in section 6. In

section 5 w e gather the necessary facts concerning the hermitian Hec k e algebra

whic h are later used in section 7, where the �rst main theorem (Theorem 1.1) is

pro v ed assuming existence of a certain Hec k e op erator whic h allo ws one to \kill"

the \Maass part" of the form F

00

as ab o v e, i.e., obtain a form F

0

that w ould b e

orthogonal to S

M

k

. The existence of suc h a Hec k e op erator is pro v ed in section 8

using metho ds of deformation theory of Galois represen tations. Finally in section

9 w e pro v e Theorem 1.2 and Corollary 1.3 and discuss the relation of the latter to

the Blo c h-Kato conjecture.

W e also w an t to men tion that it seems p ossible to extend our result to an arbi-

trary imaginary quadratic �eld K pro vided one kno ws ho w to construct a Hec k e-

equiv arian t Maass lifting in that setting. Suc h a construction has recen tly b een

carried out b y the author [35 ] for K with prime discriminan t (see also [30 ]). W e

hop e to use that construction to pro v e Theorems 1.1 and 1.2 for suc h a K in a

subsequen t pap er.

The author w ould lik e to thank Jo el Bella • �c he, T obias Berger, Jim Bro wn, and

Chris Skinner for man y useful and inspiring con v ersations. W e w ould also lik e to

thank the anon ymous referee for suggesting v arious impro v emen ts to the In tro duc-

tion and section 9.

2. Not a tion and Terminology

In this section w e in tro duce some basic concepts and establish notation whic h

will b e used throughout this pap er unless explicitly indicated otherwise.

2.1. Num b er �elds and Hec k e c haracters. Throughout this pap er ` will alw a ys

denote an o dd prime. Let i =

p

� 1 , K = Q ( i ) and let O

K

b e the ring of in tegers

of K . F or � 2 K , denote b y � the image of � under the non-trivial automorphism

of K . Set N � := N ( � ) := � � , and for an ideal n of O

K

, set N n := #( O

K

= n). As

remark ed b elo w w e will alw a ys view K as a sub�eld of C . F or � 2 C , � will denote

the complex conjugate of � and w e set j � j :=

p

� � .

Let L b e a n um b er �eld with ring of in tegers O

L

. F or a place v of L , denote b y

L

v

the completion of L at v and b y O

L;v

the v aluation ring of L

v

. If p is a place of

Q , w e set L

p

:= Q

p




Q

L and O

L;p

:= Z

p




Z

O

L

. The letter v will b e used to denote

places of n um b er �elds (including Q and K ), while the letter p will b e reserv ed for

a (�nite or in�nite) place of Q . F or a �nite p , let ord

p

denote the p -adic v aluation

on Q

p

. F or notational con v enience w e also de�ne ord

p

( 1 ) := 1 . If � 2 Q

p

, then

j � j

Q

p

:= p

� ord

p

( � )

denotes the p -adic norm of � . F or p = 1 , j � j

Q

1

= j � j

R

= j � j

is the usual absolute v alue on Q

1

= R .

In this pap er w e �x once and for all an algebraic closure Q of the rationals and

algebraic closures Q

p

of Q

p

, as w ell as compatible em b eddings Q , ! Q

p

, ! C for

all �nite places p of Q . W e extend ord

p

to a function from Q

p

in to Q . Let L b e

a n um b er �eld. W e write G

L

for Gal( L=L ). If p is a prime of L , w e also write

D p � G

L

for the decomp osition group of p and I p � D p for the inertia group of p.

The c hosen em b eddings allo w us to iden tify D p with Gal ( L p =L p ).
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F or a n um b er �eld L let A

L

denote the ring of adeles of L and put A := A

Q

.

W rite A

L; 1

and A

L; f

for the in�nite part and the �nite part of A

L

resp ectiv ely .

F or � = ( �

p

) 2 A set j � j

A

:=

Q

p

j � j

Q

p

. By a He cke char acter of A

�

L

(or of L , for

short) w e mean a con tin uous homomorphism

 : L

�

n A

�

L

! C

�

whose image is con tained inside f z 2 C j j z j = 1 g : The trivial Hec k e c haracter

will b e denoted b y 1 . The c haracter  factors in to a pro duct of lo cal c haracters

 =

Q

v

 

v

, where v runs o v er all places of L . If n is the ideal of the ring of in tegers

O

L

of L suc h that

�  

v

( x

v

) = 1 if v is a �nite place of L , x

v

2 O

�

L;v

and x � 1 2 nO

L;v

� no ideal m strictly con taining n has the ab o v e prop ert y ,

then n will b e called the c onductor of  . If m is an ideal of O

L

, then w e set

 m :=

Q

 

v

, where the pro duct runs o v er all the �nite places of L suc h that v j m.

F or a Hec k e c haracter  of A

�

L

, denote b y  

�

the asso ciated ideal c haracter. Let

 b e a Hec k e c haracter of A

�

K

. W e will sometimes think of  as a c haracter

of (Res

K= Q

GL

1

)( A ). W e ha v e a factorization  =

Q

p

 

p

in to lo cal c haracters

 

p

:

�

Res

K= Q

GL

1

�

( Q

p

) ! C

�

. F or M 2 Z , w e set  

M

:=

Q

p 6= 1 ; p j M

 

p

. If  is

a Hec k e c haracter of A

�

K

, w e set  

Q

=  j

A

�
.

2.2. The unitary group. T o the imaginary quadratic extension K = Q one asso-

ciates the unitary similitude group

GU( n; n ) = f A 2 Res

K= Q

GL

n

j AJ

�

A

t

= � ( A ) J g ;

where J =

�

� I

n

I

n

�

, with I

n

denoting the n � n iden tit y matrix, the bar o v er A

standing for the action of the non-trivial automorphism of K = Q and � ( A ) 2 GL

1

.

F or a matrix (or scalar) A with en tries in a ring a�ording an action of Gal( K = Q ),

w e will sometimes write A

�

for

�

A

t

and

^

A for ( A

�

)

� 1

. W e will also mak e use of the

groups

U( n; n ) = f A 2 GU ( n; n ) j � ( A ) = 1 g ;

and

SU ( n; n ) = f A 2 U( n; n ) j det A = 1 g :

Since the case n = 2 will b e of particular in terest to us w e set G = U(2 ; 2),

G

1

= SU(2 ; 2) and G

�

= GU (2 ; 2).

F or a Q -subgroup H of G write H

1

for H \ G

1

. Denote b y G

a

the additiv e

group. In G w e c ho ose a maximal torus

T =

8

>

>

<

>

>

:

2

6

6

4

a

b

^a

^

b

3

7

7

5

j a; b 2 Res

K= Q

GL

1

9

>

>

=

>

>

;

;

and a Borel subgroup B = T U

B

with unip oten t radical

U

B

=

8

>

>

<

>

>

:

2

6

6

4

1 � � 


1 �
 � ��� �

1

� �� 1

3

7

7

5

j �; � ; 
 2 Res

K= Q

G

a

; � 2 G

a

; � + 
 �� 2 G

a

9

>

>

=

>

>

;

:
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Let

T

Q

=

8

>

>

<

>

>

:

2

6

6

4

a

b

a

� 1

b

� 1

3

7

7

5

j a; b 2 GL

1

9

>

>

=

>

>

;

denote the maximal Q -split torus con tained in T . Let R ( G ) b e the set of ro ots of

T

Q

, and denote b y e

j

, j = 1 ; 2, the ro ot de�ned b y

e

j

:

2

6

6

4

a

1

a

2

a

� 1

1

a

� 1

2

3

7

7

5

7! a

j

:

The c hoice of B determines a subset R

+

( G ) � R ( G ) of p ositiv e ro ots. W e ha v e

R

+

( G ) = f e

1

+ e

2

; e

1

� e

2

; 2 e

1

; 2 e

2

g :

W e �x a set �( G ) � R

+

( G ) of simple ro ots

�( G ) := f e

1

� e

2

; 2 e

2

g :

If � � �( G ), denote the parab olic subgroup corresp onding to � b y P

�

. W e ha v e

P

�( G )

= G and P

;

= B . The other t w o p ossible subsets of �( G ) corresp ond to

maximal Q -parab olics of G :

� the Siegel parab olic P := P

f e

1

� e

2

g

= M

P

U

P

with Levi subgroup

M

P

=

��

A

^

A

�

j A 2 Res

K= Q

GL

2

�

;

and (ab elian) unip oten t radical

U

P

=

8

>

>

<

>

>

:

2

6

6

4

1 b

1

b

2

1 b

2

b

4

1

1

3

7

7

5

j b

1

; b

4

2 G

a

; b

2

2 Res

K= Q

G

a

9

>

>

=

>

>

;

� the Klingen parab olic Q := P

f 2 e

2

g

= M

Q

U

Q

with Levi subgroup

M

Q

=

8

>

>

<

>

>

:

2

6

6

4

x

a b

^x

c d

3

7

7

5

j x 2 Res

K= Q

GL

1

;

�

a b

c d

�

2 U(1 ; 1)

9

>

>

=

>

>

;

;

and (non-ab elian) unip oten t radical

U

Q

=

8

>

>

<

>

>

:

2

6

6

4

1 � � 


1 �


1

� �� 1

3

7

7

5

j �; � ; 
 2 Res

K= Q

G

a

; � + 
 �� 2 G

a

9

>

>

=

>

>

;

F or an asso ciativ e ring R with iden tit y and an R -mo dule N w e write N

n

m

to denote

the R -mo dule of n � m matrices with en tries in N . W e also set N

n

:= N

n

1

, and

M

n

( N ) := N

n

n

. Let x = [

A B

C D

] 2 M

2 n

( N ) with A; B ; C ; D 2 M

n

( N ). De�ne

a

x

= A , b

x

= B , c

x

= C , d

x

= D .
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F or M 2 Q , N 2 Z suc h that M N 2 Z w e will denote b y D ( M ; N ) the group

G ( R )

Q

p - 1

K

0 ;p

( M ; N ) � G ( A ), where

(2.1) K

0 ;p

( M ; N ) = f x 2 G ( Q

p

) j a

x

; d

x

2 M

2

( O

K;p

) ;

b

x

2 M

2

( M

� 1

O

K;p

) ; c

x

2 M

2

( M N O

K;p

)

	

:

If M = 1, denote D ( M ; N ) simply b y D ( N ) and K

0 ;p

( M ; N ) b y K

0 ;p

( N ). F or

an y �nite p , the group K

0 ;p

:= K

0 ;p

(1) = G ( Z

p

) is a maximal (op en) compact

subgroup of G ( Q

p

). Note that if p - N , then K

0 ;p

= K

0 ;p

( N ). W e write K

0 ; f

( N ) :=

Q

p - 1

K

0 ;p

( N ) and K

0 ; f

:= K

0 ; f

(1). Note that K

0 ; f

is a maximal (op en) compact

subgroup of G ( A

f

). Set

K

0 ; 1

:=

��

A B

� B A

�

2 G ( R ) j A; B 2 GL

2

( C ) ; AA

�

+ B B

�

= I

2

; AB

�

= B A

�

�

:

Then K

0 ; 1

is a maximal compact subgroup of G ( R ). Let

U ( m ) := f A 2 GL

m

( C ) j AA

�

= I

m

g :

W e ha v e

K

0 ; 1

= G ( R ) \ U (4)

�

� ! U (2) � U (2) ;

where the last isomorphism is giv en b y

�

A B

� B A

�

7! ( A + iB ; A � iB ) 2 U (2) � U (2) :

Finally , set K

0

( N ) := K

0 ; 1

K

0 ; f

( N ) and K

0

:= K

0

(1). The last group is a maximal

compact subgroup of G ( A ). Let M 2 Q , N 2 Z b e suc h that M N 2 Z . W e de�ne

the follo wing congruence subgroups of G ( Q ):

�

h

0

( M ; N ) := G ( Q ) \ D ( M ; N ) ;

�

h

1

( M ; N ) := f � 2 �

h

0

( M ; N ) j a

�

� 1 2 M

2

( N O

K

) g ;

�

h

( M ; N ) := f � 2 �

h

1

( M ; N ) j b

�

2 M

2

( M

� 1

N O

K

) g

;(2.2)

and set �

h

0

( N ) := �

h

0

(1 ; N ), �

h

1

( N ) := �

h

1

(1 ; N ) and �

h

( N ) := �

h

(1 ; N ). Because

w e will frequen tly use the group �

h

0

(1) = f A 2 GL

4

( O

K

) j AJ A

�

= J g , w e reserv e a

sp ecial notation for it and denote it b y �

Z

. Note that the groups �

h

0

( N ), �

h

1

( N ) and

�

h

( N ) are U (2 ; 2)-analogues of the standard congruence subgroups �

0

( N ), �

1

( N )

and �( N ) of SL

2

( Z ). In general the sup erscript `h' will indicate that an ob ject is

in some w a y related to the group U (2 ; 2). The letter `h' stands for `hermitian', as

this is the standard name of mo dular forms on U(2 ; 2).

2.3. Mo dular forms. In this pap er w e will mak e use of the theory of mo dular

forms on congruence subgroups of t w o di�eren t groups: SL

2

( Z ) and �

Z

. W e will

use b oth the classical and the adelic form ulation of the theories. In the adelic

framew ork one usually sp eaks of automorphic forms rather than mo dular forms

and in this case SL

2

is usually replaced with GL

2

. F or more details see e.g. [22 ],

c hapter 3. In the classical setting the mo dular forms on congruence subgroups

of SL

2

( Z ) will b e referred to as el liptic mo dular forms , and those on congruence

subgroups of �

Z

as hermitian mo dular forms .
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2.3.1. El liptic mo dular forms. The theory of elliptic mo dular forms is w ell-kno wn,

so w e omit most of the de�nitions and refer the reader to standard sources, e.g.

[42 ]. Let

H := f z 2 C j Im ( z ) > 0 g

denote the complex upp er half-plane. In the case of elliptic mo dular forms w e

will denote b y �

0

( N ) the subgroup of SL

2

( Z ) consisting of matrices whose lo w er-

left en tries are divisible b y N , and b y �

1

( N ) the subgroup of �

0

( N ) consisting of

matrices whose upp er left en tries are congruen t to 1 mo dulo N . Let � � SL

2

( Z ) b e

a congruence subgroup. Set M

m

(�) (resp. S

m

(�)) to denote the C -space of elliptic

mo dular forms (resp. cusp forms) of w eigh t m and lev el �. W e also denote b y

M

m

( N ;  ) (resp. S

m

( N ;  )) the space of elliptic mo dular forms (resp. cusp forms)

of w eigh t m , lev el N and c haracter  . F or f ; g 2 M

m

(�) with either f or g a cusp

form, and �

0

� � a �nite index subgroup, w e de�ne the P etersson inner pro duct

h f ; g i

�

0

:=

Z

�

0

n H

f ( z ) g ( z ) (Im z )

m � 2

dx dy ;

and set

h f ; g i :=

1

[ SL

2

( Z ) : �

0

]

h f ; g i

�

0

;

where SL

2

( Z ) := SL

2

( Z ) = h� I

2

i and �

0

is the image of �

0

in SL

2

( Z ) . The v alue

h f ; g i is indep enden t of �

0

.

Ev ery elliptic mo dular form f 2 M

m

( N ;  ) p ossesses a F ourier expansion f ( z ) =

P

1

n =0

a ( n ) q

n

, where throughout this pap er in suc h series q will denote e ( z ) := e

2 � iz

.

F or 
 =

�

a b

c d

�

2 GL

+

2

( R ), set j ( 
 ; z ) = cz + d .

In this pap er w e will b e particularly in terested in the space S

m

�

4 ;

�

� 4

�

��

, where

�

� 4

�

�

is the non-trivial c haracter of ( Z = 4 Z )

�

. Regarded as a function Z ! f 1 ; � 1 g ,

it assigns the v alue 1 to all prime n um b ers p suc h that ( p ) splits in K and the

v alue � 1 to all prime n um b ers p suc h that ( p ) is inert in K . Note that since

the c haracter

�

� 4

�

�

is primitiv e, the space S

m

�

4 ;

�

� 4

�

��

has a basis consisting of

primitiv e normalized eigenforms. W e will denote this (unique) basis b y N . F or

f =

P

1

n =1

a ( n ) q

n

2 N , set f

�

:=

P

1

n =1

a ( n ) q

n

2 N .

F act 2.1. ([42 ], section 4.6) One has a ( p ) =

�

� 4

p

�

a ( p ) for any r ational prime p - 2 .

This implies that a ( p ) = a ( p ) if ( p ) splits in K and a ( p ) = � a ( p ) if ( p ) is inert in

K .

F or f 2 N and E a �nite extension of Q

`

con taining the eigen v alues of T

n

, n =

1 ; 2 ; : : : w e will denote b y �

f

: G

Q

! GL

2

( E ) the Galois represen tation attac hed

to f b y Deligne (cf. e.g., [11 ], section 3.1). W e will write �

f

for the reduction of

�

f

mo dulo a uniformizer of E with resp ect to some lattice � in E

2

. In general �

f

dep ends on the lattice �, ho w ev er the isomorphism class of its semisimpli�cation

�

ss

f

is indep enden t of �. Th us, if �

f

is irreducible (whic h w e will assume), it is

w ell-de�ned.

2.3.2. Hermitian mo dular forms. F or a systematic treatmen t of the theory of her-

mitian mo dular forms see [6, 7 , 8 ] as w ell as [23 , 37 , 36 ]. W e b egin b y de�ning the

hermitian upp er half-plane

H = f Z 2 M

2

( C ) j � i ( Z � Z

�

) > 0 g ;
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where i = [

i

i

]. Set Re Z =

1

2

( Z + Z

�

) and Im Z = �

1

2

i ( Z � Z

�

). Let

G

+

�

( R ) := f g 2 G

�

( R ) j � ( g ) > 0 g :

The group G

+

�

( R ) acts on H b y 
 Z = ( a




Z + b




)( c




Z + d




)

� 1

, with 
 2 G

+

�

( R ).

F or a holomorphic function F on H , an in teger m and 
 2 G

+

�

( R ) put

F j

m


 = � ( 
 )

2 m � 4

j ( 
 ; Z )

� m

F ( 
 Z ) ;

with the automorph y factor j ( 
 ; Z ) = det( c




Z + d




).

Let �

h

b e a congruence subgroup of �

Z

. W e sa y that a holomorphic function F

on H is a hermitian mo dular form of w eigh t m and lev el �

h

if

F j

m


 = F for all 
 2 �

h

:

The group �

h

is called the level of F . If �

h

= �

h

0

( N ) for some N 2 Z , then w e

sa y that F is of lev el N . F orms of lev el 1 will sometimes b e referred to as forms

of ful l level . One can also de�ne hermitian mo dular forms with a c haracter. Let

�

h

= �

h

0

( N ) and let  : A

�

K

! C

�

b e a Hec k e c haracter suc h that for all �nite p ,

 

p

( a ) = 1 for ev ery a 2 O

�

K;p

with a � 1 2 N O

K;p

. W e sa y that F is of level N and

char acter  if

F j

m


 =  

N

(det a




) F for ev ery 
 2 �

h

0

( N ) :

A hermitian mo dular form of lev el �

h

( M ; N ) p ossesses a F ourier expansion

F ( Z ) =

X

� 2S ( M )

c ( � ) e (tr � Z ) ;

where S ( M ) = f x 2 S j tr xL ( M ) � Z g with S = f h 2 M

2

( K ) j h

�

= h g and

L ( M ) = S \ M

2

( M O

K

). As w e will b e particularly in terested in the case when

M = 1, w e set

S := S (1) =

��

t

1

t

2

t

2

t

3

�

2 M

2

( K ) j t

1

; t

3

2 Z ; t

2

2

1

2

O

K

�

:

Denote b y M

m

(�

h

) the C -space of hermitian mo dular forms of w eigh t m and

lev el �

h

, and b y M

m

( N ;  ) the C -space of hermitian mo dular forms of w eigh t m ,

lev el N and c haracter  . F or F 2 M

m

(�

h

) and � 2 G

+

�

( R ) one has F j

m

� 2

M

m

( �

� 1

�

h

� ) and there is an expansion

F j

m

� =

X

� 2 S

c

�

( � ) e (tr � Z ) :

W e call F a cusp form if for all � 2 G

+

�

( R ), c

�

( � ) = 0 for ev ery � suc h that det � =

0. Denote b y S

m

(�

h

) (resp. S

m

( N ;  )) the subspace of cusp forms inside M

m

(�

h

)

(resp. M

m

( N ;  )). If  = 1 , set M

m

( N ) := M

m

( N ; 1 ) and S

m

( N ) := S

m

( N ; 1 ).

Theorem 2.2 ( q -expansion principle, [28 ], section 8.4) . L et ` b e a r ational prime

and N a p ositive inte ger with ` - N . Supp ose al l F ourier c o e�cients of F 2

M

m

( N ;  ) lie inside the valuation ring O of a �nite extension E of Q

`

. If 
 2 �

Z

,

then al l F ourier c o e�cients of F j

m


 also lie in O .

If F and F

0

are t w o hermitian mo dular forms of w eigh t m , lev el �

h

and c haracter

 , and either F or F

0

is a cusp form, w e de�ne for an y �nite index subgroup �

h

0

of

�

h

, the P etersson inner pro duct

h F ; F

0

i

�

h

0

:=

Z

�

h

0

nH

F ( Z ) F

0

( Z )(det Y )

m � 4

dX d Y ;
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where X = Re Z and Y = Im Z , and

h F ; F

0

i = [ �

Z

: �

h

0

]

� 1

h F ; F

0

i

�

h

0

;

where �

Z

:= �

Z

= h i i and �

h

0

is the image of �

h

0

in �

Z

. The v alue h F ; F

0

i is indep en-

den t of �

h

0

.

There exist adelic analogues of hermitian mo dular forms. F or F 2 M

m

( N ;  ),

the function '

F

: G ( A ) ! C de�ned b y

'

F

( g ) = j ( g

1

; i )

� m

F ( g

1

; i )  

� 1

(det d

k

) ;

where g = g

Q

g

1

k 2 G ( Q ) G ( R ) K

0 ; f

( N ), is an automorphic form on G ( A ).

3. Eisenstein series

The goal of this section is to compute the residue of the hermitian Klingen

Eisenstein series (cf. De�nition 3.1 and Theorem 3.10). This computation will b e

used in the next section.

3.1. Siegel, Klingen and Borel Eisenstein series. Siegel and Klingen Eisen-

stein series are induced from the maximal parab olic subgroups P and Q of G =

U(2 ; 2) resp ectiv ely . (F or the de�nitions of P and Q see section 2.2.) Let

�

P

: P ( A ) ! R

+

b e the mo dulus c haracter of P ( A ),

(3.1) �

P

��

A

^

A

�

u

�

= j det A det A j

2

A

;

with A 2 Res

K= Q

GL

2

( A ), u 2 U

P

( A ), and

�

Q

: Q ( A ) ! R

+

the mo dulus c haracter of Q ( A ),

(3.2) �

Q

0

B

B

@

2

6

6

4

x

a b

^x

c d

3

7

7

5

u

1

C

C

A

= j x x j

3

A

;

with x 2 Res

K= Q

GL

1

( A ),

�

a b

c d

�

2 U(1 ; 1)( A ) and u 2 U

Q

( A ). As b efore, K

0

=

K

0 ; 1

K

0 ; f

will denote the maximal compact subgroup of G ( A ). Using the Iw asa w a

decomp osition G ( A ) = P ( A ) K

0

w e extend b oth c haracters �

P

and �

Q

to functions

on G ( A ) and denote these extensions again b y �

P

and �

Q

.

De�nition 3.1. F or g 2 G ( A ), the series

E

P

( g ; s ) :=

X

P ( Q ) n G ( Q )

�

P

( 
 g )

s

is called the ( hermitian ) Sie gel Eisenstein series , while the series

E

Q

( g ; s ) :=

X

Q ( Q ) n G ( Q )

�

Q

( 
 g )

s

is called the ( hermitian ) Klingen Eisenstein series .

Prop erties of E

P

( g ; s ) w ere in v estigated b y Shim ura in [50 ]. W e summarize them

in the follo wing prop osition.
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Prop osition 3.2 (Shim ura) . The series E

P

( g ; s ) is absolutely c onver gent for Re ( s ) >

1 and c an b e mer omorphic al ly c ontinue d to the entir e s -plane with only a simple

p ole at s = 1 . One has

(3.3) res

s =1

E

P

( g ; s ) =

45 L

�

2 ;

�

� 4

�

��

4 � L

�

3 ;

�

� 4

�

��

;

wher e L ( � ; � ) denotes the Dirichlet L -function.

Prop erties of the Klingen Eisenstein series w ere in v estigated b y Ragha v an and

Sengupta in [44 ]. The only di�erence is that instead of E

Q

( g ; s ), [44 ] uses an

Eisenstein series that w e will denote b y E

s

( Z ). The connection b et w een E

Q

( g ; s )

and E

s

( Z ) is pro vided b y Lemma 4.6. After the connection has b een established

the follo wing prop osition follo ws from Lemma 1 in [44 ].

Prop osition 3.3 (Ragha v an-Sengupta) . The series E

Q

( g ; s ) c onver ges absolutely

for Re ( s ) > 1 and c an b e mer omorphic al ly c ontinue d to the entir e s -plane. The p os-

sible p oles of E

Q

( g ; s ) ar e at most simple and ar e c ontaine d in the set f 0 ; 1 = 3 ; 2 = 3 ; 1 g :

In section 3.4 w e will sho w that E

Q

( g ; s ) has a simple p ole at s = 1 and calculate

the residue.

Both E

P

( g ; s ) and E

Q

( g ; s ) ha v e their classical analogues, i.e., series in whic h g

is replaced b y a v ariable Z in the hermitian upp er half-plane H . Let g

1

2 G ( R )

b e suc h that Z = g

1

i and set g = ( g

1

; 1) 2 G ( R ) � G ( A

f

). De�ne

E

P

( Z ; s ) := E

P

( g ; s )

and

E

Q

( Z ; s ) = E

Q

( g ; s ) :

W e will sho w in Lemma 4.6 that

E

Q

( Z ; s ) =

X


 2 Q ( Z ) n �

Z

�

det Im ( 
 Z )

(Im ( 
 Z ))

2 ; 2

�

3 s

;

where for an y matrix M w e denote its ( i; j )-th en try b y M

i;j

.

Remark 3.4. Note that w e use the same sym b ols E

P

( � ; s ) and E

Q

( � ; s ) to denote

b oth the adelic and the classical Eisenstein series. W e distinguish them b y inserting

g 2 G ( A ) or Z 2 H in the place of the dot. W e will con tin ue this abuse of notation

for other Eisenstein series w e study .

W e no w turn to the Eisenstein series whic h is induced from the Borel subgroup

B of G , whic h w e call the Bor el Eisenstein series . It is a function of t w o complex

v ariables s and z , de�ned b y

E

B

( g ; s; z ) :=

X


 2 B ( Q ) n G ( Q )

�

Q

( 
 g )

s

�

P

( 
 g )

z

:

Note that as the Levi subgroup of B is ab elian (it is the torus T ), the c haracter

�

s

Q

�

z

P

is a cuspidal automorphic form on T ( A ). Th us the follo wing prop osition

follo ws from [43], Prop osition I I.1.5.

Prop osition 3.5. The series E

B

( g ; s; z ) is absolutely c onver gent for

( s; z ) 2 f ( s

0

; z

0

) 2 C � C j Re ( s

0

) > 2 = 3 ; Re ( z

0

) > 1 = 2 g :

It c an b e mer omorphic al ly c ontinue d to al l of C � C .
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Remark 3.6. It follo ws from the general theory (cf. [38 ], c hapter 7) that b y taking

iterated residues of Eisenstein series induced from minimal parab olics one obtains

Eisenstein series on other parab olics. These series are usually referred to as r esidual

Eisenstein series . In fact E

P

and E

Q

are residues of E

B

tak en with resp ect to the

v ariable s and z resp ectiv ely . W e will pro v e this fact in section 3.5, but see also

[32 ], Remark 5.6.

3.2. Siegel Eisenstein series with p ositiv e w eigh t. In this section w e de�ne

an Eisenstein series induced from the Siegel parab olic, ha ving p ositiv e w eigh t, lev el

and non-trivial c haracter. F or notation refer to section 2. Let m; N b e in tegers

with m � 0 and N > 0. Note that K

0 ; 1

is the stabilizer of i in G ( R ). Let  :

K

�

n A

�

K

! C

�

b e a Hec k e c haracter of A

�

K

with lo cal decomp osition  =

Q

p

 

p

,

where p runs o v er all the places of Q . Assume that

 

1

( x

1

) =

�

x

1

j x

1

j

�

m

and

 

p

( x

p

) = 1 if p 6= 1 ; x

p

2 O

�

K;p

; and x

p

� 1 2 N O

K;p

:

As b efore w e set  

N

=

Q

p j N

 

p

. Let �

P

denote the mo dulus c haracter of P . W e

de�ne

�

P

: M

P

( Q ) U

P

( A ) n G ( A ) ! C

b y setting

�

P

( g ) =

(

0 g 62 P ( A ) K

0

( N )

 (det d

q

)

� 1

 

N

(det d

�

)

� 1

j ( �

1

; i )

� m

g = q � 2 P ( A ) K

0

( N ) :

Note that �

P

has a lo cal decomp osition �

P

=

Q

p

�

P ;p

, where

(3.4) �

P ;p

( q

p

�

p

) =

8

>

<

>

:

 

p

(det d

q

p

)

� 1

if p - N 1 ;

 

p

(det d

q

p

)

� 1

 

p

(det d

�

p

) if p j N ; p 6= 1 ;

 

1

(det d

q

1

)

� 1

j ( �

1

; i )

� m

if p = 1

and �

P

has a lo cal decomp osition �

P

=

Q

p

�

P ;p

, where

(3.5) �

P ;p

��

A

^

A

�

u�

�

= j det A det A j

Q

p

:

De�nition 3.7. The series

E ( g ; s; N ; m;  ) :=

X


 2 P ( Q ) n G ( Q )

�

P

( 
 g ) �

P

( 
 g )

s= 2

is called the ( hermitian ) Sie gel Eisenstein series of weight m , level N and char acter

 .

The series E ( g ; s; N ; m;  ) con v erges for Re ( s ) su�cien tly large, and can b e

con tin ued to a meromorphic function on all of C (cf. [50 ], Prop osition 19.1). It

also has a complex analogue E ( Z ; s; m;  ; N ) de�ned b y

E ( Z ; s; m;  ; N ) := j ( g

1

; i )

m

E ( g ; s; N ; m;  )
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for Z = g

1

i , g = g

Q

g

1

�

f

2 G ( Q ) G ( R ) K

0 ; f

( N ). It follo ws from Lemma 18.7(3)

of [50 ] and form ulas (16.40) and (16.48) of [51 ], together with the fact that K has

class n um b er one that

E ( Z ; s; m;  ; N ) =

X


 2 ( P ( Q ) \ �

h

0

( N )) n �

h

0

( N )

 

N

(det d




)

� 1

(det Im Z )

s � m= 2

j

m


 =

=

X


 2 ( P ( Q ) \ �

h

0

( N )) n �

h

0

( N )

 

N

(det d




)

� 1

det( c




Z + d




)

� m

�

� j det( c




Z + d




) j

� 2 s + m

(det Im Z )

s � m= 2

:

(3.6)

3.3. The Eisenstein series on U(1 ; 1) . Let B

1

denote the upp er-triangular Borel

subgroup of U(1 ; 1) with Levi decomp osition B

1

= T

1

U

1

, where

T

1

:=

��

a

^a

�

j a 2 Res

K= Q

GL

1

�

and

U

1

=

��

1 x

1

�

j x 2 G

a

�

:

Let �

1

: B

1

( A ) ! R

+

b e the mo dulus c haracter giv en b y

�

1

� �

a

^a

�

u

�

= j a a j

A

for u 2 U

1

( A ). Let K

1

= K

1 ; 1

K

1 ; f

denote the maximal compact subgroup of

U(1 ; 1)( A ) with

K

1 ; 1

=

��

� �

� � �

�

2 GL

2

( C ) j j � j

2

+ j � j

2

= 1 ; � � 2 R

�

b eing the maximal compact subgroup of U(1 ; 1)( R ) and K

1 ; f

=

Q

p 6= 1

U (1 ; 1)( Z

p

).

As usually w e extend �

1

to a map on U(1 ; 1)( A ) using the Iw asa w a decomp osition.

F or g 2 U(1 ; 1)( A ), set

(3.7) E

U(1 ; 1)

( g ; s ) =

X


 2 B

1

( Q ) n U(1 ; 1)( Q )

�

1

( 
 g )

s

:

The follo wing prop osition follo ws from [50 ], Theorem 19.7.

Prop osition 3.8. The series E

U(1 ; 1)

( g ; s ) c onver ges absolutely for Re ( s ) > 1 and

c ontinues mer omorphic al ly to al l of C . It has a simple p ole at s = 1 with r esidue

3 =� .

W e no w de�ne a complex analogue of E

U(1 ; 1)

( g ; s ). As SL

2

( R ) acts transitiv ely

on H , so do es U (1 ; 1)( R ) � SL

2

( R ). Hence for ev ery z

1

2 H there exists g

1

2

U(1 ; 1)( R ) suc h that z

1

= g

1

i . Set g = ( g

1

; 1) 2 U(1 ; 1)( R ) � U(1 ; 1)( A

f

). An

easy calculation sho ws that

(3.8) �

1

( g ) = Im ( z

1

) :

F or z

1

and g as ab o v e, de�ne the complex Eisenstein series corresp onding to

E

U(1 ; 1)

( g ; s ) b y

(3.9) E

U(1 ; 1)

( z

1

; s ) := E

U(1 ; 1)

( g ; s ) :
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It is easy to see that

(3.10) E

U(1 ; 1)

( z

1

; s ) =

X


 2 B

1

( Z ) n U(1 ; 1)( Z )

(Im ( 
 z

1

))

s

:

The series E

U(1 ; 1)

( z

1

; s ) p ossesses a F ourier expansion of the form

E

U(1 ; 1)

( z

1

; s ) =

X

n 2 Z

c

n

( y

1

; s ) e

2 � inx

1

;

where x

1

:= Re ( z

1

) and y

1

:= Im ( z

1

).

Lemma 3.9. L et z

1

and g b e as b efor e, i.e., z

1

= g

1

i . Then

c

0

( s; y

1

) = y

s

1

+

� (2 s � 1)

� (2 s )

�

�

s �

1

2

�

�( s )

p

� y

1 � s

1

;

wher e � ( s ) denotes the R iemann zeta function.

Pr o of. This is a standard argumen t. See, e.g., [10 ], the pro of of Theorem 1.6.1. �

3.4. Residue of the Klingen Eisenstein series. Let E

Q

( g ; s ) b e the Klingen

Eisenstein series de�ned in section 3.1. This section and section 3.5 are dev oted to

pro ving the follo wing theorem.

Theorem 3.10. The series E

Q

( g ; s ) has a simple p ole at s = 1 and one has

(3.11) res

s =1

E

Q

( g ; s ) =

5 �

2

L

�

2 ;

�

� 4

�

��

4 �

K

(2) L

�

3 ;

�

� 4

�

��

;

wher e �

K

( s ) denotes the De dekind zeta function of K .

Theorem 3.10 is a consequence of the follo wing prop osition.

Prop osition 3.11. The fol lowing statements hold:

(i) F or any �xe d s 2 C with Re ( s ) > 2 = 3 the function E

B

( g ; s; z ) has a simple

p ole at z = 1 = 2 and

(3.12) res

z =1 = 2

E

B

( g ; s; z ) =

3

2 �

E

Q

( g ; s + 1 = 3) :

(ii) F or any �xe d z 2 C with Re ( z ) > 1 = 2 the function E

B

( g ; s; z ) has a simple

p ole at s = 2 = 3 and

(3.13) res

s =

2

3

E

B

( g ; s; z ) =

�

2

6 �

K

(2)

E

P

( g ; z + 1 = 2) :

Indeed, using Prop osition 3.11 and in terc hanging the order of taking residues w e

obtain:

res

s =

2

3

E

Q

�

g ; s +

1

3

�

=

2 �

3

�

2

6 �

K

(2)

res

z =

1

2

E

P

�

g ;

1

2

+ z

�

:

By Prop osition 3.2,

res

z =

1

2

E

P

�

g ;

1

2

+ z

�

=

45 L

�

2 ;

�

� 4

�

��

4 � L

�

3 ;

�

� 4

�

��

;

and th us w e �nally get

res

s =1

E

Q

( g ; s ) =

5 �

2

L

�

2 ;

�

� 4

�

��

4 �

K

(2) L

�

3 ;

�

� 4

�

��

;
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whic h pro v es Theorem 3.10.

W e no w prepare for the pro of of Prop osition 3.11, whic h will b e completed in

section 3.5.

Let

�

x

a b

^x

c d

�

2 M

Q

( A ). Since

�

a b

c d

�

2 U(1 ; 1)( A ), w e can use the Iw asa w a

decomp osition for U (1 ; 1)( A ) with resp ect to the upp er-triangular Borel to write

�

a b

c d

�

=

�

� �

^�

�

� with � 2 K

1

, where K

1

is as in section 3.3. Note that if � = [

�

1

�

2

�

3

�

4

],

then

�

1

�

1

�

2

1

�

3

�

4

�

2 K

0

. De�ne a c haracter

�

Q

: M

Q

( A ) ! R

+

b y

�

Q

0

B

B

@

2

6

6

4

x

a b

^x

c d

3

7

7

5

1

C

C

A

= �

Q

0

B

B

@

2

6

6

4

x

1

^x

1

3

7

7

5

2

6

6

4

1

� �

1

^�

3

7

7

5

1

C

C

A

= j � � j

A

;

and a c haracter

�

P

: M

P

( A ) ! R

+

b y:

(3.14) �

P

� �

A

^

A

��

=

�

P

0

B

B

@

2

6

6

4

x �

y

^x

� ^y

3

7

7

5

2

6

6

4

�

1

�

2

�

3

�

4

�

0

1

�

0

2

�

0

3

�

0

4

3

7

7

5

1

C

C

A

= j xy

� 1

( xy

� 1

) j

A

;

where w e used the Iw asa w a decomp osition for GL

2

( A

K

) = Res

K= Q

GL

2

( A ) with

resp ect to its upp er-triangular Borel B

R

, and its maximal compact subgroup K

R

=

U (2)

Q

v - 1

GL

2

( O

K;v

) to write A 2 GL

2

( A

K

) as

A =

�

x �

y

� �

�

1

�

2

�

3

�

4

�

2 B

R

( A ) K

R

:

W e again ha v e

"

�

1

�

2

�

3

�

4

�

0

1

�

0

2

�

0

3

�

0

4

#

2 K

0

.

Extend �

Q

and �

P

as w ell as �

Q

and �

P

to functions on G ( A ) using the Iw asa w a

decomp ositions

(3.15) G ( A ) = B ( A ) K

0

= P ( A ) K

0

= Q ( A ) K

0

:

A simple calculation sho ws that

(3.16) �

s

Q

�

z

P

= �

s +

2

3

z

Q

�

2 z

Q

= �

3

4

s + z

P

�

3

2

s

P

for an y complex n um b ers s and z . Let E

B

( g ; s; z ) b e the Borel Eisenstein series

de�ned in section 3.1. By Prop osition 3.5 the series is absolutely con v ergen t if

Re ( s ) > 2 = 3 and Re ( z ) > 1 = 2 and admits meromorphic con tin uation to all of C

2

.

Using iden tit y (3.16) and rearranging terms w e get:

E

B

( g ; s; z ) :=

X


 2 Q ( Q ) n G ( Q )

�

Q

( 
 g )

s +

2

3

z

X

� 2 B ( Q ) n Q ( Q )

�

Q

( �
 g )

2 z

=
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(3.17) =

X


 2 P ( Q ) n G ( Q )

�

P

( 
 g )

3

4

s + z

X

� 2 B ( Q ) n P ( Q )

�

P

( �
 g )

3

2

s

:

Let E

U (1 ; 1)

( g ; s ) b e the Eisenstein series de�ned b y form ula (3.7). W e also de�ne

an Eisenstein series on Res

K= Q

GL

2

( A ) b y:

(3.18) E

Res

K= Q

GL

2

( g ; s ) =

X


 2 B

R

( Q ) n Res

K= Q

GL

2

( Q )

�

R

( 
 g )

s

;

where �

R

denotes the mo dulus c haracter on B

R

de�ned b y:

�

R

: B

R

! R

+

(3.19) �

R

��

a �

b

��

= j a a b

� 1

b

� 1

j

1 = 2

A

:

The follo wing maps

�

Q

: M

Q

U

Q

! U(1 ; 1)

0

B

B

@

2

6

6

4

x

a b

^x

c d

3

7

7

5

; u

1

C

C

A

7!

�

a b

c d

�

;

(3.20)

and

�

P

: P ! Res

K= Q

GL

2

�

A X

^

A

�

7! A

(3.21)

giv e bijections

B ( Q ) n Q ( Q )

�

=

B

1

( Q ) n U(1 ; 1)( Q )

and

B ( Q ) n P ( Q )

�

=

B

R

( Q ) n Res

K= Q

GL

2

( Q ) ;

resp ectiv ely .

On the A -p oin ts w e can extend �

Q

to a map G ( A ) ! U(1 ; 1)( A ) =K

1

and �

P

to a

map G ( A ) ! Res

K= Q

GL

2

( A ) =K

R

b y declaring them to b e trivial on K

0

. Hence

w e can rewrite (3.17) as

(3.22) E

B

( g ; s; z ) :=

X


 2 Q ( Q ) n G ( Q )

�

Q

( 
 g )

s +

2

3

z

E

U (1 ; 1)

( �

Q

( 
 g ) ; 2 z ) =

=

X


 2 P ( Q ) n G ( Q )

�

P

( 
 g )

3

4

s + z

E

Res

K= Q

GL

2

( �

P

( 
 g ) ;

3

2

s ) :

3.5. E

Q

( g ; s ) as a residual Eisenstein series. In this section w e complete the

pro of of Prop osition 3.11. W e will only presen t a pro of of part (i) of the prop osi-

tion as the pro of of (ii) is completely analogous. (In part (ii) the role of E

U(1 ; 1)

(see b elo w) is pla y ed b y E

Res

K= Q

GL

2

for whic h an easy computation sho ws that

res

s =1

E

Res

K= Q

GL

2

( g ; s ) = �

2

= (4 �

K

(2)).) In what follo ws Z will denote a v ariable in

the hermitian upp er half-plane H , and z

1

a v ariable in the complex upp er half-plane

H . Otherwise w e use notation from sections 3.1-3.4. W rite g = g

Q

g

1

� 2 G ( A )

with g

Q

2 G ( Q ), g

1

2 G ( R ) and � 2 K

0 ; f

. W e ha v e E

B

( g ; s; z ) = E

B

( g

1

; s; z )

and E

Q

( g ; s ) = E

Q

( g

1

; s ), hence it is enough to pro v e (3.12) for g = ( g

1

; 1) 2

G ( R ) � G ( A

f

). Let K

1

denote the maximal compact subgroup of U(1 ; 1)( A ) and
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let �

Q

: G ( A ) ! U(1 ; 1)( A ) =K

1

b e as in form ula (3.20). Lemmas 3.12 and 3.14 are

easy .

Lemma 3.12. If g = ( g

1

; 1) 2 G ( A ) , then Im ( �

Q

( g )

1

i ) = Im ( g

1

i )

2 ; 2

.

Remark 3.13. Note that for an y 2 � 2 matrix M with en tries in C one has

Im ( M

2 ; 2

) = (Im ( M ))

2 ; 2

. Hence the conclusion of Lemma 3.12 can also b e written

as Im ( �

Q

( g )

1

i ) = Im (( g

1

i )

2 ; 2

).

Lemma 3.14. F or any Z 2 H , ther e exists 
 2 Q ( Z ) such that (Im 
 Z )

2 ; 2

>

1

2

.

The next lemma is just a simple adaptation to the case of hermitian mo dular

forms of the pro of of Hilfsatz 2.10 of [21 ].

Lemma 3.15. F or every Z 2 H , we have

sup


 2 �

Z

det Im ( 
 Z ) < 1 :

Prop osition 3.16. L et � > 0 and g = ( g

1

; 1) 2 G ( R ) � G ( A

f

) . F or every s 2 C

with Re ( s ) > 1 + � and every z 2 C with j z �

1

2

j < � , the series

(3.23) D := j z � 1 = 2 j

X


 2 Q ( Q ) n G ( Q )

�

�

�

�

Q

( 
 g )

s +2 z = 3

E

U(1 ; 1)

( �

Q

( 
 g ) ; 2 z )

�

�

�

c onver ges.

Pr o of. Using the same argumen ts as in the pro of of Lemma 4.6 (cf. section 4.2)

one sho ws that

D =

X


 2 Q ( Z ) n �

Z

�

�

�

�

�

�

det Im ( 
 Z )

(Im ( 
 Z ))

2 ; 2

�

3 s +2 z

�

�

�

�

�

j z � 1 = 2 j j E

U (1 ; 1)

( �

Q

( 
 g )

1

i; 2 z ) j :

(Note that z

0

:= �

Q

( 
 g )

1

i is a complex v ariable.) As g = ( g

1

; 1) and 
 2 �

Z

�

K

0 ; f

, w e ha v e �

Q

( 
 g )

1

= �

Q

(( 
 g

1

; 1))

1

. By Lemmas 3.12 and 3.14 w e can �nd a

set S of represen tativ es of Q ( Z ) n �

Z

suc h that for ev ery 
 2 S w e ha v e

(3.24) Im ( �

Q

( 
 g )

1

i ) = Im (( 
 g

1

i )

2 ; 2

) >

1

2

:

The series E

U(1 ; 1)

( z

1

; 2 z ) has a F ourier expansion of the form

E

U(1 ; 1)

( z

1

; 2 z ) =

X

n 2 Z

c

n

(2 z ; Im ( z

1

)) e

2 � in Re ( z

1

)

;

and E

U(1 ; 1)

( z

1

; 2 z ) � c

0

(2 z ; Im ( z

1

)) for ev ery �xed z

1

con tin ues to a holomor-

phic function on the en tire z -plane and for ev ery �xed z is rapidly decreasing

as Im ( z

1

) ! 1 . It follo ws that for an y giv en N > 0 there exists a constan t

M ( N ) (indep enden t of z

1

and indep enden t of z as long as j z � 1 = 2 j < � ) suc h

that j E

U (1 ; 1)

( z

1

; 2 z ) � c

0

(2 z ; Im ( z

1

)) j < M ( N ) as long as Im ( z

1

) > N . Set x




:=

Re ( �

Q

( 
 g )

1

i ) and y




:= Im ( �

Q

( 
 g )

1

i ) = Im (( 
 g

1

i )

2 ; 2

) : T aking N = 1 = 2, w e

see b y form ula (3.24) that there exists a constan t M (indep enden t of 
 ) suc h that

j E

U(1 ; 1)

( x




+ iy




; 2 z ) j � M + j c

0

(2 z ; y




) j . Using (3.8) and Lemma 3.9 one sees that

there exists a p ositiv e constan t C indep enden t of z and of 
 suc h that

j z � 1 = 2 jj c

0

(2 z ; y




) j < C + j y




j

1+2 �

:
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Th us w e conclude that there exists a p ositiv e constan t A (indep enden t of z and 
 )

suc h that

�

�

�

�

�

z �

1

2

�

E

U(1 ; 1)

( �

Q

( 
 g

1

) i; 2 z )

�

�

�

�

� A (1 + Im ( �

Q

( 
 g

1

) i )

1+2 �

) =

= A (1 + Im ( 
 g

1

i )

1+2 �

2 ; 2

) :

(3.25)

F or s

0

2 C lying inside the region of absolute con v ergence of E

s

0

( Z ) let

j E j

s

0

( Z ) :=

X


 2 Q ( Z ) n �

Z

�

�

�

�

�

�

det Im ( 
 Z )

(Im ( 
 Z ))

2 ; 2

�

s

0

�

�

�

�

�

denote the ma joran t of E

s

( Z ). By form ula (3.25) w e ha v e

(3.26) D � A j E j

3 s +2 z

( Z ) + A

X


 2 S

�

�

�

�

�

�

det Im ( 
 Z )

(Im ( 
 Z ))

2 ; 2

�

3 s +2 z

�

�

�

�

�

(Im ( 
 Z ))

1+2 �

2 ; 2

:

Note that j E j

3 s +2 z

( Z ) is w ell-de�ned (i.e., 3 s + 2 z is in the region of absolute

con v ergence of E

s

0

( Z )) b y our assumption on s and z . Denote the second term of

the righ t-hand side of form ula (3.26) b y D

2

. Then

D

2

= A

X


 2 S

�

�

�

�

�

�

det Im ( 
 Z )

(Im ( 
 Z ))

2 ; 2

�

3 s +2 z � (1+2 � )

�

�

�

�

�

(det Im ( 
 Z ))

1+2 �

:

By Lemma 3.15 there exists a constan t M ( Z ) suc h that det Im ( 
 Z ) � M ( Z ) for

ev ery 
 2 S and hence

D

2

� AM ( Z )

1+2 �

j E j

3 s +2 z � (1+2 � )

< 1

as Re (3 s + 2 z � (1 + 2 � )) > 3 b y our assumptions on z and s . This �nishes the

pro of. �

Pr o of of Pr op osition 3.11. W e need to sho w that for a �xed s 2 C with Re ( s ) >

2 = 3 and for ev ery � > 0 there exists � > 0 suc h that j z � 1 = 2 j < � implies

(3.27) D ( z ) :=

�

�

�

�

z �

1

2

�

X


 2 Q ( Q ) n G ( Q )

�

Q

( 
 g )

s +2 z = 3

E

U(1 ; 1)

( �

Q

( 
 g ) ; 2 z ) �

�

3

2 �

X


 2 Q ( Q ) n G ( Q )

�

Q

( 
 g )

s +1 = 3

�

�

�

< �:

As remark ed at the b eginning of the section w e can assume without loss of

generalit y that g = ( g

1

; 1) 2 G ( R ) � G ( A

f

). W e �rst sho w that (3.27) holds for

s with Re ( s ) > 1. Fix s 2 C with Re ( s ) > 1 and �

0

> 0 suc h that 0 < �

0

<

Re ( s ) � 1. F rom no w on assume j z � 1 = 2 j < �

0

. Fix a set S of represen tativ es of

Q ( Q ) n G ( Q ). By Prop osition 3.16 and the fact that E

Q

( g ; s

0

) con v erges absolutely

for s

0

with Re ( s

0

) > 1, there exists a �nite subset S

1

of S suc h that the follo wing

t w o inequalities:

(3.28)

X


 2 S

2

�

�

�

( �

Q

( 
 g ))

s +1 = 3

�

�

�

<

� �

6

;

(3.29)

X


 2 S

2

�

�

�

�

z �

1

2

�

�

�

�

�

�

�

�

Q

( 
 g )

s +2 z = 3

E

U (1 ; 1)

( �

Q

( 
 g ) ; 2 z )

�

�

�

<

�

4
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are sim ultaneously satis�ed. Here S

2

denotes the complemen t of S

1

in S . W e ha v e

D ( z ) � D

1

( z ) + D

2

( z ), where

D

j

( z ) :=

�

�

�

�

�

�

�

z �

1

2

�

X


 2 S

j

�

Q

( 
 g )

s +2 z = 3

E

U(1 ; 1)

( �

Q

( 
 g ) ; 2 z ) �

3

2 �

X


 2 S

j

�

Q

( 
 g )

s +1 = 3

�

�

�

�

�

�

:

Note that if w e replace �

0

with a smaller �

00

> 0, then estimates (3.28) and (3.29)

remain true as long as j z � 1 = 2 j < �

00

for the same c hoice of S

1

. Hence w e �nd � > 0

with � < �

0

suc h that D

1

( z ) <

�

2

. This is clearly p ossible as D

1

( z ) is a �nite sum

and it follo ws from Prop osition 3.8 that 3 = 2 � is the residue of E

U (1 ; 1)

( �

Q

( 
 g ) ; 2 z )

at z = 1 = 2. On the other hand D

2

( z ) � D

3

( z ) + D

4

( z ), where

D

3

( z ) :=

X


 2 S

2

�

�

�

�

z �

1

2

�

�

�

�

�

�

�

�

Q

( 
 g )

s +2 z = 3

E

U(1 ; 1)

( �

Q

( 
 g ) ; 2 z )

�

�

�

and

D

4

( z ) :=

3

2 �

X


 2 S

2

�

�

�

( �

Q

( 
 g ))

s +1 = 3

�

�

�

:

F orm ulas (3.28) and (3.29) imply no w that D

3

( z ) < �= 4 and D

4

( z ) < �= 4. Hence

D ( z ) � D

1

( z ) + D

2

( z ) � D

1

( z ) + D

3

( z ) + D

4

( z ) < �

as desired.

W e ha v e th us established the equalit y res

z =1 = 2

E

B

( g ; s; z ) =

3

2 �

E

Q

( g ; s + 1 = 3) for

s with Re ( s ) > 1. Ho w ev er, b oth sides are meromorphic functions in s and since

the righ t-hand side is holomorphic for Re ( s ) > 2 = 3, so m ust b e the left-hand side.

Hence they agree for Re ( s ) > 2 = 3. �

4. The Petersson norm of a Maass lift

The goal of this section is to express the denominator of C

F

f

in form ula (1.1) b y

a sp ecial v alue of the symmetric square L -function of f .

4.1. Maass lifts. Let H , as b efore, denote the complex upp er half-plane. The

space H � C � C a�ords an action of the Jacobi mo dular group �

J

:= SL

2

( Z ) n O

2

K

,

under whic h

��

a b

c d

�

; �; �

�

tak es ( � ; z ; w ) 2 H � C � C to

�

a� + b

c� + d

;

z

c� + d

;

w

c� + d

�

.

De�nition 4.1. A holomorphic function

� : H � C � C ! C

is called a Jac obi form of weight k and index m if for ev ery

�

a b

c d

�

2 SL

2

( Z ) and

�; � 2 O

K

,

� = � j

k ;m

�

a b

c d

�

:= ( c� + d )

� k

e

�

� m

cz w

c� + d

�

�

m

�

a� + b

c� + d

;

z

c� + d

;

w

c� + d

�

and

� = � j

m

[ �; � ] := e ( m� � t + � z + �w ) �

m

( � ; z + �� + �; w +

�

�t + �� ) :

Let k b e a p ositiv e in teger divisible b y 4 and F a hermitian cusp form of w eigh t

k and full lev el. By rearranging the F ourier expansion F ( Z ) =

P

B 2S

c ( B ) e (tr B Z )

of F w e obtain

(4.1) F ( Z ) =

X

m 2 Z

> 0

�

m

( � ; z ; w ) e ( m�

0

)
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where Z = [

� z

w �

0

] 2 H and

�

m

( � ; z ; w ) =

X

l 2 Z

� 0

;t 2

1

2

O

K

t t � lm

c

��

l t

�

t m

��

e ( l � +

�

tz + tw )

is a Jacobi form of w eigh t k and index m . The expansion (4.1) is called the F ourier-

Jac obi exp ansion of F .

De�nition 4.2. The Maass sp ac e denoted b y S

M

k

(�

Z

) is the C -linear subspace of

S

k

(�

Z

) consisting of those F 2 S

k

(�

Z

) whic h satisfy the follo wing condition: there

exists a function c

�

F

: Z

� 0

! C suc h that

c

F

( B ) =

X

d 2 Z

> 0

;d j � ( B )

d

k � 1

c

�

F

(4 det B =d

2

)

for all B 2 S , where � ( B ) := max

n

q 2 Z

> 0

j

1

q

B 2 S

o

: W e call F 2 S

M

k

(�

Z

) a

Maass form or a CAP form .

Theorem 4.3 (Ragha v an-Sengupta [44 ]) . Ther e exists a C -line ar isomorphism

b etwe en the Maass sp ac e and the sp ac e

(4.2) S

+

k � 1

�

4 ;

�

� 4

�

��

:=

=

(

� 2 S

k � 1

�

4 ;

�

� 4

�

��

j � =

1

X

n =1

b ( n ) q

n

; b ( n ) = 0 if

�

� 4

n

�

= 1

)

:

W e will describ e this isomorphism in more detail. An y Jacobi form  of w eigh t k

and index 1 can b e written as a �nite linear com bination:

(4.3)  ( � ; z ; w ) =

X

t 2 A

f

t

( � ) �

t

( � ; z ; w ) ;

where A =

�

0 ;

1

2

;

i

2

;

i +1

2

	

, �

t

( � ; z ; w ) :=

P

� 2 t + O

K

e ( � � � +

�

l z + w ) and

f

t

( � ) =

X

l � 0 ;l �� 4 nt (mo d 4)

c

�

F

( l ) e ( l � = 4) :

The map  ( � ; z ; w ) 7! f

0

( � ) giv es an injection of J

k ; 1

, the space of Jacobi forms

of w eigh t k and index 1, in to S

k � 1

�

4 ;

�

� 4

�

��

. If w e put  = �

1

and de�ne �

b y � j

k � 1

�

� 1

4

�

= f

0

, the comp osite F 7! �

1

( � ; z ; w ) 7! f

0

( � ) 7! � giv es the

isomorphism alluded to in Theorem 4.3. Denoting this isomorphism b y 
, w e can

map an y normalized Hec k e eigenform f =

P

n � 1

b ( n ) q

n

2 S

k � 1

�

4 ;

�

� 4

�

��

to the

elemen t F

f

:= 


� 1

( f � f

�

) 2 S

M

k

(�

Z

). Here f

�

=

P

n � 1

b ( n ) q

n

. This lifting is

Hec k e equiv arian t in a sense, whic h will b e explained in section 5.4. Note that

F

f

= � F

f

�

and F

f

6= 0 if and only if f 6= f

�

.

De�nition 4.4. If f 6= f

�

, then F

f

is called the Maass lift of f or the CAP lift of

f .

Prop osition 4.5. If f =

P

1

n =1

b ( n ) q

n

2 S

k � 1

�

4 ;

�

� 4

�

��

is a normalize d eigenform,

then

(4.4) c

�

F

f

( n ) =

(

� 2 i

u ( n )

( b ( n ) � b ( n )) if n 6� 1 (mo d 4)

0 if n � 1 (mo d 4)

;
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wher e u ( n ) := # f t 2 A j 4 N ( t ) � � n (mo d 4 ) g .

Pr o of. This follo ws from form ula (4) on page 670 in [37 ]. �

4.2. The P etersson norm of F

f

. T o express h F

f

; F

f

i b y an L -v alue w e will use

an iden tit y pro v ed in [44 ] that in v olv es a v arian t E

s

( Z ) (de�ned b elo w) of the

Klingen Eisenstein series E

Q

( g ; s ) (whic h w as de�ned in section 3.1). F or a matrix

M , denote b y M

i;j

the ( i; j )-th en try of M . Let C b e the subgroup of �

Z

consisting

of all matrices whose last ro w is

�

0 0 0 1

�

. Set

E

s

( Z ) =

X


 2C n �

Z

�

det Im 
 Z

(Im 
 Z )

1 ; 1

�

s

:

The series con v erges for Re ( s ) > 3 ([44 ], Lemma 1).

Lemma 4.6. L et g = ( g

1

; 1) 2 G ( A ) and Z = g

1

i . Then

(4.5) E

Q

( g ; s ) =

1

4

E

3 s

( Z ) :

Pr o of. First note that

E

s

( Z ) = 4

X


 2C

0

n �

Z

�

det Im 
 Z

(Im 
 Z )

1 ; 1

�

s

;

where C

0

is the subgroup of �

Z

consisting of matrices whose last ro w is of the form

�

0 0 0 �

�

with � 2 O

�

K

. Moreo v er w e ha v e C

0

= w Q ( Z ) w

� 1

with w =

�

1

1

1

1

�

.

This giv es

X


 2C

0

n �

Z

�

det Im 
 Z

(Im 
 Z )

1 ; 1

�

s

=

X


 2 Q ( Z ) n �

Z

�

det Im w 
 w

� 1

Z

(Im w 
 w

� 1

Z )

1 ; 1

�

s

=

X


 2 Q ( Z ) n �

Z

�

det Im 
 Z

(Im 
 Z )

2 ; 2

�

s

;

as w 2 �

Z

.

No w for 
 2 �

Z

w e ha v e �

Q

( 
 g ) = �

Q

( q ), where q = ( q

1

; 1) and 
 g

1

= q

1

�

1

with q

1

2 Q ( R ), �

1

2 K

0 ; 1

. If q

1

= um with m =

�

x

a b

^x

c d

�

2 M

Q

( R ) and

u 2 U

Q

( R ), then

�

Q

( 
 g ) = �

Q

( um ) = �

Q

( m ( m

� 1

um )) = �

Q

( m ) = j x x j

3

A

:

Moreo v er

Im 
 Z = Im 
 g

1

i = Im q

1

i = Im um i :

A direct calculation sho ws that det Im u ( m i ) = det Im m i and that (Im u ( m i ))

2 ; 2

=

(Im m i )

2 ; 2

. On the other hand

Im m i =

"

x x

1

( ci + d ) ( ci + d )

#

;

hence w e ha v e

det Im 
 Z

(Im 
 Z )

2 ; 2

= �

Q

( 
 g )

1 = 3

:

The lemma no w follo ws from the fact that the natural injection

Q ( Z ) n �

Z

! Q ( Q ) n G ( Q )
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is a bijection. This is a consequence of the iden tit y Q ( A ) = Q ( Q ) Q ( R ) Q (

Q

p - 1

Z

p

),

whic h follo ws from Lemma 8.14 of [50 ]. �

Set

(4.6) E

�

s

( Z ) := �

� 2 s

�( s )�( s � 1) � (2 s � 2) �

K

( s ) E

s

( Z ) :

In [44 ] Ragha v an and Sengupta pro v e that E

�

s

( Z ) can b e analytically con tin ued

in s to the en tire complex plane except for p ossible simple p oles at s = 0 ; 1 ; 2 ; 3.

Using Lemma 4.6 and Theorem 3.10 w e conclude that E

�

s

( Z ) has a simple p ole at

s = 3 and

(4.7) res

s =3

E

�

s

( Z ) =

2

�

2

� (3) :

Com bining results of section 3 of [44 ] with a form ula on page 200 in [lo c. cit.] w e

get




F

f

; E

�

s � k +3

F

f

�

= 4

� 3 s

�

� 3 s +2 k � 6

�( s )�( s � k + 2)�( s � k + 3) �

�

0

@

3

Y

j =1

� ( s � k + j )

1

A

L (Symm

2

f ; s ) h �

1

; �

1

i :

(4.8)

Here w e de�ne L (Symm

2

f ; s ) for a normalized eigenform f =

P

1

n =1

a ( n ) q

n

as an

Euler pro duct:

L (Symm

2

f ; s ) = (1 � a (2)

2

2

� s

)

� 1

(1 � a (2)

2

2

� s

)

� 1

�

�

Y

p 6=2

�

(1 � �

2

p; 1

p

� s

)(1 � �

p; 1

�

p; 2

p

� s

)(1 � �

2

p; 2

p

� s

)

�

� 1

(4.9)

where the complex n um b ers �

p; 1

and �

p; 2

are the p -Satak e parameters of f de�ned

b y the equation

1 � a ( p ) x +

�

� 4

p

�

p

k � 2

x

2

= (1 � �

p; 1

x )(1 � �

p; 2

x ) :

Com bining form ulas (4.7) and (4.8) w e obtain:

(4.10) h F

f

; F

f

i = 2

� 2 k � 3

�( k ) � �

� k � 2

h �

1

; �

1

i L (Symm

2

f ; k ) :

Finally , to relate h �

1

; �

1

i to h f ; f i , in the next subsection w e will pro v e the follo wing

lemma.

Lemma 4.7. The fol lowing identity holds:

(4.11) h �

1

; �

1

i = 2 h f ; f i

�

1

( N )

= 24 h f ; f i :

Com bining Lemma 4.7 with form ula (4.10) w e �nally obtain:

Theorem 4.8. The fol lowing identity holds:

(4.12) h F

f

; F

f

i = 2

� 2 k +2

� 3 � �( k ) � �

� k � 2

h f ; f i L (Symm

2

f ; k ) :



24 CONGR UENCES AMONG MODULAR F ORMS ON U(2 ; 2)

4.3. Inner pro duct form ula for Jacobi forms. This section is dev oted to pro v-

ing Lemma 4.7.

Pr o of of L emma 4.7. Let  

1

and  

2

denote t w o Jacobi forms of w eigh t k and index

m . It is easy to sho w that

(4.13)

h  

1

;  

2

i =

Z

F

v

k

�

Z

F

�

 

1

( � ; z ; w )  

2

( � ; z ; w ) e

� � j z � w j

2

v

dz

0

dz

1

dw

0

dw

1

�

du dv ;

where F is the standard fundamen tal domain for the action of SL

2

( Z ) on the

complex upp er half-plane and F

�

� f � g � C � C is a fundamen tal domain for the

action of the matrices

�

� 1 0 0

�

and

�

1 � �

�

( �; � 2 O

K

) on C � C . After

p erforming a c hange of v ariables on C � C (k eeping � �xed)

z

0

= z + w w

0

= z � w ;

and denoting b y F

0

�

the fundamen tal domain F

�

in the new v ariables, the in tegral

o v er F

�

in (4.13) b ecomes

1

8

Z

F

0

�

 

1

( � ; z

0

; w

0

)  

2

( � ; z

0

; w

0

) v

k

e

� � j

z

0

+ w

0

2

�

z

0

� w

0

2

j

2

v

dz

0

0

dz

0

1

dw

0

0

dw

0

1

:

Set  

1

=  

2

= �

1

, where �

1

is the �rst F ourier-Jacobi co e�cien t of the CAP

form F

f

. Using form ula (4.3) w e can write:

(4.14) h �

1

; �

1

i =

1

8

X

t 2 A

X

t

0

2 A

Z

F

f

t

( � ) f

t

0

( � ) v

k � 4

I ( t; t

0

; � ) du dv

with

I ( t; t

0

; � ) =

Z

F

0

�

�

X

a 2 t + O

K

X

b 2 t

0

+ O

K

e ( N ( a ) � + az + aw ) e ( N ( b ) � + b z + b w ) �

� e

�

�

v

((Im ( z

0

))

2

+(Re ( w

0

))

2

)

�

dz

0

0

dz

0

1

dw

0

0

dw

0

1

:

(4.15)

Changing v ariables again w e get

(4.16) I ( t; t

0

; � ) =

X

a 2 t + O

K

X

b 2 t

0

+ O

K

e ( N ( a ) � � N ( b ) � ) I

1

I

2

with

I

1

= 4

Z




1

e (2 x

0

Re ( a ) � 2 x

0

Re ( b )) e

�

2

(2 x

0

1

)

dx

0

0

dx

0

1

;

where 


1

is the parallelogram in C spanned b y the t w o R -linearly indep enden t

complex n um b ers 1 and � , and x

0

= x

0

0

+ ix

0

1

2 C , with x

0

0

; x

0

1

2 R . Before w e

de�ne I

2

w e note that I

1

can b e written as

(4.17) I

1

= 4

Z

Im ( � )

0

e

�

�

v

� 4( x

0

1

)

2

�

Z

1

0

e (2 x

0

Re ( a ) � 2 x

0

Re ( b )) dx

0

0

�

dx

0

1

:

No w the in tegral inside the paran theses in (4.17) equals e

� 8 � Re ( a ) x

0

1

if Re ( a ) =

Re ( b ) and 0 otherwise. Hence

(4.18) I

1

=

�

4

R

Im ( � )

0

e

� 4

�

v

( x

0

1

)

2

e

� 8 � Re ( a ) x

0

1

dx

0

1

if Re ( a ) = Re ( b )

0 if Re ( a ) 6= Re ( b )
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The in tegral

I

2

:= 4

Z




2

e ( � 2 y

0

Im ( a ) + 2 y

0

Im ( b )) e

�

�

v

� 4( y

0

1

)

dy

0

0

dy

0

1

;

where 


2

denotes the region in the complex plane spanned b y the t w o R -linearly

indep enden t complex n um b ers 1 and � � and y

0

= y

0

0

+ iy

0

1

2 C with y

0

0

; y

0

1

2 R ,

can b e handled in a similar w a y . In fact one gets:

(4.19) I

2

=

�

4

R

Im ( � )

0

e

� 4

�

v

( y

0

1

)

2

e

8 � Im ( a ) x

0

1

dx

0

1

if Im ( a ) = Im ( b )

0 if Im ( a ) 6= Im ( b )

:

Substituting (4.18) and (4.19) in to (4.16) one sees that I ( t; t

0

; � ) = 0 if t 6= t

0

, and

that after rearranging terms

I ( t; t; � ) = 16

0

@

X

Re ( a ) 2 Re ( t )+ Z

Z

v

0

e

�

4 �

v

((Re ( a )) v + x

0

1

)

2

dx

0

1

1

A

�

�

0

@

X

Im ( a ) 2 Im ( t )+ Z

Z

v

0

e

�

4 �

v

((Im ( a )) v + y

0

1

)

2

dy

0

1

1

A

=

= 16

Z

R

e

�

4 �

v

(Re ( t )+ x

0

1

)

2

dx

0

1

Z

R

e

�

4 �

v

(Im ( t )+ y

0

1

)

2

dy

0

1

= 4 v ;

(4.20)

where � = u + iv . Hence

(4.21) h �

1

; �

1

i =

Z

F

X

t 2 A

f

t

( � ) f

t

( � ) v

k � 4

� 4 v du dv :

F rom this it follo ws that

P

t 2 A

f

t

( � ) f

t

( � ) v

k � 1

is \in v arian t" under SL

2

( Z ). W e

w an t to relate (4.21) to

h f ; f i

0

:=

Z

�

1

(4) n H

f ( � ) f ( � ) v

k � 3

du dv :

Denote b y h f

t

; f

t

i

0

the in tegral

R

�

1

(4) n H

f

t

( � ) f

t

( � ) v

k � 3

du dv . W e will use cal-

culations carried out in [36 ]. In particular one has f

1 = 2

= f

i= 2

and f

( i +1) = 2

=

f

0

j

k � 1

[

1

2 1

], hence w e conclude that the quan tities h f

t

; f

t

i

0

are w ell-de�ned, since

f

0

j

k � 1

� = f

0

for all � 2 �

1

(4). Moreo v er, w e ha v e

X

t 2 A

h f

t

; f

t

i

0

= h f

0

; f

0

i

0

+




f

( i +1) = 2

; f

( i +1) = 2

�

0

+ 2




f

1 = 2

; f

1 = 2

�

0

=

= h f

0

; f

0

i

0

+




f

( i +1) = 2

j

k � 1

[

1

2 1

] ; f

( i +1) = 2

j

k � 1

[

1

2 1

]

�

0

+ 2




f

1 = 2

; f

1 = 2

�

0

=

= 2 h f

0

; f

0

i

0

+ 2




f

1 = 2

; f

1 = 2

�

0

:

(4.22)

W e use form ula (3.5') from [36 ], whic h is erroneously stated there, and should

read

f

1 = 2

( � ) = �

i

2

f

0

j

k � 1

�

� 1

1

�

( � ) �

i

2

f

0

j

k � 1

�

� 1

1 � 2

�

( � ) ;

hence




f

1 = 2

; f

1 = 2

�

0

=

1

2

h f

0

; f

0

i

0

+

i

2

�

h f

0

; f

0

j

k � 1

[

1

2 1

] i

0

� h f

0

j

k � 1

[

1

2 1

] ; f

0

i

0

�

=

1

2

h f

0

; f

0

i

0
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as f

0

j

k � 1

[

1

4 1

] = f

0

. Th us w e obtain

X

t 2 A

h f

t

; f

t

i

0

= 3 h f

0

; f

0

i

0

= 3




f

0

j

k � 1

�

� 1

4

�

; f

0

j

k � 1

�

� 1

4

� �

0

= 3 h �; � i

0

:

Since � = f � f

�

, and h f ; f

�

i

0

= 0, w e get h �; � i

0

= 2 h f ; f i

0

, so �nally

h �

1

; �

1

i =

4

[SL

2

( Z ) : �

1

(4)]

X

t 2 A

h f

t

; f

t

i

0

=

24

[SL

2

( Z ) : �

1

(4)]

h f ; f i = 2 h f ; f i

0

:

�

5. Hecke opera tors

5.1. Elliptic Hec k e algebra. The theory of Hec k e op erators acting on the space

of elliptic mo dular forms is w ell-kno wn, so w e refer the reader to standard sources

(e.g., [42 ], [14]) for de�nitions of most of the ob jects as w ell as their basic prop erties

used in this subsection.

De�nition 5.1. Let k b e a p ositiv e in teger divisible b y 4, and A a Z -algebra.

Denote b y T

Z

the Z -subalgebra of End

C

�

S

k � 1

�

4 ;

�

� 4

�

�� �

generated b y the Hec k e

op erators T

n

, n = 1 ; 2 ; : : : . W e set

(1) T

A

:= T

Z




Z

A ;

(2) T

0

A

to b e the A -subalgebra of T

A

generated b y the set

�

0

:= f T

p

g

p split in K

[ f T

p

2

g

p inert in K

;

(3) T

(2)

A

to b e the A -subalgebra of End

C

�

S

k � 1

�

4 ;

�

� 4

�

���

generated b y T

A

and

the ( A -linear) op erator T r T

2

whic h m ultiplies an y normalized eigenform

g =

P

a ( n ) q

n

b y a (2) + a (2).

Supp ose f =

P

1

n =1

a

f

( n ) q

n

2 S

k � 1

�

4 ;

�

� 4

�

��

is a primitiv e normalized eigen-

form. Recall that w e denote the set of suc h forms b y N . F or T 2 T

C

, set �

f ; C

( T )

to denote the eigen v alue of T corresp onding to f . It is a w ell-kno wn fact that

�

f ; C

( T

n

) = a

f

( n ) for all f 2 N and that the set f a

f

( n ) g

n 2 Z

> 0

is con tained in the

ring of in tegers of a �nite extension L

f

of Q . Let E b e a �nite extension of Q

`

con taining the �elds L

f

for all f 2 N . Denote b y O the v aluation ring of E and b y

� a uniformizer of O . Then f a

f

( n ) g

f 2N ;n 2 Z

> 0

� O . Moreo v er, one has

(5.1) T

E

=

Y

f 2N

E

and

(5.2) T

O

=

Y

m

T

O ; m ;

where T

O ; m denotes the lo calization of T

O

at m and the pro duct runs o v er all

maximal ideals of T

O

. Ev ery f 2 N giv es rise to an O -algebra homomorphism

T

O

! O assigning to T the eigen v alue of T corresp onding to f . W e denote this

homomorphism b y �

f

and its reduction mo d � b y �

f

. If m = k er �

f

, w e write m
f

for m or if w e w an t to emphasize the ring m liv es in, w e write m
T

O

;f

. The algebra

T

0

Z

is studied in detail in section 8.1.
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5.2. Hermitian Hec k e algebra. The theory of Hec k e op erators acting on the

space S

k

(�

Z

) is discussed in [23 ] and [37 ]. W e summarize it here to the degree that

w e need it. F or the form ulation of the theory whic h is v alid for hermitian mo dular

forms of lev el higher than one (as w ell as the non-holomorphic ones) see [34]. See

also [35 ] for a theory of Hec k e op erators acting on the space of adelic hermitian

mo dular forms.

Set � := G

+

�

( Q ) \ M

4

( O

K

). F or a 2 �, the double coset space �

Z

a �

Z

decom-

p oses in to a �nite disjoin t union of righ t cosets

�

Z

a �

Z

=

a

j

�

Z

a

j

with a

j

2 �. F or F 2 S

k

(�

Z

) set F j

k

[�

Z

a �

Z

] :=

P

j

F j

k

a

j

:

De�nition 5.2. The hermitian He cke algebr a (o v er C ), denoted b y T

h

C

is the

subalgebra of End

C

( S

k

(�

Z

)) generated b y the double cosets of the form �

Z

a �

Z

for

a 2 �. W e call F 2 S

k

(�

Z

) an eigenform if it is an eigenfunction for all T 2 T

h

C

.

W e will denote the eigen v alue of T corresp onding to F b y �

F ; C

( T ).

F or a rational prime p w e de�ne an op erator

(5.3) T

h

p

:= �

Z

�

1

1

p

p

�

�

Z

;

if p is inert in K w e additionally de�ne

T

h

1 ;p

:= �

Z

"

1

p

p

2

p

#

�

Z

;

and if p = � � splits or rami�es in K w e de�ne

(5.4) T

h

�

:= �

Z

�

1

�

p

�

�

�

Z

:

W e no w describ e the action of the op erators T

h

p

, T

h

1 ;p

and T

h

�

on the F ourier

co e�cien ts of hermitian mo dular forms. As b efore let S := f h 2 M

2

( K ) j h

�

= h g .

T o shorten our notation w e de�ne the follo wing elemen ts of GL

2

( K ):

�

a

=

�

1

~a p

�

; a 2 O

K

=p O

K

; p inert ; ~a an y lift of a to O

K

�

p

=

�

p

1

�

; p inert ;

�

a

=

�

1

a �

�

; a = 0 ; 1 ; : : : ; p � 1 ; p = � � split;

�

p

=

�

�

1

�

; p = � � split ;

(5.5)

and for a 2 � 2 matrix M , w e set

~

M = [

1

1

] M [

1

1

]. Moreo v er, if B 2 S , w e set

s ( B ) :=

8

>

<

>

:

p ord

p

(det ( B )) = 0;

� p ( p � 1) ord

p

(det ( B )) > 0 ; ord

p

( � ( B )) = 0;

p

2

( p � 1) ord

p

( � ( B )) > 0 ;

where � ( B ) is as in De�nition 4.2. Finally , if p is inert w e write P

1

p

for the disjoin t

union of O

K

=p O

K

and p .
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Lemma 5.3. L et F 2 S

k

(�

Z

) with F ourier exp ansion

F ( Z ) =

X

B 2 S

c

F

( B ) e

2 � i tr ( B Z )

;

and let T 2 T

h

C

. Then

T F ( Z ) =

X

B 2 S

c

T F

( B ) e

2 � i tr ( B Z )

;

with

(5.6) c

T F

( B ) =

8

>

>

>

>

>

<

>

>

>

>

>

:

p

2 k � 4

c

F

( p

� 1

B ) + c

F

( pB ) + p

k � 3

P

a 2 P

1

p

c

F

( p

� 1

�

�

a

B �

a

) T = T

h

p

; p inert;

p

2 k � 4

c

F

( p

� 1

B ) + c

F

( pB ) + p

k � 3

P

p

a;b =0

c

F

(( �

a

^

�

b

)

�

B �

a

^

�

b

) T = T

h

p

; p split;

p

k � 2

�

� k

P

p

a =0

�

c

F

(

~

�

�

a

B

~

�

a

) + p

k � 2

c

F

(

^

~

�

�

a

B

^

~

�

a

)

�

T = T

h

�

; p split;

p

2 k � 4

s ( B ) + p

k � 6

P

a 2 P

1

p

�

c

F

( ~ �

�

a

B ~�

a

) + p

2 k � 2

c

F

( ^ �

�

a

B ^�

a

)

�

T = T

h

1 ;p

; p inert :

Pr o of. This follo ws easily from the righ t coset decomp osition of eac h of the Hec k e

op erators. The decomp osition of T

h

p

w as computed b y Krieg in [37 ], p.677. The

decomp osition of T

h

p

for split p and that of T

h

�

w as computed b y the author in [35 ],

Lemmas 6.5, 6.8, but see also Lemmas 6.6 and 6.9 in lo c. cit. Finally , one can sho w

that T

1 ;p

decomp oses in the follo wing w a y:

T

h

1 ;p

:= �

Z

"

1

p

p

2

p

#

�

Z

=

= �

Z

"

p

2

p

1

p

#

t

a

� 2O

K

=p

�

Z

�

p p�

p

2

p

� � 1

�

t

a

�;
 2O

K

=p

� 2 Z =p

2

�

Z

"

1 � � + � 
 


p p 


p

2

� �p p

#

t

a

� 2O

K

=p

� 2 Z =p

�

Z

"

p p�

1 � �

p

p

2

#

t

G

� ;� 2 Z =p Z

� � � 0 (mo d p )

�

Z

�

p �

p �

p

p

�

t

G

� 2 ( Z =p Z )

�


 2 ( O

K

=p O

K

)

�

�

Z

"

p � 


p 
 j 
 j

2

�

� 1

p

p

#

:

(5.7)

This can b e deduced from the calculations in [23 ]. �

Remark 5.4. Note that in Lemma 5.3, w e ha v e c

F

( B ) = 0 unless B 2 S .

F or an y split or rami�ed prime p = � � set �

0

p

:= f T

h

�

; T

h

�

; T

p

g and for an y inert

prime p , set �

0

p

:= f T

h

p

; T

h

1 ;p

g .

Prop osition 5.5 (Gritsenk o, [23 ]) . The He cke algebr a T

h

C

is gener ate d as a C -

algebr a by the set

S

p

�

0

p

.

Prop osition 5.6. The sp ac e S

k

(�

Z

) has a b asis c onsisting of eigenforms.

Pr o of. This is a standard argumen t, whic h uses the fact that T

h

C

is comm utativ e

and all T 2 T

h

C

are self-adjoin t. �
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5.3. In tegral structure of the hermitian Hec k e algebra. F or a split or ram-

i�ed prime p = � � set

�

p

= f T

h

p

; �

k

p

2 � k

T

h

�

; �

k

p

2 � k

T

h

�

g

and for an inert prime p set

�

p

:= f T

h

p

; T

h

1 ;p

g :

De�nition 5.7. Set T

h

Z

(resp. T

h ; (2)

Z

) to b e the Z -subalgebra of T

h

C

generated b y

S

p

�

p

(resp ectiv ely b y

S

p 6=2

�

p

). F or an y Z -algebra A , set T

h

A

:= T

h

Z




Z

A and

T

h ; (2)

A

:= T

h ; (2)

Z




Z

A .

Note that T

h

Z

is a �nite free Z -algebra.

Lemma 5.8. L et ` > 2 b e a r ational prime, E a �nite extension of Q

`

and O the

valuation ring of E . Supp ose that F ( Z ) =

P

B 2S

c

F

( B ) e

2 � i tr ( B Z )

2 S

k

(�

Z

) with

c

F

( B ) 2 O for al l B 2 S . L et T 2 T

h

O

. Then T F ( Z ) =

P

B 2S

c

T F

( B ) e

2 � i tr ( B Z )

with c

T F

( B ) 2 O for every B 2 S .

Pr o of. This follo ws directly from Lemma 5.3 and the assumption that ` b e o dd.

(The latter implies that the op erators T

h

2

and ( i + 1)

k

2

2 � k

T

h

i +1

preserv e the O -

in tegralit y of the F ourier co e�cien ts of F .) �

F rom no w on N

h

will denote a �xed basis of eigenforms of S

k

(�

Z

).

Theorem 5.9. L et F 2 N

h

. Ther e exists a numb er �eld L

F

with ring of inte gers

O

L

F

such that �

F ; C

( T ) 2 O

L

F

for al l T 2 T

h

O

L

F

.

Pr o of. This is similar to the Eic hler-Shim ura isomorphism in the case of elliptic

mo dular forms. �

Let ` b e a rational prime and E a �nite extension of Q

`

con taining the �elds

L

F

from Theorem 5.9 for all F 2 N

h

. Denote b y O the v aluation ring of E and

b y � a uniformizer of O . As in the case of elliptic mo dular forms, F 2 N

h

giv es

rise to an O -algebra homomorphism T

h

O

! O assigning to T the eigen v alue of T

corresp onding to the eigenform F . W e denote this homomorphism b y �

F

and its

mo d � reduction b y �

F

. Theorem 5.9 implies that w e ha v e

T

h

E

�

=

Y

F 2N

h

E :

Moreo v er, as in the elliptic mo dular case, w e ha v e

(5.8) T

h

O

�

=

Y

m

T

h

O ; m ;

where the pro duct runs o v er the maximal ideals of T

h

O

and T

h

O ; m denotes the

lo calization of T

h

O

at m. A similar description holds for T

h ; (2)

O

. As b efore, if

m = k er �

F

, w e write m
F

for m or if w e w an t to emphasize what ring m liv es in, w e

write m
T

h

O

;F

or m
T

h ; (2)

O

;F

accordingly .
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5.4. Action on the Maass space.

Theorem 5.10 (Gritsenk o, [23 ], section 2) . The action of the He cke algebr a T

h

C

r esp e cts the de c omp osition of S

k

(�

Z

) into the Maass sp ac e and its ortho gonal c om-

plement.

Theorem 5.11 (Gritsenk o, [23 ], section 3) . Ther e exists a C -algebr a map

Desc : T

h

C

! T

(2)

C

such that for every T 2 T

h

C

the diagr am

S

Maass

k

(�

Z

)

T //
S

Maass

k

(�

Z

)

S

k � 1

�

4 ;

�

� 4

�

��

Desc( T ) //

f 7! F

f

OO

S

k � 1

�

4 ;

�

� 4

�

��

f 7! F

f

OO

c ommutes. In p articular one has

Desc( T

h

p

) = p

k � 1

+ p

k � 2

+ p

k � 3

+ T

p

2

for all p 6= 2,

Desc( T

h

1 ;p

) = p

k � 4

(1 + p

2

) T

p

2
+ p

2 k � 8

( p

3

+ p

2

+ p � 1) if p is inert in K ,

Desc( T

h

�

) = p

k � 2

�

� k

(1 + p ) T

p

if p = � � is split in K ;

Desc( T

h

1+ i

) = 3 � 2

k � 4

(1 + i )

� k

T r T

2

Desc( T

h

2

) = 2

k � 4

(1 + i )

� k

�

(T r T

2

)

2

� 2

k � 1

�

:

(5.9)

Her e T

n

is as in se ction 5.1, and T r T

2

denotes the op er ator fr om De�nition 5.1 .

Corollary 5.12. If f 2 S

k � 1

�

4 ;

�

� 4

�

��

is an eigenform, then so is F

f

.

Remark 5.13. Let f 2 N , f 6= f

�

. W e will alw a ys assume that either F

f

or F

f

�

b elongs to N

h

. Hence w e can write N

h

= N

M

t N

NM

, where N

M

consists of Maass

lifts F

f

with f 2 N and N

NM

consists of eigenforms orthogonal to those in N

M

.

5.5. Lifting Hec k e op erators to the Maass space. Let E and O b e as b efore.

W e will no w pro v e a result regarding the map Desc, whic h will b e used in section

7.3. Let T

Z

and T

0

Z

b e as in De�nition 5.1. It is clear from Theorem 5.11 and

the de�nition of T

h ; (2)

Z

that Desc( T

h ; (2)

A

) = T

0

A

for an y O -algebra A . Moreo v er, w e

ha v e the follo wing diagram

(5.10)

T

h ; (2)

O

Desc //

o

��

T

0

O

o

��
Q

m (2)

T

h ; (2)

O ; m (2)

//
Q

m 0

T

0

O ; m 0

with the lo w er horizon tal arro w de�ned so that the diagram comm utes. It is clear

that Desc resp ects the direct pro duct decomp osition in diagram (5.10). In partic-

ular, for f 2 N , Desc : T

h ; (2)

O

� T

0

O

factors through T

h ; (2)

O ; m (2)

F

f

� T

0

O ; m 0

f

. Let T

M

O

b e the image of T

h ; (2)

O

in End

C

( S

M

k

(�

Z

)). The horizon tal arro ws in diagram (5.10)
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factor through T

M

O

�

=

Q

m M

T

M

O ; m M

and the follo wing diagram

(5.11)

T

h ; (2)

O

//

o

��

T

M

O

//

o

��

T

0

O

o

��
Q

m (2)

T

h ; (2)

O ; m (2)

//Q
~m T

M

O ; m M

//
Q

m 0

T

0

O ; m 0

comm utes. All the horizon tal arro ws in diagram (5.11) are surjections and the

lo w er ones are induced from the upp er ones, whic h resp ect the direct pro duct

decomp ositions. In particular w e ha v e

T

h ; (2)

O ; m (2)

F

f

� T

M

O ; m M

F

f

� T

0

O ; m 0

f

:

Let N

M

F

f

:= f F 2 N

M

j mM

F

f

= mM

F

g : The goal of this section is to pro v e the

follo wing prop osition.

Prop osition 5.14. If f 2 N , f 6= f

�

is or dinary at ` , and ` - ( k � 1)( k � 2)( k � 3) ,

then for every split prime p = � � , p - ` , ther e exists T

M

( p ) 2 T

M

O ; m M

F

f

such that

Desc( T

M

( p )) 2 T

0

O ; m 0

f

e quals the image of T

p

2 T

0

O

under the c anonic al pr oje ction

T

0

O

� T

0

O ; m 0

f

.

As will b e discussed in section 9.1, to ev ery eigenform F 2 S

k

(�

Z

) one can

attac h a 4-dimensional ` -adic Galois represen tation �

F

. Moreo v er, if F = F

g

, for

some g 2 N , then the Galois represen tation has a sp ecial form

(5.12) �

F

g

=

�

�

g

j

G

K

( �

g


 � ) j

G

K

�

;

where �

g

is the Galois represen tation attac hed to g (cf. section 2.3) and � is the

` -adic cyclotomic c haracter. Let f b e as in Prop osition 5.14. Set R

0

:=

Q

F 2N

M

F

f

O

and let R b e the O -subalgebra of R

0

generated b y the tuples ( �

F

( T ))

F 2N

M

F

f

for all

T 2 T

M

O

. Note that the expression �

F

( T ) mak es sense since S

M

k

(�

Z

) is Hec k e stable.

Then R is a complete No etherian lo cal O -algebra with residue �eld F = O =� . It is

a standard argumen t to sho w that R

�

=

T

M

O ; m M

F

f

.

Pr o of of Pr op osition 5.14. Let I

`

denote the inertia group at ` . F or ev ery g 2 N ,

ordinary at ` , w e ha v e b y (5.12) and Theorem 3.26 (2) in [27 ] that

�

F

g

j

I

`

�

=

2

6

6

4

�

k � 2

�

1

�

k � 1

�

�

3

7

7

5

:

If ` - ( k � 1)( k � 2)( k � 3) it is easy to see that there exists � 2 I

`

suc h that the

elemen ts �

1

:= �

k � 2

( � ), �

2

:= 1, �

3

:= �

k � 1

( � ), �

4

:= � ( � ) are all distinct mo d � .

F or ev ery g as ab o v e, w e c ho ose a basis of the space of �

g

so that �

g

is O -v alued

and �

F

g

( � ) = diag( �

1

; �

2

; �

3

; �

4

). Let S b e the set consisting of the places of K

lying o v er ` and the place ( i + 1). Note that w e can treat �

F

g

as a represen tation

of G

K;S

, the Galois group of the maximal Galois extension of K unrami�ed a w a y

from S . Moreo v er, tr �

F

g

( G

K;S

) � R , since G

K;S

is generated b y conjugates of
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F rob p , p 62 S and for suc h a p, tr �

F

g

(F rob p ) 2 R b y Theorem 9.2 (i) and the fact

that the co e�cien ts of the c haracteristic p olynomial of �

F

g

(F rob p ) b elong to T

h

O

.

Set

e

j

=

Y

l 6= j

� � �

l

�

j

� �

l

2 O [ G

K;S

] , ! R [ G

K;S

]

and e := e

1

+ e

2

. Let

� :=

Y

F

g

2N

M

F

f

�

F

g

: G

K;S

!

Y

F

g

2N

M

F

f

GL

4

( O ) :

W e extend � to an R -algebra map �

0

: R [ G

K;S

] ! M

4

( R

0

). Note that

�

0

(F rob

�

e ) =

Y

F

g

2N

M

F

f

�

F

g

(F rob

�

) �

0

F

g

( e ) =

Y

F

g

2N

M

F

f

�

g

(F rob

�

)

and th us

tr �

0

(F rob

�

e ) = ( a

g

( p ))

F

g

2N

M

F

f

2 R ;

where g =

P

1

n =1

a

g

( n ) q

n

. De�ne T

M

( p ) to b e the image of tr �

0

(F rob

�

e ) under the

O -algebra isomorphism R

�

� ! T

M

O ; m M

F

f

. �

Corollary 5.15. If f 2 N , f 6= f

�

is or dinary at ` , and ` - ( k � 1)( k � 2)( k � 3) ,

then for every split prime p = � � , p - ` , ther e exists T

h

( p ) 2 T

h ; (2)

O ; m (2)

F

f

such that

Desc( T

h

( p )) 2 T

0

O ; m 0

f

e quals the image of T

p

2 T

0

O

under the c anonic al pr oje ction

T

0

O

� T

0

O ; m 0

f

.

6. The st and ard L -function of a Maass lift

Let F

f

b e the Maass lift of f 2 N . The goal of this section is to study the

n umerator of the co e�cien t C

F

f

in form ula (1.1). T o do so w e need to de�ne

the cusp form � in (1.1). This will b e done in subsection 7.3 (form ula (7.15)).

In this section w e de�ne an Eisenstein series E ( Z ; s; m; �

h

) and a theta series �

�

suc h that their pro duct is closely related to �. W e then express the inner pro duct




F

f

; E ( Z ; s; m; �

h

) �

�

�

b y an L -function asso ciated to f .

W e b egin b y de�ning the appropriate theta series whic h will b e used in the inner

pro duct. Let f b e an ideal of O

K

and � a Hec k e c haracter of K with conductor f .

W e assume that the in�nit y comp onen t of � has the form

�

1

( x

1

) =

j x

1

j

t

x

t

1

;

for some in teger � k � t < � 6. F ollo wing [50 ] w e �x a Hec k e c haracter � of K suc h

that

�

1

( y

1

) =

j y

1

j

y

1

and � j

A

�
=

�

� 4

�

�

:

Suc h a c haracter alw a ys exists, but is not unique (cf. [51 ], lemma A.5.1). Put

 

0

= �

� 1

�

� 2

. Let l = t + k + 2 and � = l � 2. Let � 2 S b e suc h that the F ourier

co e�cien t c

F

f

( � ) is non-zero. Let b 2 Q b e suc h that g

�

� g 2 b Z for all g 2 O

2

K

,

and let c

0

2 Z b e suc h that g

�

�

� 1

g 2 ( c

0

)

� 1

Z for all g 2 O

2

K

. Let c 2 Z b e suc h

that bc generates the Z -fractional ideal (4 c

0

) N

K= Q

( f ) \ ( b ) f . Note that when b = 1,

( c ) = (4 c

0

N

K= Q

( f )).
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De�ne a Sc h w artz function � : M

2

( A

K; f

) ! C b y setting � ( x ) = � f (det x ) if

x 2

Q

p- 1

M

2

( O

K; p ) and � ( x ) = 0 otherwise. Then the theta series of our in terest

is de�ned b y:

�

�

( Z ) =

X

� 2 M

2

( K )

� ( � ) ( det � )

�

e (tr ( �

�

� � Z )) :

W e ha v e �

�

2 M

l

(�

h

0

( b; c ) ;  

0

) b y [50 ], app endix, Prop osition 7.16 and [51 ], page

278. In fact, since � 6= 0, �

�

is cusp form ([50 ], app endix, page 277). In this section

w e will denote b y �

h

1

a congruence subgroup of �

Z

suc h that �

�

2 M

l

(�

h

1

) and

�

h

1

\ K

�

= f 1 g . W e set �

h

:= �

h

1

\ G

1

( Q ). Note that w e ha v e F

f

2 M

k

(�

h

). W e

also de�ne an Eisenstein series of w eigh t m = k � l and lev el �

h

b y putting:

E ( Z ; s; m; �

h

) =

X


 2 �

h

\ P ( Q ) n �

h

(det Im Z )

s �

m

2

j

m


 :

The P etersson inner pro duct of F

f

against E ( � ; s; m; �

h

) �

�

has the form




F

f

; E ( � ; s; m; �

h

) �

�

)

�

�

h

=

Z

�

h

nH

F

f

( Z ) E ( Z ; s; m; �

h

) �

�

( Z ) (det Im Z )

k � 4

dX d Y :

Note that w e use a v olume form, whic h is 4 times the v olume form used in [51 ]. By

com bining form ulas (22.9), (22.18b) and (20.19) from [51 ] w e arriv e at the follo wing:




F

f

; E ( � ; s; m; �

h

) �

�

)

�

�

h

= 64[�

h

0

( c ) : �

h

1

( c )] b

� 4

�(( s � 2))(det � )

� s �

1

2

( k + l )+2

�

�

c

F

f

( � ) L

st

( F

f

; s + 1 ; � )

B ( s ) L

c

(2 s; �

Q

) L

c

�

2 s � 1 ; �

Q

�

� 4

�

��

:

(6.1)

The meaning of the v arious factors in the pro duct is explained b elo w. W e start

with the L -function

L

st

( F

f

; s; � ) =

Y

p - 1

L

st

( F

f

; s; � )

p

:

This is the standard L -function of F

f

t wisted b y the Hec k e c haracter � :

(6.2)

L

st

( F

f

; s; � )

p

=

(

Q

4

j =1

f (1 � N ( p)

4

�

� 1

p;j

�

�

( p) N ( p)

� s

)(1 � N ( p)

4

�

p;j

�

�

( p) N ( p)

� s

) g

Q

2

j =1

f (1 � N ( p)

2

�

� 1

p;j

�

�

( p) N ( p)

� s

)(1 � N ( p) �

p;j

�

�

( p) N ( p)

� s

) g

� 1

;

for ( p ) = pp and ( p ) = pe

, resp ectiv ely . Here �

p;i

denote the p -Satak e parameters

of F

f

. (F or the de�nition of p -Satak e parameters when p inerts or rami�es in K ,

see [29 ], and for the case when p splits in K , see [24 ].) The L -function in the

denominator of (6.1) is the Diric hlet L -function with Euler factors at all p j c

remo v ed (cf. De�nition 7.2). F urthermore,

�(( s )) = (4 � )

� 2 s � k � l +1

�

�

s +

1

2

( k + l )

�

�

�

s +

1

2

( k + l ) � 1

�

;

and B ( s ) =

Q

v 2 b

g

p

( �

�

( p O

K

) p

� 2 s

), where b denotes the set of primes at whic h

b

� 1

� is not regular in the sense of ([51], 16.1) and g

p

is a p olynomial with co e�cien ts

in Z and constan t term 1.

F or a prime p of O

K

of residue c haracteristic p , with p o dd, set � p ;j

:= �

d

p;j

,

where �

p;j

, j = 1 ; 2 denote the p -Satak e parameters of f (cf. section 4.2), and d

is the degree o v er F

p

of the �eld O

K

= p. F or the prime p = ( i + 1) of O

K

, set

� p ; 1

:= a (2) and � p ; 2

:= a (2).
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De�nition 6.1. F or a Hec k e c haracter  of K , set

L (BC ( f ) ; s;  ) :=

Y

p- 1

2

Y

j =1

(1 �  

�

( p) � p ;j

( N p)

� s

) :

Remark 6.2. If �

f

denotes the automorphic represen tation of GL

2

( A ) asso ciated

with f , then L (BC( f ) ; s;  ) is the classical analogue of the L -function attac hed to

the base c hange of �

f

to K t wisted b y  .

Remark 6.3. Let g

 

b e the mo dular form asso ciated with the c haracter  (cf.

[31 ], section 12.3) and supp ose that  

1

( x

1

) =

�

x

1

j x

1

j

�

u

. Then

L (BC ( f ) ; s;  ) = (1 �  

�

( p) a (2)2

� s

)

� 1

D ( s + u= 2 ; f

�

; g

 

) ;

where D ( s; � ; � ) denotes the con v olution L -function de�ned in [26 ], where it is de-

noted b y L ( �

f

�


 �

g

 

; s ). Here p denotes the prime of O

K

lying o v er (2).

Prop osition 6.4. L et � b e as b efor e. The fol lowing identity holds

(6.3) L

st

( F

f

; s; � ) = L (BC ( f ) ; s � 2 + k = 2 ; ! � ) L (BC ( f ) ; s � 3 + k = 2 ; ! � ) :

Her e ! is the unique He cke char acter of K unr ami�e d at al l �nite plac es with

in�nity typ e !

1

( z ) =

�

z

z

�

� k = 2

.

Pr o of. This is a straigh tforw ard calculation on the Satak e parameters of f and of

F

f

. �

7. Congr uence

In this section w e de�ne a hermitian mo dular form � as in (1.1) and form ulate

the main congruence result (Theorem 7.12). The form � will b e constructed (in

section 7.3) as a com bination of a certain Eisenstein series and a theta series, whose

arithmetic prop erties are studied b elo w.

7.1. F ourier co e�cien ts of Eisenstein series. W e k eep the notation from sec-

tion 6 and assume b = 1. Consider the set X

m;c

of Hec k e c haracters �

0

of K , suc h

that

(7.1) �

0

1

( x

1

) =

x

m

1

j x

1

j

m

;

(7.2) �

0

p

( x

p

) = 1 if p - 1 ; x

p

2 O

�

K;p

and x

p

� 1 2 c O

K;p

:

Here m = k � l = � t � 2 > 0 (since t < � 6) denotes the w eigh t of the Eisenstein

series E ( Z ; s; m; �

h

) de�ned in section 6. F or g 2 G ( A ), let E ( g ; s; c; m; �

0

) denote

the Siegel Eisenstein series de�ned in section 3.2. W e put, as b efore,

E ( Z ; s; m; �

0

; c ) = j ( g

1

; i )

m

E ( g ; s; c; m; �

0

) ;

where Z = g

1

i and g = ( g

1

; 1). Recall that in section 6 w e made use of a

congruence subgroup �

h

1

of G ( Q ) suc h that �

�

2 M

l

(�

h

1

) and �

h

1

\ K

�

= f 1 g .

In this section w e �x a particular c hoice of �

h

1

, namely , w e set �

h

1

:= �

h

1

( c ) : Note

that as long as c - 2, w e ha v e �

h

1

( c ) \ K

�

= f 1 g and since (cond  

0

) j c , where  

0

is the c haracter of �

�

, w e ha v e �

�

2 M

l

(�

h

1

( c )). The follo wing lemma pro vides a

connection b et w een E ( Z ; s; m; �

0

; c ) and E ( Z ; s; m; �

h

1

( c )). Here E ( Z ; s; m; �

h

1

( c )) is

de�ned in the same w a y as E ( Z ; s; m; �

h

) in section 6. Recall that �

h

:= �

h

1

\ G

1

( Q ).
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Lemma 7.1. The set X

m;c

is non-empty and

(# X

m;c

) E ( Z ; s; m; �

h

1

( c )) =

X

�

0

2 X

E ( Z ; s; m; �

0

; c ) :

Pr o of. This is iden tical to the pro of of Lemma 17.2 in [51]. Note that �

h

1

( c ) �

�

h

( c ). �

De�nition 7.2. Let M b e a non-zero in teger. F or a Hec k e c haracter  of Q set

L

M

( s;  ) := L ( s;  )

Y

p j M

(1 �  

�

( p ) p

� s

) ;

where L ( s;  ) denotes the Diric hlet L -function.

Recall that for an y Hec k e c haracter  : K

�

n A

�

K

! C

�

w e denote b y  

Q

its

restriction to A

�

. Moreo v er, if  satis�es (7.1) and (7.2) for c 2 Z , set  

c

( x ) =

 ( x ). Let

(7.3) D ( Z ; s; m; �

0

; c ) = L

c

(2 s; �

0

Q

) L

c

�

2 s � 1 ; �

0

Q

�

� 4

�

��

E ( Z ; s; m; �

0

; c ) :

It has b een sho wn in [51] (Theorem 17.12(iii)) that D ( Z ; s; m; �

0

; c ) is holomorphic

in the v ariable Z for s = 2 �

m

2

as long as m � 2. In our case m = � t � 2 > 4 as

t < � 6. It follo ws from form ula (18.6.2) in [50 ] that

(7.4) D ( Z ; s; m; �

0

; c ) j

m


 = ( �

0

c

)(det d




) D ( Z ; s; m; �

0

; c ) =

= (( �

0

)

c

)

� 1

c

(det a




) D ( Z ; s; m; �

0

; c ) :

Instead of lo oking at D ( Z ; s; m; �

0

; c ) w e will study the F ourier expansion of a

transform D

�

( Z ; s; m; �

0

; c ) de�ned b y

(7.5) D

�

( Z ; s; m; �

0

; c ) = D ( Z ; s; m; �

0

; c ) j

m

J :

First note that since D is holomorphic at s = 2 �

m

2

, so is D

�

. W rite

D

�

( Z ; 2 � m= 2 ; m; �

0

; c ) =

X

h 2 S

c

�

0

h

e (tr hZ )

for the F ourier expansion of D

�

. Here S := f h 2 M

2

( K ) j h

�

= h g .

Lemma 7.3.

(7.6) c

�

0

h

= i

� 2 m

2

2 m +1

�

3

c

2

�

�

1 � rank( h )

Y

j =0

L

c

 

2 � m � j; �

0

�

� 4

�

�

j � 1

!

Y

p 2 c

f

h;Y

1 = 2

;p

( �

0

( p ) p

m � 4

) ;

wher e f

h;Y

1 = 2

;p

is a p olynomial with c o e�cients in Z and c onstant term 1, and c is

a c ertain �nite set of primes. If n < 1 we set

Q

n

j =0

= 1 .

Pr o of. The lemma follo ws from Prop ositions 18.14 and 19.2 in [50 ], com bined with

Lemma 18.7 of [50 ] and form ulas (4.34K) and (4.35K) in [49 ]. It is a straigh tforw ard

calculation. �

Prop osition 7.4. Fix a prime ` - 2 c , and assume that � k � t < � 6 . Set

�

Q ;c

:=

Q

p j c

�

Q ;p

. L et E

0

b e a �nite extension of Q

`

c ontaining K ( �

Q ;c

) , the

�nite extension of K gener ate d by the values of �

Q ;c

. Denote by O

0

the valuation

ring of E

0

. F or every h 2 S , we have �

� 3

c

�

Q

h

2 O

0

.
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Pr o of. The prop osition follo ws from Lemma 7.3 up on noting that for ev ery Diric hlet

c haracter  of conductor dividing c and ev ery n 2 Z

< 0

, one has L ( n;  ) 2 Z

`

[  ]

(b y a simple argumen t using [59 ], Corollary 5.13) and (1 �  ( p ) p

� n

) 2 Z

`

[  ] for

ev ery p j c . �

Let �

�

b e as ab o v e. Set �

�

�

:= �

�

j

l

J .

Corollary 7.5. Fix a prime ` - 2 c , and assume that � k � t < � 6 . L et E

0

b e a

�nite extension of Q

`

c ontaining K ( �

Q ;c

; �

c

) , wher e �

c

denotes the set of c -th r o ots

of 1 . Denote by O

0

the valuation ring of E

0

. Then the F ourier c o e�cients of

�

� 3

D

�

( Z ; 2 � m= 2 ; m; (  

0

)

c

; c ) �

�

�

( Z )

al l lie in O

0

.

Pr o of. Note that it follo ws from the de�nition of �

�

and Theorem 2.2 that the

F ourier co e�cien ts of �

�

�

( Z ) lie in O . Th us the Corollary is a consequence of

Prop osition 7.4. �

7.2. Some form ulae. W e k eep notation from the previous section. Note that since

�

�

2 M

l

( c;  

0

), w e ha v e D ( Z ; 2 � m= 2 ; m; (  

0

)

c

; c ) �

�

( Z ) 2 M

k

( c ) b y (7.4). F or

f 2 N w e can write

(7.7)

D ( Z ; 2 � m= 2 ; m; (  

0

)

c

; c ) �

�

( Z ) =

h D ( � ; 2 � m= 2 ; m; (  

0

)

c

; c ) �

�

; F

f

i

�

h

0

( c )

h F

f

; F

f

i

�

h

0

( c )

F

f

+ F

0

;

where F

0

2 M

k

( c ) and h F

f

; F

0

i = 0. Our goal no w is to express

(7.8) h D ( � ; 2 � m= 2 ; m; (  

0

)

c

; c ) �

�

; F

f

i

�

h

0

( c )

in terms of L -functions of f . In section 6 w e already carried out this task for the

inner pro duct




F

f

; E ( � ; s; m; �

h

) �

�

�

�

h

with �

h

= �

h

1

( c ) \ G

1

( Q ), so w e will no w

relate the t w o inner pro ducts to eac h other. W e �rst relate the inner pro duct (7.8)

to




F

f

; E ( � ; s; m; �

h

1

( c )) �

�

�

�

h

1

( c )

.

W e ha v e

(7.9)




E ( � ; s; m; �

h

1

( c )) �

�

; F

f

�

�

h

1

( c )

=

Z

�

h

1

( c ) nH

E ( Z ; s; m; �

h

1

( c )) �

�

( Z ) F

f

( Z ) (det Y )

k � 4

dX d Y =

=

Z

�

h

0

( c ) nH

�

�

( Z )

0

@

X


 2 �

h

1

( c ) n �

h

0

( c )

 

0

c

(det a




) E ( Z ; s; m; �

h

1

( c )) j

m




1

A

F

f

( Z ) dX d Y :
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Using Lemma 7.1 (note that (  

0

)

c

2 X

m;c

) w e get

(7.10)

X


 2 �

h

1

( c ) n �

h

0

( c )

 

0

c

(det a




) E ( Z ; s; m; �

h

1

( c )) j

m


 =

= (# X

m;c

)

� 1

X

�

0

2 X

X


 2 �

h

1

( c ) n �

h

0

( c )

 

0

c

(det a




) E ( Z ; s; m; �

0

; c ) j

m


 =

= (# X

m;c

)

� 1

X

�

0

2 X

E ( Z ; s; m; �

0

; c )

X


 2 �

h

1

( c ) n �

h

0

( c )

(  

0

(( �

0

)

c

)

� 1

)

c

(det a




) =

= (# X

m;c

)

� 1

[�

h

0

( c ) : �

h

1

( c )] E ( Z ; s; m; (  

0

)

c

; c ) ;

where the last equalit y follo ws from the orthogonalit y relation for c haracters up on

noting that b oth  

0

and �

0

are trivial on �

h

1

( c ). Th us (7.3), (7.9) and (7.10) imply

that

(7.11) h D ( � ; s; m; (  

0

)

c

; c ) �

�

; F

f

i

�

h

0

( c )

= [�

h

0

( c ) : �

h

1

( c )]

� 1

# X

m;c

� L

c

(2 s;  

0

Q

) �

� L

c

�

2 s � 1 ;  

0

Q

�

� 4

�

��




E ( � ; s; m; �

h

1

( c )) �

�

; F

f

�

�

h

1

( c )

:

Moreo v er, b y [51 ], form ula (17.5) and Remark 17.12(2), w e ha v e

E ( Z ; s; m; �

h

1

( c )) =

1

[�

h

1

( c ) : �

h

]

X

� 2 �

h

n �

h

1

( c )

E ( Z ; s; m; �

h

) j

m

�:

Hence w e get

(7.12) h D ( � ; s; m; (  

0

)

c

; c ) �

�

; F

f

i

�

h

0

( c )

= [�

h

0

( c ) : �

h

]

� 1

# X

m;c

� L

c

(2 s;  

0

Q

) �

� L

c

�

2 s � 1 ;  

0

Q

�

� 4

�

��




E ( � ; s; m; �

h

) �

�

; F

f

�

�

h

:

Using (6.1) w e obtain

h D ( � ; s; m; (  

0

)

c

; c ) �

�

; F

f

i

�

h

0

( c )

= 16 � ((4 � )

� 2 s

0

)(det � )

� s

0

B ( s )

� 1

� # X

m;c

�

� L

c

(2 s;  

0

Q

) L

c

�

2 s � 1 ;  

0

Q

�

� 4

�

��

�

� �( s

0

) �( s

0

� 1)

c

F

f

( � ) L

st

( F

f

; s + 1 ; � )

L

c

(2 s ; �

Q

) L

c

�

2 s � 1 ; �

Q

�

� 4

�

��

;

(7.13)

where s

0

:= s + k � 1 + t= 2, and �nally

h D ( � ; 2 � m= 2 ; m; (  

0

)

c

; c ) �

�

; F

f

i

�

h

0

( c )

= R �

� 2 t � 2 k � 3

�( t + k + 2)�( t + k + 1) �

� L

st

( F ; 3 � m= 2 ; � ) ;

(7.14)

where R := # X

m;c

� 2

� 4( t + k +1)

c

F

f

( � ) B (2 � m= 2)

� 1

(det � )

� t � k � 2

.

7.3. Main congruence result. W e will no w pro v e the �rst main result of this

pap er. W e will sho w that �

n

-divisibilit y of the algebraic part of L (Symm

2

f ; k )

implies the existence of a non-Maass cusp form congruen t to F

f

mo dulo �

n

. W e

k eep notation from previous sections.
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7.3.1. A lgebr aicity of C

F

f

. Let ` - 2 c b e a rational prime, and let E b e a �nite

extension of Q

`

with v aluation ring O . W e will alw a ys assume that E is \su�cien tly

large" in the sense that it con tains certain algebraic n um b ers/n um b er �elds, whic h

will b e sp eci�ed later. In particular, w e assume that E con tains the �eld E

0

of

Corollary 7.5. Fix a uniformizer � 2 O . W e denote the � -adic v aluation b y ord

�

.

T o shorten notation in this section w e set D ( Z ) := D ( Z ; 2 � m= 2 ; m; (  

0

)

c

; c ) ; and

D

�

( Z ) = D

�

( Z ; 2 � m= 2 ; m; (  

0

)

c

; c ) : Applying the op erator j

k

J to b oth sides of

(7.7), w e get

D

�

�

�

�

=

h D �

�

; F

f

i

h F

f

; F

f

i

F

f

+ G

0

2 M

k

( J

� 1

�

h

0

( c ) J )

where G

0

:= F

0

j

k

J and w e ha v e h F

f

; G

0

i = 0. By Corollary 7.5, the F ourier

co e�cien ts of �

� 3

D

�

�

�

�

lie in O . De�ne a trace op erator

tr : M

k

( J

� 1

�

h

0

( c ) J ) ! M

k

(�

Z

)

b y

F

0

7!

X


 2 J

� 1

�

h

0

( c ) J n �

Z

F

0

j

k




and set

(7.15) � := �

� 3

tr ( D

�

�

�

�

) = [�

Z

: �

h

0

( c )] �

� 3

h D �

�

; F

f

i

h F

f

; F

f

i

F

f

+ G

00

;

where G

00

= �

� 3

tr G

0

2 M

k

(�

Z

) and w e ha v e h F

f

; G

00

i = 0. By the q -expansion

principle (Theorem 2.2), the F ourier co e�cien ts of � lie in O . Set

C

F

f

:= [�

Z

: �

h

0

( c )] �

� 3

h D �

�

; F

f

i

h F

f

; F

f

i

:

By Prop osition 4.5, the F ourier co e�cien ts of F

f

lie in the ring of in tegers Z

`

of Q

`

and generate a �nite extension of Q

`

. W e assume E con tains all the F ourier

co e�cien ts of F

f

. The n umerator and denominator of

h D �

�

;F

f

i

h F

f

;F

f

i

w ere studied in

sections 7.2 and 4.2 resp ectiv ely .

Lemma 7.6.

h D �

�

; F

f

i

h F

f

; F

f

i

= ( � ) �

L

alg

(BC( f ) ; 1 +

t + k

2

; � ! ) L

alg

(BC( f ) ; 2 +

t + k

2

; � ! )

L

alg

(Symm

2

f ; k )

;

wher e

� := # X

m;c

� B (2 � m= 2)

� 1

(det � )

� k � t � 2

�

3

c

F

f

( � ) ;

L

alg

(BC( f ) ; j + ( t + k ) = 2 ; � ! ) :=

�( t + k + j ) L (BC( f ) ; j +

t + k

2

; � ! )

�

t + k +2 j

h f ; f i

;

L

alg

(Symm

2

f ; n ) :=

�( n ) L (Symm

2

f ; n )

�

n +2

h f ; f i

for any inte ger n , and ( � ) 2 Q \ E is a � -adic unit.

Pr o of. This is a straigh tforw ard calculation using (7.14), Prop osition 6.4 and The-

orem 4.8. �
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It follo ws from Remark 6.3 and from Theorem 1 on page 325 in [26 ] that

(7.16) L

alg

(BC( f ) ; 1 + ( t + k ) = 2 ; � ! ) 2 Q

and

(7.17) L

alg

(BC( f ) ; 2 + ( t + k ) = 2 ; � ! ) 2 Q

and from a result of Sturm [53 ] that

(7.18) L

alg

(Symm

2

f ; k ) 2 Q :

W e note here that [53 ] uses a de�nition of the P etersson norm of f whic h di�ers

from ours b y a factor of

3

�

, the v olume of the fundamen tal domain for the action of

SL

2

( Z ) on the complex upp er half-plane. W e assume that E con tains v alues (7.16),

(7.17), and (7.18).

Corollary 7.7. C

F

f

2 Q \ E :

As w e are ultimately in terested in (mo d � ) congruences b et w een hermitian mo d-

ular forms, w e will use \in tegral p erio ds" 


+

f

, 


�

f

instead of h f ; f i (cf. section 8.3).

It follo ws from Prop osition 8.15 in section 8.3 that w e ha v e:

(7.19) h f ; f i = ( � ) � 


+

f




�

f

;

where � 2 Z

`

is de�ned in section 8.3 and ( � ) is a � -adic unit as long as f is ordinary

at ` and ` > k , whic h w e assume in what follo ws. W e also assume that E con tains

� and that ` - # X

m;c

.

Corollary 7.8.

(7.20)

C

F

f

= ( � ) c

F

f

( � ) �

� 1

L

in t

(BC( f ) ; 2 + ( t + k ) = 2 ; � ! ) L

in t

(BC( f ) ; 1 + ( t + k ) = 2 ; � ! )

L

in t

(Symm

2

f ; k )

;

wher e

L

in t

(BC( f ) ; j + ( t + k ) = 2 ; � ! ) :=

�( t + k + j ) L (BC( f ) ; j + ( t + k ) = 2 ; � ! )

�

t + k +2 j




+

f




�

f

;

L

in t

(Symm

2

f ; k ) :=

�( k ) L (Symm

2

f ; k )

�

k +2




+

f




�

f

;

and ( � ) 2 E with ord

�

(( � )) � 0 .

Pr o of. This follo ws directly from Lemma 7.6 up on noting that ord

�

( B (2 � m= 2)) �

0 and ord

�

(det � ) � 0. �

W e are no w going to sho w that w e can c ho ose � to mak e c

F

f

( � ) in (7.20) a � -adic

unit. Since w e ha v e deriv ed our form ulas with the assumption b = 1, where b is

de�ned in section 6, w e need to c ho ose � appropriately so this assumption remains

v alid. If � is ` -ordinary in the sense of the follo wing de�nition, then w e can tak e

b = 1.

De�nition 7.9. F or a rational prime ` , w e will sa y that � 2 S is ` -or dinary if the

follo wing t w o conditions are sim ultaneously satis�ed:

� f g

�

� g g

g 2O

2

K

= Z

� there exists c

0

2 Z with ( c

0

; ` ) = 1 suc h that f g

�

�

� 1

g g

g 2O

2

K

� ( c

0

)

� 1

Z .
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Lemma 7.10. If f 2 N is such that the Galois r epr esentation �

f

j

G

K

is absolutely

irr e ducible, then ther e exists an ` -or dinary � 2 S such that ord

�

( c

F

f

( � ) ) = 0 .

Pr o of. W rite the F ourier expansion of f as f =

P

1

n =1

b ( n ) q

n

. Since F

f

is a Maass

form, w e ha v e c

F

f

( � ) =

P

d 2 Z

> 0

; d j � ( � )

d

k � 1

c

�

F

f

(4 det � =d

2

), where c

�

F

f

and � ( � ) w ere

de�ned in De�nition 4.2. Note that � = [

n

1

] is ` -ordinary (with c

0

= n ) for an y

p ositiv e in teger n with ( n; ` ) = 1. Using Prop osition 4.5 and F act 2.1 w e get

c

F

f

( [

1

1

]) = � 2 i ( b (2)

2

� b (2)

2

)

and

c

F

f

([

p

1

]) = 2 ib ( p )( b (2)

2

+ b (2)

2

)

if p 6= ` is inert in K . As will b e sho wn in Prop osition 8.13, absolute irreducibil-

it y of �

f

j

G

K

implies that there exists an inert prime p

0

, distinct from ` , suc h

that b ( p

0

) is a � -adic unit. Supp ose no w that b oth ord

�

�

c

F

f

([

1

1

])

�

> 0 and

ord

�

�

c

F

f

([

p

0

1

])

�

> 0. Then w e m ust ha v e ord

�

( b (2)) > 0, whic h is imp ossible as

` is o dd and j b (2) j = 2

( k � 2) = 2

(cf. [31 ], form ula (6.90)). �

De�nition 7.11. F or f 2 N suc h that the Galois represen tation �

f

j

G

K

is abso-

lutely irreducible, let S

f ;`

denote the set of p ositiv e in teger n with ( n; ` ) = 1 suc h

that ord

�

�

c

F

f

( [

n

1

])

�

= 0. By the pro of of Lemma 7.10 the set S

f ;`

is non-empt y .

7.3.2. Congruenc e b etwe en F

f

and a non-Maass form. Our goal is to pro v e that

F

f

is congruen t to a non-Maass form. Note that if C

F

f

= a�

� n

, with a 2 O

�

and n > 0, then F

f

is congruen t to � a

� 1

�

n

G

00

mo d �

n

. Ho w ev er, G

00

need not a

priori b e orthogonal to the Maass space. W e o v ercome this obstacle b y in tro ducing

a certain Hec k e op erator

~

T

h

whic h will kill the \Maass part" of G

00

. F or g 2 N and

F 2 N

h

, the set

� := f �

g ; C

( T ) j g 2 N ; T 2 T

Z

g [ f �

F ; C

( T ) j F 2 N

h

; T 2 T

h

Z

g

is con tained in the ring of in tegers of a �nite extension of Q (cf. section 5.1 and

Theorem 5.9). W e assume that E con tains �. F rom no w on assume that the Galois

represen tation �

f

j

G

K

is absolutely irreducible. Without loss of generalit y w e also

assume that F

f

2 N

h

(cf. Remark 5.13). F or an y F 2 N

h

, let m
F

� T

h

O

b e the

maximal ideal corresp onding to F . It follo ws from (5.8) that there exists T

h

2 T

h

O

suc h that T

h

F

f

= F

f

and T

h

F = 0 for all F 2 N

h

suc h that m
F

6= m
F

f

. W e apply

T

h

to b oth sides of

� = C

F

f

F

f

+ G

00

:

As the F ourier co e�cien ts of F

f

and � lie in O , so do the F ourier co e�cien ts of

T

h

� b y Lemma 5.8. Moreo v er, since �

�

is a cusp form, so are � and T

h

�. Let

S

(2)

k ;F

f

� S

k

(�

Z

) denote the subspace spanned b y

N

h ; (2)

F

f

:= f F 2 N

h

j m(2)

F

= m(2)

F

f

g ;

where m(2)

F

and m(2)

F

f

are the maximal ideals of T

h ; (2)

O

corresp onding to F and F

f

,

resp ectiv ely (cf. section 5.5). Then T

h

� ; T

h

F

f

= F

f

; T

h

G

00

2 S

(2)

k ;F

f

. The image

of T

h ; (2)

O

inside End

C

( S

(2)

k ;F

f

) can b e naturally iden ti�ed with T

h ; (2)

O ; m (2)

F

f

. By the
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comm utativit y of diagram (5.10) and the discussion follo wing the diagram, the O -

algebra map Desc : T

h ; (2)

O

� T

0

O

factors through T

h ; (2)

O ; m (2)

F

f

� T

0

O ; m 0

f

. The algebra

T

0

O ; m 0

f

can b e iden ti�ed with the image of T

0

O

inside End

C

( S

k � 1 ;f

), where S

k � 1 ;f

�

S

k � 1

�

4 ;

�

� 4

�

��

is the subspace spanned b y N

0

f

:= f g 2 N j m0

f

= m0

g

g . Here m0

f

and m0

g

denote the maximal ideals of T

0

O

corresp onding to f and g , resp ectiv ely .

Denote b y �

f

the natural pro jection T

0

O

� T

0

O ; m 0

f

, and b y �

f

the natural pro jection

T

h ; (2)

O

� T

h ; (2)

O ; m (2)

F

f

. Assume ` > k , hence in particular ` - ( k � 1)( k � 2)( k � 3). By

Corollary 5.15, for ev ery split prime p = � � , p - ` , there exists T

h

( p ) 2 T

h ; (2)

O ; m (2)

F

f

suc h that Desc( T

h

( p )) = �

f

( T

p

) 2 T

0

O ; m 0

f

. As will b e pro v en in section 8 (cf.

Prop osition 8.14) there exists a Hec k e op erator T 2 T

0

O ; m 0

f

suc h that T f = � f ,

T f

�

= � f

�

, and T g = 0 for all g 2 N

0

f

, g 6= f ; f

�

. The op erator T is a p olynomial

P

T

in the elemen ts of �

f

(�

0

) with co e�cien ts in O (here �

0

is as in De�nition 5.1).

Let

~

T

h

2 T

h ; (2)

O ; m (2)

F

f

b e the Hec k e op erator giv en b y the p olynomial P

~

T

h

obtained

from P

T

b y substituting

� �

f

( T

h

p

� p

k � 1

� p

k � 2

� p

k � 3

) for �

f

( T

p

2

) if p inert in K ,

� T

h

( p ) for �

f

( T

p

) if p - ` splits in K ,

� �

f

( �

k

0

`

2 � k

( ` + 1)

� 1

T

h

�

0

) for � ( T

`

) if ` = �

0

�

0

splits in K .

Note that �

k

0

`

2 � k

( ` + 1)

� 1

T

h

�

0

is indeed an elemen t of T

h

O ; m (2)

F

f

as ` + 1 is in v ertible

in O . It follo ws from (5.9) that Desc(

~

T

h

) = T . Apply

~

T

h

to b oth sides of

T

h

� = C

F

f

F

f

+ T

h

G

00

:

Note that

~

T

h

T

h

� is again a cusp form. The op erator

~

T

h

preserv es the Maass space

and its orthogonal complemen t b y Theorem 5.10. Another application of Lemma

5.8 sho ws that the F ourier co e�cien ts of

~

T

h

T

h

� lie in O . Moreo v er, since Desc is a

C -algebra map, it is clear from the de�nition of

~

T

h

that

~

T

h

F

f

= � F

f

and

~

T

h

F = 0

for an y F inside the Maass space of S

k

(�

Z

) whic h is orthogonal to F

f

. W e th us get

(7.21)

~

T

h

T

h

� = � C

F

f

F

f

+

~

T

h

T

h

G

00

with

~

T

h

T

h

G

00

orthogonal to the Maass space.

As C

F

f

2 Q \ E � C b y Corollary 7.7, it mak es sense to talk ab out its � -

adic v aluation. Supp ose ord

�

( � C

F

f

) = � n 2 Z

< 0

. W e write F � F

0

(mo d �

n

)

to mean that ord

�

( c

F

( h ) � c

F

0

( h )) � n for ev ery h 2 S . Note that since the

F ourier co e�cien ts of

~

T

h

T

h

� and of F

f

lie in O , but � C

F

f

62 O , w e m ust ha v e

that either

~

T

h

T

h

G

00

6= 0 or F

f

� 0 mo d � . Ho w ev er, b y Prop osition 4.5, the latter

is only p ossible if f � f

�

mo d � and this con tradicts absolute irreducibilit y of

�

f

j

G

K

b y Prop osition 8.13 in section 8.2. Hence w e m ust ha v e

~

T

h

T

h

G

00

6= 0. W rite

� C

F

f

= a�

� n

with a 2 O

�

. Then the F ourier co e�cien ts of �

n

~

T

h

T

h

G

00

lie in O

and one has

F

f

� � a

� 1

�

n

~

T

h

T

h

G

00

(mo d �

n

) :

As explained ab o v e, � a

� 1

�

n

~

T

h

T

h

G

00

is a hermitian mo dular form orthogonal to

the Maass space.

W e ha v e pro v en the follo wing theorem:
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Theorem 7.12. L et k a p ositive inte ger divisible by 4 and ` > k a r ational prime.

L et f 2 N b e or dinary at ` and such that �

f

j

G

K

is absolutely irr e ducible. Fix a

p ositive inte ger m 2 S

f ;`

and a He cke char acter � of K such that ord

`

(cond � ) = 0 ,

�

1

( z ) =

�

z

j z j

�

� t

with � k � t < � 6 , and ` - # X

� t � 2 ; 4 mN

K= Q

(cond � )

. L et E b e a

su�ciently lar ge �nite extension of Q

`

with uniformizer � . If

� n := ord

�

0

@

2

Y

j =1

L

in t

(BC( f ) ; j + ( t + k ) = 2 ; � ! )

1

A

� ord

�

( L

in t

(Symm

2

f ; k )) < 0

wher e ! is the unique He cke char acter of K which is unr ami�e d at al l �nite plac es

and such that !

1

( z ) =

�

z

j z j

�

� k

, then ther e exists F

0

2 S

k

(�

Z

) , ortho gonal to the

Maass sp ac e, such that F

0

� F

f

(mo d �

n

) .

Remark 7.13. F or � and m as in Theorem 7.12, set c = 4 mN

K= Q

(cond � ). In

Theorem 7.12, w e sa y that E is su�cien tly large if it con tains the �eld K ( �

Q ;c

; �

c

),

the set �, the elemen ts (7.16), (7.17), (7.18), the F ourier co e�cien ts of F

f

and the

n um b er � .

Corollary 7.14. Supp ose that � in The or em 7.12 c an b e chosen so that

ord

�

0

@

2

Y

j =1

L

in t

(BC( f ) ; j + ( t + k ) = 2 ; � ! )

1

A

= 0 ;

then n in The or em 7.12 c an b e taken to b e ord

�

( L

in t

(Symm

2

f ; k )) .

Remark 7.15. The existence of c haracter � as in Corollary 7.14 is not kno wn

in general. Some results in this direction (although not applicable to the case

considered here) ha v e b een obtained b y V atsal in [57]. The problem in our case is

that one w ould need to con trol the � -adic v aluation of t w o L -v alues at the same

time.

Remark 7.16. The ordinarit y assumption on f in Theorem 7.12 is crucial to our

metho d and is used in section 8 to construct the Hec k e op erator T annihilating the

Maass part of G

00

as ab o v e as w ell as to ensure that ( � ) in (7.19) is a � -adic unit.

One exp ects that the set of primes ` of Q suc h that a giv en (non-CM) form f is

ordinary at ` has Diric hlet densit y one, but for no w no pro of of this fact is kno wn.

An analogous statemen t for elliptic curv es w as pro v ed b y Serre [48 ].

7.4. Congruence b et w een F

f

and a non-CAP eigenform.

Corollary 7.17. Under the assumptions of The or em 7.12 ther e exists a non-CAP

cuspidal He cke eigenform F such that ord

�

( �

F

f

( T

h

) � �

F

( T

h

)) > 0 for al l He cke

op er ators T

h

2 T

h

O

.

Pr o of. Let F

0

b e as in Theorem 7.12. Using the decomp osition (5.8), w e see that

there exists a Hec k e op erator T

h

0

2 T

h

O

suc h that T

h

0

F

f

= F

f

and T

h

0

F = 0 for

eac h F 2 S

k

(�

Z

) whic h is orthogonal to all Hec k e eigenforms whose eigen v alues are

congruen t to those of F

f

(mo d � ). Supp ose all the elemen ts of N

h

whose eigen v alues

are congruen t to those of F

f

(mo d � ) are CAP forms. Then applying T

h

0

to the

congruence F

f

� F

0

, w e get F

f

� 0 (mo d � ). By Prop osition 4.5 this is only

p ossible if f � f

�

(mo d � ). This ho w ev er leads to a con tradiction b y Prop osition

8.13. �
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7.5. The CAP ideal. Recall that w e ha v e a Hec k e-stable decomp osition

S

k

(�

Z

) = S

M

k

(�

Z

) � S

NM

k

(�

Z

) ;

where S

NM

k

(�

Z

) denotes the orthogonal complemen t of S

M

k

(�

Z

) inside S

k

(�

Z

). De-

note b y T

NM

O

the image of T

h

O

inside End

C

( S

NM

k

(�

Z

)) and let � : T

h

O

� T

NM

O

b e the canonical O -algebra epimorphism. Let Ann ( F

f

) � T

h

O

denote the annihi-

lator of F

f

. It is a prime ideal of T

h

O

and �

F

f

: T

h

O

� O induces an O -algebra

isomorphism T

h

O

= Ann( F

f

)

�

� ! O .

De�nition 7.18. As � is surjectiv e, � (Ann ( F

f

)) is an ideal of T

NM

O

. W e call it

the CAP ide al asso ciate d to F

f

.

There exists a non-negativ e in teger r for whic h the diagram

(7.22)

T

h

O

� //

��

T

NM

O

��
T

h

O

= Ann( F

f

)

� //

o

�

F

f

��

T

NM

O

=� (Ann( F

f

))

o

��
O

//
O =�

r

O

all of whose arro ws are O -algebra epimorphisms, comm utes.

Corollary 7.19. If r is the inte ger fr om diagr am (7.22), and n is as in The or em

7.12, then r � n .

Pr o of. Set N

NM

:= f F 2 N

h

j F 2 S

NM

k

(�

Z

) g : Cho ose an y T

h

2 �

� 1

( �

r

) � T

h

O

.

Supp ose that r < n , and let F

0

b e as in Theorem 7.12. W e ha v e

(7.23) F

f

� F

0

(mo d �

n

) :

and T

h

F

0

= �

r

F

0

. Hence applying T

h

to b oth sides of (7.23), w e obtain 0 �

�

r

F

0

(mo d �

n

), whic h leads to

(7.24) F

0

� 0 (mo d �

n � r

) :

Since r < n , (7.23) and (7.24) imply that F

f

� 0 (mo d � ), whic h is imp ossible as

sho wn in the pro of of Corollary 7.17. �

Remark 7.20. The CAP ideal can b e regarded as an analogue of the Eisenstein

ideal in the case of classical mo dular forms (see e.g. [39 ]). It measures congru-

ences b et w een F

f

and non-CAP mo dular forms. W e will sho w in section 9.2 that

ord

`

(# T

NM

O

=� (Ann ( F

f

))) pro vides a lo w er b ound for the ` -adic v aluation of the

order of the Selmer group w e study in section 9.1.

8. Hecke algebras and def orma tion rings

The goal of this section is to pro v e Prop osition 8.14 whic h w as used in section

7.3 to pro v e Theorem 7.12, as w ell as some auxiliary results.



44 CONGR UENCES AMONG MODULAR F ORMS ON U(2 ; 2)

8.1. Congruences and w eak congruences. Let E denote a �nite extension of

Q

`

con taining all Hec k e eigen v alues of all the elemen ts of N . Let O b e the v aluation

ring of E with uniformizer � , and put F = O =� . Whenev er w e refer to a prime p

b eing split or inert w e will alw a ys mean split in K or inert in K . Let T

Z

, T

0

Z

b e as

in De�nition 5.1. T o ease notation in this section w e set T := T

O

and T

0

:= T

0

O

.

Moreo v er, if a; b 2 O , w e write a � b if � j ( a � b ).

Let �

f

: T ! O b e as in section 5.1 and as b efore set m
f

= k er �

f

. Moreo v er,

set �

0

f

:= �

f

j

T

0

and denote b y �

0

f

the reduction of �

0

f

mo dulo � . Put m0

f

:= k er �

0

f

.

F rom no w on let f =

P

1

n =1

a ( n ) q

n

and g =

P

1

n =1

b ( n ) q

n

denote t w o elemen ts of

N . W e denote b y �

f

; �

g

: G

Q

! GL

2

( E ) the ` -adic Galois represen tations attac hed

to f and g , resp ectiv ely and b y �

f

and �

g

their mo d � reductions with resp ect to

some lattice in E

2

. W e write �

ss

f

for the semi-simpli�cation of �

f

. The isomorphism

class of �

ss

f

is indep enden t of the c hoice of the lattice. (cf. section 2.3).

De�nition 8.1. W e will sa y that f and g are c ongruent (resp. we akly c ongruent ),

denoted b y f � g (resp. f �

w

g ) if m
f

= m
g

(resp. m0

f

= m0

g

). W e will sa y that

f and g are c ongruent at p if a ( p ) � b ( p ). Let A b e a set of �nite primes of Z of

densit y zero. W e will sa y that f and g are A - c ongruent , denoted b y f �

A

g if f

and g are congruen t at p for all primes p 62 A .

W e note that decomp ositions analogous to (5.1) and (5.2) hold for T

0

and that

the lo calizations T m and T

0

m 0

are No etherian, lo cal, complete O -algebras. F or a

maximal ideal m0

� T

0

, w e denote b y M ( m0

) the set of maximal ideals of T whic h

con tract to m0

. Note that the inclusion T

0

, ! T factors in to a direct pro duct (o v er

all maximal ideals m0

of T

0

) of injections T

0

m 0

, !

Q

m 2M ( m 0

)

T m . W e will no w

examine the sets M ( m0

) a little closer.

Lemma 8.2. L et f ; g 2 N and let A b e a density zer o set of �nite primes of Z not

c ontaining ` . Then f � g if and only if f �

A

g .

Pr o of. One direction is a tautology , so assume f �

A

g . W e ha v e tr �

f

(F rob

p

) =

a ( p ) (mo d � ), tr �

g

(F rob

p

) = b ( p ) (mo d � ) and det �

f

(F rob

p

) =

�

� 4

p

�

p

k � 2

=

det �

g

(F rob

p

) for p 6= 2 ; ` . Hence b y the Tc heb otarev Densit y Theorem together

with the Brauer-Nesbitt Theorem w e get �

ss

f

�

=

�

ss

g

, and th us, a ( p ) � b ( p ) for all

p 2 A; p 6= 2. Moreo v er, w e ha v e �

f

j

D

2

�

=

�

�

1

f

�

�

2

f

�

, where D

2

denotes the

decomp osition group at 2, �

1

f

and �

2

f

are unrami�ed c haracters, with �

2

f

(F rob

2

) =

a (2), and � is the Galois c haracter asso ciated with the Diric hlet c haracter

�

� 4

�

�

(cf. [27 ], Theorem 3.26 (3)). An analogous result holds for �

g

. Let � 2 D

2

b e

an y lift of F rob

2

, and let � 2 I

2

b e suc h that � ( � ) = � 1, where I

2

denotes the

inertia group at 2. W e w an t to sho w that �

2

f

( � ) � �

2

g

( � ) (mo d � ). W e ha v e

tr �

f

( � ) = �

1

f

( � ) � ( � ) + �

2

f

( � ) and tr �

f

( � � ) = �

1

f

( � ) � ( � ) � ( � ) + �

2

f

( � ). Then as

� ( � ) = � 1, w e get �

2

f

( � ) =

1

2

(tr �

f

( � ) + tr �

f

( � � )). Similarly w e get �

2

g

( � ) =

1

2

(tr �

g

( � ) + tr �

g

( � � )). Since �

ss

f

�

=

�

ss

g

implies the equalit y of traces of �

f

and �

g

,

�

2

f

( � ) � �

2

g

( � ) and the lemma is pro v ed. �

Prop osition 8.3. If f �

w

g , then either f � g or f � g

�

.

Pr o of. Assume f �

w

g . Using the Tc heb otarev densit y Theorem and the Brauer-

Nesbitt Theorem, w e see that �

ss

f

j

G

K

�

=

�

ss

g

j

G

K

. By p ossibly c hanging a basis of,
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sa y , �

g

, w e ma y assume that �

ss

f

j

G

K

= �

ss

g

j

G

K

. This implies that �

ss

f

= � �

ss

g

, where �

is either as in the pro of of Lemma 8.2 or trivial. Hence a ( p ) �

�

� 4

�

�

i

b ( p ) for some i

and all p 6= 2 ; ` . Th us b y Lemma 8.2 w e are done if w e sho w that a ( ` ) �

�

� 4

`

�

i

b ( ` ).

If ` is split, then (since f �

w

g ) w e ha v e a ( ` ) � b ( ` ), so assume ` is inert. In

that case, a ( ` )

2

� b ( ` )

2

hence if a ( ` ) � 0, w e are done. Otherwise, f and g are

` -ordinary , and in suc h case �

f

j

D

`

�

=

�

�

1

f

�

�

2

f

�

with �

2

f

unrami�ed and �

2

f

(F rob

`

) is

the unit ro ot �

f

of X

2

� a ( ` ) X +

�

� 4

`

�

`

k � 2

(cf. [27 ], Theorem 3.26 (2)). Analogous

statemen ts hold for �

g

. No w, since �

f

�

=

�

g


 �

i

, w e m ust ha v e �

f

�

�

� 4

`

�

i

�

g

. As

�

f

is the unique unit ro ot of the p olynomial X

2

� a ( ` ) X +

�

� 4

`

�

`

k � 2

, w e m ust ha v e

a ( ` ) � �

f

, and similarly b ( ` ) � �

g

, hence the prop osition is pro v ed. �

Corollary 8.4. If f � f

�

, then M ( m0

f

) = f m
f

g . If f 6� f

�

, then M ( m0

f

) =

f m
f

; m
f

�

g . Henc e, if f � f

�

, we have an inje ction T

0

m 0

f

, ! T m
f

, while if f 6� f

�

,

we have T

0

m 0

f

, ! T m
f

� T m
f

�

.

Prop osition 8.5. If f 2 N , then the c anonic al O -algebr a map �

0

: T

0

m 0

f

! T m
f

is inje ctive.

Pr o of. If f � f

�

, then T

0

m 0

f

injects in to T m
f

b y Corollary 8.4. Assume that f 6�

f

�

. Note that in that case g �

w

f implies g 6� g

�

. By Prop osition 8.3, g � f

or g � f

�

. Without loss of generalit y assume that f � g . Consider T m
f

as

a subalgebra of

Q

g 2N ;g � f

O via T 7! ( �

g

( T ))

g

, and T m
f

�

as a subalgebra of

Q

g 2N ;g � f

�

O via T 7! ( �

g

�

( T ))

g

. By Corollary 8.4 w e ha v e T

0

m 0

f

, ! T m
f

� T m
f

�

, so

w e just need to pro v e that the comp osite T

0

m 0

f

, ! T m
f

� T m
f

�

� T m
f

is injectiv e,

where the last arro w is pro jection. Iden tifying T m
f

� T m
f

�

with a subalgebra of

R :=

Q

g 2N ;g � f

O �

Q

g 2N ;g � f

�

O b y the em b eddings sp eci�ed ab o v e, w e see that

T 2 T

0

m 0

f

maps to an elemen t of R , whose g -en try in the �rst pro duct is the same as

the corresp onding g

�

-en try in the second pro duct for ev ery g 2 N , g � f (this is so,

b ecause T g = ag implies T g

�

= ag

�

for T 2 T

0

m 0

f

). Hence if T maps to zero under

the comp osite T

0

m 0

f

, ! T m
f

� T m
f

�

! T m
f

, it m ust b e zero in T m
f

� T m
f

�

. �

8.2. Deformations of Galois represen tations. The goal of this section is to

pro v e surjectivit y of �

0

: T

0

m 0

f

! T m
f

. W e will use the theory of deformations of

Galois represen tations. F or an in tro duction to the sub ject see e.g. [40 ].

8.2.1. Universal deformation ring. Let C denote the category of lo cal, complete O -

algebras with residue �eld F . A morphism b et w een t w o ob jects in C is a con tin uous

O -algebra homomorphism whic h induces the iden tit y on the residue �elds. F or an

ob ject R of C w e denote b y m
R

its maximal ideal. Let G b e a pro�nite group.

Tw o con tin uous represen tations � : G ! GL

2

( R ) and �

0

: G ! GL

2

( R ) are called

strictly e quivalent if � ( g ) = x�

0

( g ) x

� 1

for ev ery g 2 G with x 2 1 + M

2

( m
R

)

indep enden t of g . W e will write � � �

0

if � and �

0

are strictly equiv alen t. Consider

a con tin uous represen tation � : G ! GL

2

( F ). If R is an ob ject of C , a con tin uous

represen tation � : G ! GL

2

( R ) or, more precisely , a strict equiv alence of suc h, is

called a deformation of � if � = � mo d m
R

. A pair ( R

univ

; �

univ

) consisting of an

ob ject R

univ

of C and a deformation �

univ

: G ! GL

2

( R

univ

) is called a universal
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c ouple if for ev ery deformation � : G ! GL

2

( R ), where R is an ob ject in C , there

exists a unique O -algebra homomorphism � : R

univ

! R suc h that � � �

univ

� �

in GL

2

( R ). The ring R

univ

is called the universal deformation ring of � . By the

univ ersal prop ert y stated ab o v e, it is unique if it exists. Note that an y O -algebra

homomorphism b et w een ob jects in C is automatically lo cal, since all ob jects of C

ha v e the same residue �elds.

Theorem 8.6 (Mazur) . Supp ose that � : G ! GL

n

( F ) is absolutely irr e ducible.

Then ther e exists a universal deformation ring R

univ

in C and a universal defor-

mation �

univ

: G ! GL

n

( R

univ

) .

Pr o of. [27 ], Theorem 2.26. �

8.2.2. He cke algebr as as quotients of deformation rings. Consider f 2 N and let

�

f

: G

Q

! GL

2

( O ) b e the asso ciated Galois represen tation (after �xing a lattice in

E

2

). Let �

f

: G

Q

! GL

2

( F ) b e its reduction mo dulo � . Since �

f

is unrami�ed a w a y

from S = f 2 ; ` g , it factors through G

Q ;S

, the Galois group of the maximal Galois

extension of Q unrami�ed a w a y from S . Let G

K;S

b e the image of G

K

under the

map G

K

, ! G

Q

� G

Q ;S

. W e will b e considering deformations of the represen tation

�

f

: G

Q ;S

! GL

2

( F ) and of �

f ;K

:= �

f

j

G

K;S

. F rom no w on w e assume that �

f ;K

is absolutely irreducible. Let ( R

Q

; �

Q

) and ( R

K

; �

K

) denote the univ ersal couples

of �

f

and �

f ;K

, resp ectiv ely , whic h exist b y Theorem 8.6. W e will denote m
R

Q

and m
R

K

b y m
Q

and m
K

, resp ectiv ely . Let A b e a densit y zero set of primes of Q

and g 2 N , g �

A

f . Then after p ossibly c hanging the basis of �

g

w e ma y assume

(b y the Tc heb otarev Densit y Theorem together with the Brauer-Nesbitt Theorem)

that �

f

= �

g

. Hence �

g

: G

Q ;S

! GL

2

( O ) is a deformation of �

f

, and �

g

j

G

K

is a

deformation of �

f ;K

. As in the pro of of Prop osition 8.5 w e iden tify T m
f

and T

0

m 0

f

with appropriate subalgebras of

Q

g 2N ; g � f

O and of

Q

g 2N ; g �

w

f

O , resp ectiv ely .

Let

~

T denote the O -subalgebra of T generated b y the op erators T

p

for p 6= 2 ; ` and

let

~

T

0

denote the O -subalgebra of T

0

generated b y the set �

0

, where �

0

is as in

De�nition 5.1. W e put

~m
f

:=

~

T \ m
f

and

~m0

f

:=

~

T

0

\ m
f

. Let �

f

denote the subset of

N consisting of those eigenforms whic h are congruen t to f except p ossibly at 2 or ` .

Similarly let �

0

f

b e the subset of N consisting of those eigenforms whic h are w eakly

congruen t to f except p ossibly at 2 or ` . W e ha v e �

f

� �

0

f

. W e again iden tify

~

T

~m
f

(resp.

~

T

0

~m 0

f

) with a subalgebra of

Q

g 2 �

f

O (resp.

Q

g 2 �

0

f

O ) in an ob vious

w a y . Consider the represen tations � :=

Q

g 2 �

f

�

g

: G

Q ;S

! GL

2

�

Q

g 2 �

f

O

�

, and

�

0

:= � j

G

K;S

. Cho ose bases for eac h �

g

so that �

g

= �

g

0

for all g ; g

0

2 �

f

, and so

that �

g

( c ) =

�

1

� 1

�

for all g 2 �

f

, where c is the complex conjugation. W e allo w

ourselv es to enlarge E , O and F if necessary .

Lemma 8.7. The image of the r epr esentation � is c ontaine d in GL

2

(

~

T

~m
f

) .

Pr o of. [11 ], Lemma 3.27. �

W e claim that �

0

( G

K;S

) is con tained in the image of GL

2

(

~

T

0

~m 0

f

) inside GL

2

(

~

T

~m
f

).

T o pro v e it, let � denote the map

~

T

0

~m 0

f

!

~

T

~m
f

induced b y

~

T

0

, !

~

T . It is easy

to see that � (

~

T

0

~m 0

f

) is an ob ject of C . Consider ~�

0

: G

K;S

! GL

2

�

Q

g 2 �

0

f

O

�

,

~�

0

( � ) = ( �

g

( � ))

g 2 �

0

f

. W e ha v e � � ~�

0

= �

0

. F or � 2 G

K;S

w e denote b y [ � ] the
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conjugacy class of � in G

K;S

. Note that G

K;S

is top ologically generated b y the set

S

p 2 Sp ec O

K

; p \ Z 62 S

[F rob p ]. F or a split p = pp, w e ha v e tr �

0

(F rob p ) = tr �

0

(F rob p ) =

tr �

0

(F rob

p

) = T

p

2

~

T

0

~m 0

f

while for p inert, tr �

0

(F rob

2

p

) = T

2

p

� p

k � 2

2

~

T

0

~m 0

f

.

Th us tr ~�

0

( G

K;S

) �

~

T

0

~m 0

f

, and hence tr �

0

( G

K;S

) � � (

~

T

0

~m 0

f

). Since w e kno w that

�

0

( G

K;S

) � GL

2

(

~

T

~m
f

), a theorem of Mazur ([40 ], Corollary 6, page 256)) implies

that (after p ossibly c hanging the basis of �

0

), w e ha v e �

0

( G

K;S

) � GL

2

( � (

~

T

0

~m 0

f

)).

Then � is a deformation of �

f

and �

0

: G

K;S

! GL

2

( � (

~

T

0

~m 0

f

)) is a deformation

of �

f ;K

. Hence there are unique O -algebra homomorphisms �

Q

: R

Q

!

~

T

~m
f

and

�

K

: R

K

! � (

~

T

0

~m 0

f

), suc h that �

Q

� �

Q

� � , and �

K

� �

K

� �

0

. In fact as �

Q

j

G

K

is

a deformation of �

f ;K

, there is a unique O -algebra homomorphism  : R

K

! R

Q

,

suc h that  � �

K

� �

Q

j

G

K

. Hence w e get the follo wing diagram

(8.1)
R

K

 //

�

K

��

R

Q

�

Q

��
� (

~

T

0

~m 0

f

)

� //
~

T

~m
f

where � denotes the em b edding � (

~

T

0

~m 0

f

) �

~

T

~m
f

. Note that diagram (8.1) comm utes.

[Indeed, as � � �

0

is a deformation of �

f ;K

, there is a unique O -algebra homomorphism

� : R

K

!

~

T

~m
f

, suc h that � � �

K

� � � �

0

. Since �

K

� �

K

� �

0

w e get � � �

K

� �

K

� � � �

0

,

and hence � � �

K

= � b y uniqueness of � . On the other hand as stated in the

paragraph b efore diagram (8.1),  � �

K

� �

Q

j

G

K

, th us �

Q

�  � �

K

� �

Q

� �

Q

j

G

K

.

Since �

Q

� �

Q

� � , w e ha v e �

Q

� �

Q

j

G

K

� � j

G

K

= � � �

0

. Hence �

Q

�  � �

K

� � � �

0

,

whic h implies as b efore that �

Q

�  = � . So, � � �

K

= �

Q

�  .] F urthermore, note

that �

Q

and �

K

are surjectiv e. Our goal is to pro v e surjectivit y of  whic h will

imply surjectivit y of � . F rom this w e will deduce surjectivit y of �

0

.

The map  : R

K

! R

Q

is lo cal, hence induces an F -linear homomorphism on

the cotangen t spaces m
K

= ( m2

K

; �R

K

) ! m
Q

= ( m2

Q

; �R

Q

), whic h w e will call  

ct

.

W e will sho w that  

�

ct

: � 7! � �  

ct

in the exact sequence of dual maps

0 ! Hom

F

( C ; F ) ! Hom

F

( m
Q

= ( m2

Q

; �R

Q

) ; F )

 

�

ct

� � ! Hom

F

( m
K

= ( m2

K

; �R

K

) ; F )

is injectiv e, whic h will imply C := cok er  

ct

= 0.

Let G b e a pro�nite group and ( R

univ

; �

univ

) the univ ersal couple of an absolutely

irreducible represen tation � : G ! GL

2

( F ).

Lemma 8.8. One has Hom

F

( m
R

univ = ( m2

R

univ

; �R

univ

) ; F )

�

=

H

1

( G ; ad( � )) ; wher e

H

1

stands for c ontinuous gr oup c ohomolo gy and ad( � ) denotes the discr ete G -mo dule

M

2

( F ) with the G -action given by g � M := � ( g ) M � ( g )

� 1

.

Pr o of. [27 ], Lemma 2.29. �

When G = G

Q ;S

(or G = G

K;S

) and R

univ

= R

Q

(or R

univ

= R

K

), w e will

denote the isomorphism from Lemma 8.8 b y t

Q

(or t

K

, resp ectiv ely).
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Prop osition 8.9. The fol lowing diagr am is c ommutative:

(8.2)

Hom

F

( m
Q

= ( m2

Q

; �R

Q

) ; F )

 

�

ct //

t

Q

o

��

Hom

F

( m
K

= ( m2

K

; �R

K

) ; F )

t

K

o

��
H

1

( G

Q ;S

; ad( � ))

res //
H

1

( G

K;S

; ad ( � ))

Pr o of. This follo ws from unra v eling the de�nitions of the maps in diagram (8.2).

W e omit the details. �

8.2.3. Isomorphism b etwe en T

0

m 0

f

and T m
f

. Note that since # ad( �

f

) is a p o w er of

` , and Gal( K = Q ) has order 2, the �rst cohomology group in the in
ation-restriction

exact sequence

0 ! H

1

(Gal( K = Q ) ; ad ( �

f

)

G

K;S

) ! H

1

( G

Q ;S

; ad ( �

f

)) ! H

1

( G

K;S

; ad( �

f

))

is zero, hence the restriction map in diagram (8.2) is injectiv e, and th us so is  

�

ct

.

Hence C = 0 and th us  

ct

is surjectiv e. An application of the complete v ersion of

Nak a y ama's Lemma (cf. [18 ], exercise 7.2) no w implies that  is surjectiv e.

Corollary 8.10. L et f 2 N and supp ose that �

f

j

G

K

is absolutely irr e ducible. Then

� :

~

T

0

~m 0

f

!

~

T

~m
f

is surje ctive.

Pr o of. This is essen tially a summary of the argumen ts w e ha v e carried out so far.

�

Prop osition 8.11. Assume that f 2 N is or dinary at ` and that �

f

j

G

K

is abso-

lutely irr e ducible. Then �

0

: T

0

m 0

f

! T m
f

is surje ctive.

Pr o of. Consider the comm utativ e diagram

(8.3)

~

T

0

~m 0

f

� //

��

~

T

~m
f

��
T

0

m 0

f

�

0 //
T m

f

where

~m
f

, m0

f

and

~m0

f

are con tractions of m
f

to

~

T , T

0

and

~

T

0

resp ectiv ely . Since

f satis�es the assumptions of Corollary 8.10, � is surjectiv e. F or p 6= 2 ; ` , it is

clear that T

p

2 T m
f

is inside the image of �

0

. If ` is split, then T m
f

con tains T

`

b y de�nition, so assume ` is inert. Then T

2

`

2 T m
f

. Since f =

P

1

n =1

a ( n ) q

n

is

ordinary at ` , w e m ust ha v e a ( ` ) 62 � , hence the image of T

`

in F is not zero, i.e.,

T

`

62 m
f

. Th us the equation X

2

� T

2

`

splits in T m
f

= m
f

in to relativ ely prime factors

X � T

`

and X + T

`

. Since T

0

m 0

f

= m0

f

�

=

T m
f

= m
f

, X

2

� T

2

`

splits in T

0

m 0

f

= m0

f

, and

then b y Hensel's lemma it splits in T

0

m 0

f

. This sho ws that T

`

is in the image of �

0

.

It remains to sho w that T

2

is in the image of �

0

.

Let �

g

: G

Q ;S

! GL

2

( O ) denote the Galois represen tation asso ciated to g =

P

1

n =1

b ( n ) q

n

, g � f . Arguing as in Lemma 8.2, w e get �

g

j

D

2

�

=

�

�

1

g

�

�

2

g

�

with

�

2

g

( � ) =

1

2

(tr �

g

( � ) + tr �

g

( � � )) (for notation see the pro of of Lemma 8.2). Let L
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b e the �xed �eld of G

Q ;S

, and L

0

� L alw a ys denote a �nite Galois extension of Q .

Using the Tc heb otarev Densit y Theorem w e can write

� = lim

 �

Q � L

0

� L

� ( L

0

) F rob

p ( L

0

)

� ( L

0

)

� 1

;

where p ( L

0

) is a c hoice of p 2 S and � ( L

0

) 2 G

Q ;S

is suc h that

� j

L

0

= � ( L

0

) j

L

0

F rob

p ( L

0

)

j

L

0

� ( L

0

)

� 1

j

L

0

:

Hence (tr �

g

( � ))

g

= lim

 �

Q � L

0

� L

(tr (F rob

p ( L

0

)

))

g

= lim

 �

Q � L

0

� L

T

p ( L

0

)

, where eac h

T

p

is considered as an elemen t of

Q

g 2N ;g � f

O . Since ev ery T

p ( L

0

)

2 Im( �

0

), and

Im( �

0

) b eing the image of T

0

m 0

f

is complete, (tr �

g

( � ))

g

2 Im( �

0

). Similarly one

sho ws that (tr �

g

( � � ))

g

2 Im( �

0

), and hence T

2

2 Im( �

0

). �

Corollary 8.12. Assume f 2 N is or dinary at ` . If �

f

j

G

K

is absolutely irr e ducible

then the c anonic al O -algebr a map T

0

m 0

f

! T m
f

is an isomorphism.

Prop osition 8.13. If �

f

j

G

K

is absolutely irr e ducible, then f 6� f

�

.

Pr o of. Assume that �

f

: G

Q

! GL

2

( F ) is absolutely irreducible when restricted to

G

K

. Supp ose f =

P

1

n =1

a ( n ) q

n

� f

�

=

P

1

n =1

a ( n ) q

n

. Let p b e a prime inert in K .

By F act 2.1, a ( p ) = � a ( p ), hence a ( p ) � � a ( p ), and th us tr �

f

(F rob

p

) � a ( p ) �

0. Let L b e the splitting �eld of �

f

and denote b y c 2 Gal ( L= Q ) the complex

conjugation. By p ossibly replacing F with a �nite extension, w e can c ho ose a

basis of the space of �

f

suc h that with resp ect to that basis �

f

( c ) =

�

1

� 1

�

. Let

� 2 Gal( L=K ), and supp ose that �

f

( � ) =

�

a b

c d

�

. By Tc heb otarev Densit y Theorem

there exists a prime p and an elemen t � 2 Gal ( L= Q ) suc h that c� = � F rob

p

�

� 1

.

Since � 2 Gal( L=K ), w e m ust ha v e F rob

p

62 Gal( L=K ), and th us p is inert in K .

Hence tr �

f

(F rob

p

) = a � d = 0. Let �

0

2 Gal( L=K ) and write �

f

( �

0

) =

�

a

0

b

0

c

0

d

0

�

.

Then �

f

( � �

0

) =

h

aa

0

+ bc

0

ab

0

+ bd

0

ca

0

+ dc

0

cb

0

+ dd

0

i

. Since the argumen t carried out for � ma y also

b e applied to �

0

and � �

0

2 Gal( L=K ), w e ha v e a

0

= d

0

and bc

0

= cb

0

, and this

condition implies that � �

0

= �

0

� . Hence Gal( L=K ) is ab elian, whic h con tradicts

the absolute irreducibilit y of �

f

j

G

K

. The prop osition follo ws. �

8.3. Hida's congruence mo dules. Fix f 2 N and set N

f

:= f g 2 N j m
g

= m
f

g .

W rite T m
f


 E = E � B

E

, where B

E

=

Q

g 2N

f

nf f g

E and let B denote the image

of T m under the comp osite T m , ! T m 
 E

�

f

� � ! B

E

, where �

f

is pro jection. Denote

b y � : T m
f

, ! O � B the map T 7! ( �

f

( T ) ; �

f

( T )). If E is su�cien tly large,

there exists � 2 O suc h that cok er �

�

=

O =� O . This cok ernel is usually called the

c ongruenc e mo dule of f . Set N

0

f

:= f g 2 N j m0

g

= m0

f

g .

Prop osition 8.14. Assume f 2 N is or dinary at ` and the asso ciate d Galois

r epr esentation �

f

is such that �

f

j

G

K

is absolutely irr e ducible. Then ther e exists

T 2 T

0

m 0

f

such that T f = � f , T f

�

= � f

�

and T g = 0 for al l g 2 N

0

f

n f f ; f

�

g .

Pr o of. First note that T

0

m 0

f

can b e iden ti�ed with the image of T

0

inside End

C

( S

k � 1 ;f

),

where S

k � 1 ;f

� S

k � 1

�

4 ;

�

� 4

�

� �

is the subspace spanned b y N

0

f

. By Corollary 8.12,

the natural O -algebra map T

0

m 0

f

! T m
f

is an isomorphism. So, it is enough to

�nd T 2 T m
f

suc h that T f = � f and T g = 0 for ev ery g 2 N

f

n f f g . (Note

that b y Prop osition 8.13, f

�

62 N

f

.) It follo ws from the exactness of the sequence
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0 ! T m
f

�

� ! O � B ! O =� O ! 0, that ( � ; 0) 2 O � B is in the image of

T m
f

, ! O � B . Let T b e the preimage of ( � ; 0) under this injection. Then T has

the desired prop ert y . �

Prop osition 8.15 ([25 ], Theorem 2.5) . Supp ose ` > k . If f 2 N is or dinary at ` ,

then

� = ( � )

h f ; f i




+

f




�

f

;

wher e 


+

f

; 


�

f

denote the \inte gr al" p erio ds de�ne d in [56 ] and ( � ) is a � -adic unit.

9. Galois represent a tions and Selmer gr oups

In this section w e will giv e a lo w er b ound on the order of (the P on try agin dual

of ) the Selmer group ad

0

�

f

j

G

K

( � 1) in terms of the CAP ideal (Theorem 9.10) as

w ell as in terms of the sp ecial L -v alue L

in t

(Symm

2

f ; k ) (Corollary 9.11). W e will

also discuss the relationship b et w een Corollary 9.11 and the Blo c h-Kato conjecture

for the \motiv es" ad

0

M

0

( � 1) and ad

0

M

0

(2), where M

0

is the motif (o v er Q )

asso ciated to f (section 9.3).

9.1. Galois represen tations. It is w ell-kno wn that one can attac h an ` -adic Ga-

lois represen tation to ev ery f 2 N (cf. section 2.3). In this section w e gather some

basic facts concerning Galois represen tations attac hed to hermitian mo dular forms.

Let F 2 S

k

(�

Z

) b e an eigenform. F or ev ery rational prime p , let �

p;j

( F ), j =

1 ; : : : ; 4, denote the p -Satak e parameters of F . (F or the de�nition of p -Satak e

parameters when p inerts or rami�es in K , see [29 ], and for the case when p splits

in K , see [24 ].) Let p b e a prime of O

K

lying o v er p . Set

~

� p ;j

( F ) := ( N p)

� 2+ k = 2

!

�

( p) �

p;j

( F ) ;

where ! is the unique Hec k e c haracter of K unrami�ed at all �nite places with

in�nit y t yp e !

1

( x

1

) =

�

z

z

�

� k = 2

.

De�nition 9.1. The elemen ts

~

� p ;j

( F ) will b e called the Galois-Satake p ar ameters

of F at p.

By Theorem 5.9 there exists a �nite extension L

F

of Q con taining the Hec k e

eigen v alues of F . In what follo ws for a n um b er �eld L and a prime p of L w e

denote b y F rob p the arithmetic F rob enius at p.

Theorem 9.2. Ther e exists a �nite extension E

F

of Q

`

c ontaining L

F

and a 4 -

dimensional semisimple Galois r epr esentation �

F

: G

K

! GL

E

F

( V ) unr ami�e d

away fr om the primes of K dividing 2 ` and such that

(i) F or any prime p of K such that p - 2 ` , the set of eigenvalues of �

F

(F rob p )

c oincides with the set of the Galois-Satake p ar ameters of F at p (cf. De�-

nition 9.1);

(ii) If p is a plac e of K over ` , the r epr esentation �

F

j

D p is crystal line (cf.

se ction 9.2).

(iii) If ` > m , and p is a plac e of K over ` , the r epr esentation �

F

j

D p is short.

(F or a de�nition of short we r efer the r e ader to [13 ] , se ction 1.1.2.)
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Remark 9.3. W e kno w of no reference in the existing literature for the pro of of

this theorem, although it is widely regarded as a kno wn result. F or some discussion

regarding Galois represen tations attac hed to hermitian mo dular forms, see [4 ] or

[2 ]. W e assume Theorem 9.2 in what follo ws.

Remark 9.4. It is not kno wn if the represen tation �

F

is also unrami�ed at the

prime i + 1. See [1] for a discussion of this issue.

As b efore, w e assume that E is a su�cien tly large �nite extension of Q

`

with

v aluation ring O , uniformizer � and residue �eld F = O =� . Let f =

P

1

n =1

a ( n ) q

n

2

N b e suc h that �

f

j

G

K

is absolutely irreducible. Then b y Prop osition 8.13, F

f

6= 0.

F rom no w on w e also assume that ad

0

�

f

j

G

K

, the trace-0-endomorphisms of the

represen tation space of �

f

j

G

K

with the usual G

K

-action, is absolutely irreducible.

Let � denote the ` -adic cyclotomic c haracter. It follo ws from Prop osition 6.4 that

the Galois represen tation �

F

f

�

=

�

f ;K

� ( �

f ;K


 � ) : F rom no w on w e assume in

addition that 2

k

6� a (2) 6� 2

k � 4

(mo d � ).

9.2. Selmer group. Set N

NM

:= f F 2 N

h

j F 2 S

NM

k

(�

Z

) g : Let M

h

denote the

set of maximal ideals of T

h

O

and M

NM

the set of maximal ideals of T

NM

O

. W e ha v e

T

NM

O

=

Q

m 2M

NM

T

NM

m ; where T

NM

m denotes the lo calization of T

NM

O

at m. Let

� : T

h

O

! T

NM

O

b e the natural pro jection. W e ha v e M

h

= M

c

t M

nc

, where M

c

consists of those m 2 M

h

whic h are preimages (under � ) of elemen ts of M

NM

and

M

nc

:= M

h

n M

c

. Note that � factors in to a pro duct � =

Q

m 2M

c

� m �

Q

m 2M

nc

0 m ,

where � m : T

h

m ! T

h

m 0

is the pro jection, with m0

2 M

NM

b eing the unique maximal

ideal suc h that �

� 1

( m0

) = m and 0 m is the zero map. F or F 2 N

h

w e denote b y

m
F

(resp ectiv ely mNM

F

) the elemen t of M

h

(resp. of M

NM

) corresp onding to F . In

particular, mNM

F

f

2 M

NM

is suc h that �

� 1

( mNM

F

f

) = m
F

f

.

W e no w de�ne the Selmer group relev an t for our purp oses. F or a pro�nite group

G and a G -mo dule M (where w e assume the action of G on M to b e con tin uous) w e

will consider the group H

1

con t

( G ; M ) of cohomology classes of con tin uous co cycles

G ! M . T o shorten notation w e will suppress the subscript `con t' and simply write

H

1

( G ; M ). F or a �eld L , and a Gal ( L=L )-mo dule M (with a con tin uous action of

Gal ( L=L )) w e sometimes write H

1

( L; M ) instead of H

1

con t

(Gal( L=L ) ; M ). W e also

write H

0

( L; M ) for the submo dule M

Gal ( L=L )

consisting of the elemen ts of M �xed

b y Gal( L =L ).

Let L b e a n um b er �eld. F or a rational prime p denote b y �

p

the set of primes

of L lying o v er p . Let � � �

`

b e a �nite set of primes of L and denote b y G

�

the

Galois group of the maximal Galois extension L

�

of L unrami�ed outside of �. Let

V b e a �nite dimensional E -v ector space with a con tin uous G

�

-action. Let T � V

b e a G

�

-stable O -lattice. Set W := V =T .

W e b egin b y de�ning lo cal Selmer groups. F or ev ery p 2 � set

H

1

un

( L p ; M ) := k er f H

1

( L p ; M )

res

� � ! H

1

( I p ; M ) g :

De�ne the lo cal p-Selmer group (for V ) b y

H

1

f

( L p ; V ) :=

(

H

1

un

( L p ; V ) p 2 � n �

`

k er f H

1

( L p ; V ) ! H

1

( L p ; V 
 B

crys

) g p 2 �

`

:

Here B

crys

denotes F on taine's ring of ` -adic p erio ds (cf. [19 ]).
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F or p 2 �

`

, w e call the D p -mo dule V crystal line (or the G

L

-mo dule V crys-

tal line at p) if dim

Q

`

V = dim

Q

`

H

0

( L p ; V 
 B

crys

). When w e refer to a Galois

represen tation � : G

L

! GL ( V ) as b eing crystalline at p, w e mean that V with the

G

L

-mo dule structure de�ned b y � is crystalline at p.

F or ev ery p, de�ne H

1

f

( L p ; W ) to b e the image of H

1

f

( L p ; V ) under the natural

map H

1

( L p ; V ) ! H

1

( L p ; W ). Using the fact that Gal( � p : � p ) =

^

Z has cohomo-

logical dimension 1, one easily sees that if W is unrami�ed at p and p 62 �

`

, then

H

1

f

( L p ; W ) = H

1

un

( L p ; W ). Here � p denotes the residue �eld of L p .

F or a Z

`

-mo dule M , w e write M

_

for its P on try agin dual de�ned as

M

_

= Hom

con t

( M ; Q

`

= Z

`

) :

Moreo v er, if M is a Galois mo dule, w e denote b y M ( n ) := M 
 �

n

its n -th T ate

t wist.

De�nition 9.5. F or eac h �nite set �

0

� � n �

`

, the group

Sel

�

(�

0

; W ) := k er

8

<

:

H

1

( G

�

; W )

res

� � !

M

p 2 �

0

[ �

`

H

1

( L p ; W )

H

1

f

( L p ; W )

9

=

;

is called the (global) Selmer gr oup of the triple (� ; �

0

; W ). W e also set S

�

(�

0

; W ) :=

Sel

�

(�

0

; W )

_

, Sel

�

( W ) := Sel

�

( ; ; W ) and S

�

( W ) = S

�

( ; ; W ). De�ne Sel

�

(�

0

; V )

in the same w a y with V instead of W .

F or L = Q , the group Sel

�

(� n �

`

; W ) is the standard Selmer group H

1

f

( Q ; W )

de�ned b y Blo c h and Kato [5], section 5.

Let � ; �

0

b e as ab o v e. Let � : G

�

! GL

E

( V ) denote the represen tation giving

the action of G

�

on V . The follo wing t w o lemmas are easy (cf. [46 ], Lemma 1.5.7

and [52 ]).

Lemma 9.6. S

�

(�

0

; W ) is a �nitely gener ate d O -mo dule.

Lemma 9.7. If the mo d � r e duction � of � is absolutely irr e ducible, then the length

of S

�

(�

0

; W ) as an O -mo dule is indep endent of the choic e of the lattic e T .

Remark 9.8. F or an O -mo dule M , ord

`

(# M ) = [ O =� : F

`

] length

O

( M ).

Example 9.9. Let L = K , � = �

`

, �

f ;K

:= �

f

j

G

K

and let V denote the represen-

tation space of

ad

0

�

f ;K

( � 1) = ad

0

�

f ;K


 �

� 1

� Hom

E

( �

f ;K


 �; �

f ;K

)

of G

K

. Let T � V b e some c hoice of a G

K

-stable lattice. Set W = V =T . Note

that the action of G

K

on V factors through G

�

. Since the mo d � reduction of

ad

0

�

f ;K


 �

� 1

is absolutely irreducible b y assumption, ord

`

( S

�

( W )) is indep enden t

of the c hoice of T .

Our goal is to pro v e the follo wing theorem.

Theorem 9.10. L et L , � and W b e as in Example 9.9. Supp ose that for e ach

F 2 N

NM

F

f

, the r epr esentation �

F

: G

K

! GL

4

( E ) is absolutely irr e ducible. Then

ord

`

(# S

�

( W )) � ord

`

(# T

NM

m
F

f

=� m
F

f

(Ann ( F

f

))) :
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Corollary 9.11. With the same assumptions and notation as in The or em 7.12 and

The or em 9.10 we have

ord

`

(# S

�

( W )) � n:

If in addition the char acter � in The or em 7.12 c an b e taken as in Cor ol lary 7.14,

then

ord

`

(# S

�

( W )) � ord

`

(# O =L

in t

(Symm

2

f ; k )) :

Pr o of. The corollary follo ws immediately from Theorem 9.10 and Corollary 7.19.

�

9.3. Relations to the Blo c h-Kato Conjecture. In this section w e discuss ho w

our results (Theorem 9.10 and Corollary 9.11) are related to the Blo c h-Kato con-

jecture. W e b egin b y recalling the statemen t of the conjecture in our particular

case. W e follo w closely the exp osition in [13]. F or more details as w ell as precise

de�nitions the reader is encouraged to consult [13 ], section 2.4 and [20 ].

Let E

0

b e a n um b er �eld, whic h w e will assume to b e \su�cien tly large" (in

particular w e assume that E

0

con tains all the Hec k e eigen v alues of f ) and write

E for its completion at a prime � lying o v er ` determined b y our c hoice of the

em b edding Q , ! Q

`

. This is consisten t with our previous de�nition of E as a

su�cien tly large �nite extension of Q

`

. Let M

0

b e the \premotivic structure"

attac hed to f o v er Q with co e�cien ts in E

0

. W rite

M := f M

B

; M

dR

; f M

v

g

v

; I

1

; f I

v

B

g

v

; f I

v

g

v

; f W

i

g

i

g ;

for the premotivic structure ad

0

M

0

( � 1). Here v runs o v er the set of �nite places

of E

0

, M

B

(resp. M

dR

; M

v

) is a �nite dimensional v ector space o v er E

0

(resp.

E

0

; E

0 ;v

), with an action of Gal( C = R ) (resp. with a decreasing �ltration Fil

i

;

with a pseudo-geometric action of G

Q

), I

1

: C 
 M

dR

! C 
 M

B

(resp. I

v

B

:

E

0 ;v




E

0

M

B

! M

v

; I

v

: B

dR ;p




Q

p

E

0 ;v




E

0

M

dR

! B

dR ;p




Q

p

M

v

) is a C 
 E

0

-

linear (resp. E

0 ;v

-linear; B

dR ;p




Q

p

E

0 ;v

-linear with v j p ) isomorphism resp ecting

the Gal( C = R )-action (resp. the Gal( C = R )-action; the G

Q

p

-action and �ltrations),

where B

dR ;p

is the ring de�ned b y F on taine, and W

i

are the so called w eigh t

�ltrations, whose de�nition w e omit. Similarly one de�nes the premotivic structure

ad

0

M

0

(2), whic h w e denote b y M

�

. W e ha v e M

�

= V

Q

and M

�

�

= V

�

Q

:= V

Q

(3),

where V

Q

is the E [ G

Q

]-mo dule ad

0

�

f

( � 1).

F rom no w on let M 2 f M ; M

�

g . W e adopt similar notation for other sym b ols,

e.g., V

Q

2 f V

Q

; V

�

Q

g , where the c hoice of M determines the c hoice of V and other

sym b ols related to M in an ob vious w a y .

Let

�

f

( M ) = Hom

E

0

(det

E

0

M

+

B

; det

E

0

( M

dR

= Fil

0

M

dR

))

b e the fundamental line for M and write �

f

( M ) for the O -lattice in E 


E

0

�

f

( M )

de�ned b y F on taine and P errin-Riou (see [20 ], section I I.4 or [13 ], p. 700 or [33 ] for

details). Here

+

indicates the subspace �xed b y Gal ( C = R ).

The Blo c h-Kato conjecture relates the lattice �

f

( M ) to the v alue at 0 of an

L -function of M normalized b y a certain p erio d, b oth of whic h w e no w de�ne.

The isomorphism I

1

giv es rise to an R 
 E

0

-linear isomorphism

R 
 M

+

B

! ( C 
 M

B

)

+

( I

1

)

� 1

� � � � � ! R 
 M

dR

! R 
 M

dR

= Fil

0

M

dR

;
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whose determinan t o v er R 
 E

0

is c

+

( M ) 2 R 
 �

f

( M ) whic h w e will refer to as

the Deligne p erio d of M . Note that c

+

( M ) is canonically de�ned, i.e., not just up

to a m ultiplication b y an elemen t of E

�

0

as in [12].

Let �

p; 1

and �

p; 2

b e the p -Satak e parameters of f as de�ned in section 4.2. F or

an o dd prime p , set

L

p

(ad

0

M

0

; s ) := (1 � �

p; 1

�

� 1

p; 2

p

� s

)

� 1

(1 � p

� s

)

� 1

(1 � �

� 1

p; 1

�

p; 2

p

� s

)

� 1

and put

L

2

(ad

0

M

0

; s ) := (1 � 2

� s

)

� 1

:

Then the L -function of ad

0

M

0

( n ) is de�ned as

(9.1) L (ad

0

M

0

( n ) ; s ) :=

Y

p

L

p

(ad

0

M

0

; s + n ) :

In particular w e ha v e

L ( M ; s ) = L (ad

0

M

0

; s � 1)

and

L ( M

�

; s ) = L (ad

0

M

0

; s + 2) :

The prop erties of L (ad

0

M

0

; s ) are summarized in [13 ], p. 686. In particular

L (ad

0

M

0

; s ) is en tire as a function of s and satis�es a functional equation with

resp ect to s 7! 1 � s .

Remark 9.12 (Geometric vs. arithmetic F rob enius) . In general one de�nes the

L -function of a motiv e N as

Q

p

det(1 � f

p

p

� s

), where f

p

denotes the action of the

F rob enius elemen t at p on the inertia in v arian ts of the space of N

�

(or on Crys ( N

�

)

if p = ` ) - see [5], p. 361 for more details. Ho w ev er, this de�nition dep ends in

general on whether one uses the geometric or arithmetic F rob enius. In [5] Blo c h

and Kato use the geometric F rob enius and then their conjecture relates L ( N ; 0) to

the Selmer group of N . Moreo v er, in that case one has L ( N ( n ) ; s ) = L ( N ; s + n ).

Also note that L (ad

0

M

0

; s ) is indep enden t of the c hoice of geometric or arithmetic

F rob enius, since the set of eigen v alues of ad

0

�

f

is of the form f �; 1 ; �

� 1

g hence

is in v arian t under taking the in v erse. T o b e able to k eep with the spirit of the

original pap er of Blo c h and Kato, w e de�ned our L -function in (9.1) so that it

agrees with the L -function de�ned in [5], i.e., L (ad

0

M

0

( n ) ; s ) :=

Q

p

(1 � f

p

p

� s

),

where f

p

denotes the action of F rob

� 1

p

on the appropriate space (see ab o v e) and

F rob

p

is the arithmetic F rob enius at p as b efore.

It follo ws from a result of Sturm [53 ] that there exists a basis b ( M ) of �

f

( M )

suc h that

L ( M ; 0)(1 
 b ( M )) = c

+

( M ) :

The �rst v ersion of (the � -part of ) the Blo c h-Kato conjecture can b e form ulated

as follo ws.

Conjecture 9.13 (Blo c h-Kato, cf. [13 ], Conjecture 2.14) . One has

(9.2) �

f

( M ) = (1 
 b ( M )) O

as lattic es in E 
 �

f

( M ) .
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In [20 ], Diamond, Flac h and Guo giv e an alternativ e description of the lattice

�

f

( M ) in terms of T ate-Shafarevic h groups. This description will allo w us to state

a di�eren t v ersion of Conjecture 9.13 and relate it to Theorem 9.10 and Corollary

9.11.

Set � := �

`

[ �

2

. Note that the represen tation V

Q

is unrami�ed outside �.

T o form ulate the second v ersion of the Blo c h-Kato conjecture one needs to c ho ose

\in tegral structures" on the one-dimensional E -v ector spaces E 
 det

E

0

M

+

B

and

E 
 det

E

0

( M

dR

= Fil

0

M

dR

). One do es this b y c ho osing a free rank one O -mo dule

! ( M ) 2 E 
 det

E

0

( M

dR

= Fil

0

M

dR

)), whic h in the follo wing w e abbreviate as ! ,

and a Galois stable O -lattice T

Q

� V

Q

whic h giv es rise to a free rank one O -mo dule

in E 
 det

E

0

M

+

B

via the isomorphism I

�

B

. Set W

Q

:= V

Q

= T

Q

. Let

X ( T

Q

) :=

Sel

�

(�

2

; W

Q

)

Sel

�

(�

2

; V

Q

) 
 ( E = O )

b e the T ate-Shafarevic h group of T

Q

. The group X ( T

Q

) is �nite ([20], Prop osition

I I.5.3.5). Put T

D

Q

:= Hom

O

( T

Q

; O (1)) and set V

D

Q

:= T

D

Q




O

E and W

D

Q

:=

V

D

Q

= T

D

Q

. Note that V

D

Q

�

=

V

�

Q

and ( V

�

Q

)

D

�

=

V

Q

.

Assume that

(9.3) Sel

�

(�

2

; V

Q

) = Sel

�

(�

2

; V

D

Q

) = 0 :

This follo ws from a conjecture on the order of v anishing of L ( M ; 0) (cf. [20 ], section

I I I.4.2.2) and the fact that in our case

(9.4) H

0

( Q ; V

Q

) = H

0

( Q ; V

D

Q

) = 0 :

F or a comm utativ e ring R and a �nitely generated R -mo dule N , denote b y

Fitt

R

( N ) the Fitting ideal of N in R . F or the de�nition and basic prop erties of

Fitting ideals see for example the App endix of [41 ]. Using Theorem I I.5.3.6 in [20 ],

Diamond, Flac h and Guo sho w that

(9.5) �

f

( M ) =

Fitt

O

H

0

( Q ; W

Q

) � Fitt

O

H

0

( Q ; W

D

Q

)

Fitt

O

X ( T

D

Q

) � T am

0

!

( T

Q

)

L

!

( T

Q

) ;

where L

!

( T

Q

) is a lattice in E 
 �

f

( M ) dep ending on the c hoice of the \in tegral

structures" T

Q

and ! = ! ( M ), and

T am

0

!

( T

Q

) = T am

0

`;!

( T

Q

) � T am

0

1

( T

Q

) �

Y

p 6= `; 1

T am

0

p

( T

Q

)

is the T amaga w a ideal of T

Q

relativ e to ! (cf. [20 ], section I I.5.3). It follo ws from

Prop osition I I.4.2.2 in [20 ] that T am

0

p

( T

Q

) = T am

0

1

( T

Q

) = O for all p 6= ` .

The in tegral structures T

Q

and ! giv e an iden ti�cation of E 
 �

f

( M ) with E .

Then the quotien t L

!

( T

Q

) = T am

0

`;!

( T

Q

) is iden ti�ed with a fractional ideal of E

whose in v erse w e denote b y T am

!

( T

Q

). Similarly , (1 
 b ( M )) O is iden ti�ed with a

fractional ideal (


!

( T

Q

) =L ( M ; 0)) � O of E for some 


!

( T

Q

) 2 E = O

�

. Using our

assumption (9.3), w e get X ( T

Q

) = Sel

�

(�

2

; W

Q

). Moreo v er, as explained in [13 ],

p. 708, one also has an O -linear isomorphism X ( T

D

Q

)

�

=

Hom

Z

`

( X ( T

Q

) ; Q

`

= Z

`

)

and the latter group is just S

�

(�

2

; W

Q

) :

Using the ab o v e argumen ts and (9.4), Conjecture 9.13 can b e rephrased in the

follo wing w a y .
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Conjecture 9.14 (Blo c h-Kato conjecture, second v ersion) . F or M 2 f M ; M

�

g

one has

(9.6) # S

�

(�

2

; W

Q

) � T am

!

( T

Q

) =

L ( M ; 0)




!

( T

Q

)

O

as fr actional ide als of E .

Let T

K

b e T

Q

considered as an O [ G

K

]-mo dule. Set V

K

:= T

K


 E and W

K

:=

V

K

= T

K

. Then V

K

is unrami�ed a w a y from primes of K lying o v er ` .

The follo wing is just a restatemen t of Corollary 9.11.

Theorem 9.15. With the same assumptions as in The or em 7.12 and in Cor ol lary

9.11 we have the fol lowing c ontainment of fr actional ide als of E :

(9.7) # S

�

`

( W

K

) � O � L

in t

(Symm

2

f ; k ) � O :

W e will no w discuss the relation b et w een Theorem 9.15 and Conjecture 9.14. As

b efore, let M 2 f M ; M

�

g . W rite s ( M ) = k � 3 and s ( M

�

) = k .

Theorem 9.15 falls short of pro ving that the left-hand side of (9.6) con tains the

righ t-hand side of (9.6), but giv es some evidence for this con tainmen t. First note

that

L ( M ; 0) = L (ad

0

M

0

; s ( M ) � ( k � 2)) = � ( M ) L (Symm

2

f ; s ( M )) ;

where � ( M ) comes from the discrepancy in the de�nitions of the Euler factors at

2 of L ( M ; s ) and L (Symm

2

f ; s ) and � ( M ) 2 O since � - 2. Moreo v er, using the

functional equation for L (Symm

2

f ; s ) (cf. [47 ]) one concludes that

ord

`

( L

in t

(Symm

2

f ; k � 3)) = ord

`

( L

in t

(Symm

2

f ; k )) :

Recall that the order of the Selmer group is indep enden t of the c hoice of the lattice

T

Q

, hence w e can �x T

Q

as in [13 ], section 1.6.2 and ! ( M ) as in [13 ], p. 709. It

has b een sho wn b y Dummigan [17 ], p.11 using Prop osition 7.7 in [12 ] and some

argumen ts in [13 ] that with these c hoices of T

Q

and ! ( M ), one has 


!

( T

Q

) =

u�

� s ( M ) � 2




+

f




�

f

for u an ` -adic unit. Th us the righ t-hand side of (9.6) is the same

for M and M

�

and is con tained in the righ t-hand side of (9.7). This con tainmen t

is an equalit y if � ( M ) is a � -adic unit.

Similarly , using the fact that X ( T

D

Q

)

�

=

X ( T

Q

)

_

one sees that # S

�

(�

2

; W

Q

) =

# S

�

(�

2

; W

�

Q

). On the other hand Theorem 9.15 concerns the group S

�

`

( W

K

) =

S

�

(�

2

; W

K

), whic h can b e p oten tially larger than S

�

(�

2

; W

Q

) (this follo ws from

the in
ation-restriction sequence), so (9.7) do es not imply an analogous con tain-

men t for S

�

( W

Q

) or S

�

( W

�

Q

) - see also Remark 9.16 b elo w. Finally , w e are not

able to sho w that with the c hoice of T

Q

and ! as ab o v e, one has T am

!

( T

Q

) � O .

Dummigan in [15 ], section 7 and [16 ], section 6 sho w ed that T am

!

( T

Q

) = O if f

is a mo dular form of lev el 1. See [15 ], section 10 for a discussion of the di�culties

in v olv ed, when the lev el of f is larger than one. Diamond, Flac h and Guo in [13 ]

ha v e computed the T amaga w a ideal for the motiv es ad

0

M

0

and ad

0

M

0

(1) (cf. the

pro of of Theorem 2.15 and Prop osition 2.16 in [13 ]). Ho w ev er, their calculations

cannot b e extended to our case.

T o summarize, if f is suc h that # S

�

(�

2

; W

K

) = # S

�

(�

2

; W

Q

) and T am

!

( T

Q

) =

O , Theorem 9.15 implies that the righ t-hand side of (9.6) is con tained in the left-

hand side of (9.6).
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Remark 9.16. One can state a conjecture similar to Conjecture 9.14 for the restric-

tion M j

K

of the premotivic structure M to G

K

. Then the L -function L ( M j

K

; 0)

factors as

L ( M ; 0) L

�

M ; 0 ;

�

� 4

�

��

= � ( M ) L (Symm

2

f ; k � 3) L

�

Symm

2

f ; k � 3 ;

�

� 4

�

��

and the Selmer group on the left-hand-side of (9.6) is replaced b y S

�

`

( W

K

). So,

this v ersion of the Blo c h-Kato conjecture giv es us the same Selmer group as the one

in Theorem 9.15, but an extra L -v alue L

�

Symm

2

f ; k � 3 ;

�

� 4

�

��

. Unfortunately w e

are una w are of an y rationalit y results for that sp ecial v alue. One needs a statemen t

that w ould in v olv e the p erio d c

+

( M j

K

) used in the form ulation of the Blo c h-Kato

conjecture. F or the v alue L (Symm

2

f ; k ) w e ha v e used a rationalit y result due to

Sturm [53 ], who uses a p erio d related to the P etersson inner pro duct h f ; f i , but his

theorem (cf. [53 ], p. 220) sp eci�cally excludes the v alue L

�

Symm

2

f ; k � 3 ;

�

� 4

�

��

.

Remark 9.17. In [13 ] Diamond, Flac h and Guo pro v ed the � -part of the Blo c h-

Kato conjecture for the motiv es ad

0

M

0

and ad

0

M

0

(1) using an extension of the

metho ds of T a ylor and Wiles [61 , 54]. The latter t w o motiv es are in dualit y and

the t w o L -v alues L (ad

0

M

0

; 0) and L (ad

0

M

0

(1) ; 0) are related b y the functional

equation. Hence our result pro vides evidence for an extension of their theorem to

the motiv es ad

0

M

0

( � 1) and ad

0

M

0

(2).

9.4. Degree n Selmer groups. In this section w e collect some tec hnical results

regarding Selmer groups whic h will b e used in the pro of of Theorem 9.10. Let G

b e a group, R a comm utativ e ring with iden tit y , M a �nitely generated R -mo dule

with an R -linear action of G giv en b y a homomorphism � : G ! Aut

R

( M ). F or

an y t w o suc h pairs ( M

0

; �

0

), ( M

00

; �

00

), the R -mo dule Hom

R

( M

00

; M

0

) is naturally a

G -mo dule with the G -action giv en b y

( g � � )( m

00

) = �

0

( g ) � ( �

00

( g

� 1

) m

00

) :

Supp ose there exists ( M ; � ) whic h �ts in to an exact sequence of R [ G ]-mo dules

X : 0 ! M

0

! M ! M

00

! 0 ;

that splits as a sequence of R -mo dules. Cho ose s

X

: M

00

! M , an R -section of X .

De�ne �

X

: G ! Hom

R

( M

00

; M

0

) to b e the map sending g to the homomorphism

m

00

7! � ( g ) s

X

( �

00

( g )

� 1

m

00

) � s

X

( m

00

).

Lemma 9.18. L et Ext

R [ G ]

( M

00

; M

0

) denote the set of e quivalenc e classes of R [ G ] -

extensions of M

00

by M

0

which split as extensions of R -mo dules. The map X 7! �

X

de�nes a bije ction b etwe en Ext

R [ G ]

( M

00

; M

0

) and H

1

( G ; Hom

R

( M

00

; M

0

)) .

Pr o of. The pro of is a simple mo di�cation of the pro of of Prop osition 4 in [58 ]. �

Let E , O and � b e as b efore. Let L b e a n um b er �eld and � a �nite set of

places of L con taining �

`

. Let �

0

: G

�

! GL

E

( V

0

), �

00

: G

�

! GL

E

( V

00

) b e

t w o Galois represen tations. Cho ose G

�

-stable O -lattices T

0

� V

0

, T

00

� V

00

, and

denote the corresp onding represen tations b y ( T

0

; �

0

T

0

) and ( T

00

; �

00

T

00

) resp ectiv ely .

De�ne W

0

:= V

0

=T

0

, and W

00

:= V

00

=T

00

. Set V = Hom

E

( V

00

; V

0

). Let T � V b e a

G

�

-stable O -lattice, and set W = V =T . F or an O -mo dule M , let M [ n ] denote the

submo dule consisting of elemen ts killed b y �

n

. F or p 2 �, Lemma 9.18 pro vides a
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natural bijection b et w een H

1

( L p ; W [ n ]) and Ext

O =�

n

[ D p ]

( W

00

[ n ] ; W

0

[ n ]). W e no w

de�ne de gr e e n lo c al Selmer gr oups . If p 2 � n �

`

, set

H

1

f

( L p ; W [ n ]) := H

1

un

( L p ; W [ n ]) ; where W is as ab o v e.

If p 2 �

`

, de�ne H

1

f

( L p ; W [ n ]) � H

1

( L p ; W [ n ]) to b e the subset consisting of those

cohomology classes whic h corresp ond to extensions

0 ! W

0

[ n ] !

~

W [ n ] ! W

00

[ n ] ! 0 2 Ext

O =�

n

[ D p ]

( W

00

[ n ] ; W

0

[ n ])

suc h that

~

W [ n ] is in the essen tial image of the functor V de�ned in [13 ], sec-

tion 1.1.2. W e will not need the precise de�nition of V . It is sho wn in [13 ]

that H

1

f

( L p ; W [ n ]) is an O -submo dule of H

1

( L p ; W [ n ]) and that H

1

f

( L p ; W [ n ])

is the preimage of H

1

f

( L p ; W [ n + 1]) under the natural map H

1

( L p ; W [ n ]) !

H

1

( L p ; W [ n + 1]) (cf. Section 2.1, lo c. cit.).

Lemma 9.19. Fix p 2 �

`

. L et ~� : G

L

! GL

E

(

~

V ) b e a Galois r epr esentation short

at p,

~

T �

~

V an O [ D p ] -stable lattic e and

~

W :=

~

V =

~

T . If

~

W [ n ] �ts into an exact

se quenc e

0 ! W

0

[ n ] !

~

W [ n ] ! W

00

[ n ] ! 0 2 Ext

O =�

n

[ D p ]

( W

00

[ n ] ; W

0

[ n ]) ;

then such an extension gives rise to an element of H

1

f

( L p ; W [ n ]) .

Pr o of. See [13 ], Section 1.1.2. �

Prop osition 9.20. The natur al isomorphism

lim

� !

n

H

1

( L p ; W [ n ])

�

=

H

1

( L p ; W )

induc es a natur al isomorphism

lim

� !

n

H

1

f

( L p ; W [ n ])

�

=

H

1

f

( L p ; W ) :

Pr o of. See [13 ], Prop osition 2.2. �

9.5. Pro of of Theorem 9.10. The k ey ingredien t in the pro of of Theorem 9.10

is Lemma 9.21 b elo w. Before w e state it, w e need some notation. Let L b e an y

n um b er �eld, � � �

`

a �nite set of primes of L . Let n

0

; n

00

2 Z

� 0

and n :=

n

0

+ n

00

. Let V

0

(resp ectiv ely V

00

) b e an E -v ector space of dimension n

0

(resp. n

00

),

a�ording a con tin uous absolutely irreducible represen tation �

0

: G

�

! Aut

E

( V

0

)

(resp. �

00

: G

�

! Aut

E

( V

00

)). Assume that the residual represen tations �

0

and

�

00

are also absolutely irreducible (hence w ell-de�ned) and non-isomorphic. Let

V

1

; : : : ; V

m

b e n -dimensional E -v ector spaces eac h of them a�ording an absolutely

irreducible con tin uous represen tation �

i

: G

�

! Aut

E

( V

i

), i = 1 ; : : : ; m . Moreo v er

assume that the mo d � reductions �

i

(with resp ect to some G

�

-stable lattice in V

i

and hence with resp ect to all suc h lattices) satisfy

�

ss

i

�

=

�

0

� �

00

:

F or � 2 G

�

, let

P

n

j =0

a

j

( � ) X

j

2 O [ X ] b e the c haracteristic p olynomial of

( �

0

� �

00

)( � ) and let

P

n

j =0

c

j

( i; � ) X

j

2 O [ X ] b e the c haracteristic p olynomial of

�

i

( � ). Put c

j

( � ) :=

2

4

c

j

(1 ; � )

: : :

c

j

( m; � )

3

5

2 O

m

for j = 0 ; 1 ; : : : ; n � 1. Let T � O

m

b e

the O -subalgebra generated b y the set f c

j

( � ) j 0 � j � n � 1 ; � 2 G

�

g . By
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con tin uit y of the �

i

this is the same as the O -subalgebra of O

m

generated b y

f c

j

(F rob p ) j 0 � j � n � 1 ; p 62 � g . Note that T is a �nite O -algebra. Let I � T

b e the ideal generated b y the set f c

j

(F rob p ) � a

j

(F rob p ) j 0 � j � n � 1 ; p 62 � g .

F rom the de�nition of I it follo ws that the O -algebra structure map O ! T =I is

surjectiv e. Let J b e the k ernel of this map, so w e ha v e O =J = T =I . The follo wing

lemma is due to Urban.

Lemma 9.21. Supp ose F

�

c ontains n distinct elements. Then ther e exists a G

�

-

stable T -submo dule L �

L

m

i =1

V

i

, T -submo dules L

0

; L

00

� L (not ne c essarily G

�

-

stable) and a �nitely gener ate d T -mo dule T such that

(1) as T -mo dules we have L = L

0

� L

00

and L

00

�

=

T

n

00

;

(2) L has no T [ G

�

] -quotient isomorphic to �

0

;

(3) L

0

=I L

0

is G

�

-stable and ther e exists a T [ G

�

] -isomorphism

L = ( I L + L

0

)

�

=

M

00




O

T =I

for any G

�

-stable O -lattic e M

00

� V

00

.

(4) Fitt

T

( T ) = 0 and ther e exists a T [ G

�

] -isomorphism

L

0

=I L

0

�

=

M

0




O

T =I T

for any G

�

-stable O -lattic e M

0

� V

0

.

Pr o of. Lemma 9.21 follo ws from Theorem 1.1 of [55 ]. W e only indicate ho w one

pro v es that Fitt

T

( T ) = 0, whic h is not directly stated in [55 ]. By Lemma 1.5 (i)

in [lo c. cit.], L

0

�

=

T

n

0

, hence it is enough to sho w that a := Fitt

T

( L

0

) = 0. Since

a � Ann

T

( L

0

), if a 6= 0, there exists a non-zero t 2 T suc h that t L

0

= 0. Let

1 � i � m b e suc h that the pro jection t

i

of t on to the i th comp onen t of T � O

m

is

non-zero. Then t

i

annihilates the image of L

0

under the pro jection of

L

m

j =1

V

j

� V

i

.

Since 0 6= t

i

2 O and O is a domain, w e m ust ha v e that the image of L

0

in V

i

is

zero. Th us the comp osite L , !

L

m

j =1

V

j

� V

i

factors through L = L

0

�

=

L

00

�

=

T

n

00

b y part (1) of the Lemma. Hence the image of L in V

i

is a G

�

-stable, rank n

00

O -mo dule whic h con tradicts the assumption that �

i

is absolutely irreducible. W e

conclude that Fitt

T

( L

0

) = 0. �

W e will no w sho w ho w Lemma 9.21 implies Theorem 9.10. F or this w e set

� n

0

= n

00

= 2;

� L = K , � = �

`

[ f ( i + 1) g , �

0

:= f ( i + 1) g ;

� �

0

= �

f ;K

, �

00

= �

f ;K


 � , V

0

; V

00

= represen tation spaces of �

0

; �

00

resp ec-

tiv ely;

� T = T

NM

m
F

f

;

� N

NM

F

f

= f F 2 N

NM

j �

� 1

( mNM

F

) = m
F

f

g (w e denote the elemen ts of N

NM

F

f

b y F

1

; : : : ; F

m

);

� I = the ideal of T generated b y � m
F

f

(Ann F

f

)

� ( V

i

; �

i

) = the represen tation �

F

i

, i = 1 ; : : : ; m .

Remark 9.22. As men tioned in section 9.2, �

0

and �

00

factor not only through G

�

,

but also through G

�

`

, ho w ev er, the �

i

do not necessarily factor through G

�

`

(cf.

Theorem 9.2), and hence w e ha v e to w ork with � as de�ned ab o v e. Nev ertheless,

for an y G

�

mo dule M whic h is unrami�ed at ( i + 1) w e ha v e an exact sequence (cf.

[58 ], Prop osition 6)

0 ! H

1

( G

�

`

; M ) ! H

1

( G

�

; M ) ! H

1

( I

( i +1)

; M ) :
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Hence in particular the group S

�

( W ) from Theorem 9.10 is isomorphic to S

�

( f ( i +

1) g ; W ), whic h w e study b elo w.

Lemma 9.21 guaran tees the existence of L , L

0

, L

00

and T with prop erties (1)-(4)

as in the statemen t of the lemma. Let M

0

(resp. M

00

) b e a G

�

-stable O -lattice

inside V

0

(resp. V

00

). The split short exact sequence of T -mo dules (cf. Lemma

9.21, (1))

(9.8) 0 ! L

0

! L ! L = L

0

! 0

giv es rise to a short exact sequence of ( T =I )[ G

�

]-mo dules, whic h splits as a sequence

of T =I -mo dules (cf. Lemma 9.21, (3) and (4))

(9.9) 0 ! M

0




O

T =I T ! L =I L ! M

00




O

T =I ! 0 :

(Note that L =I L

�

=

L 


T

T =I

�

=

L 


O

T =I , hence (9.9) reco v ers the sequence from

Theorem 1.1 of [55 ].) Let s : M

00




O

T =I ! L =I L b e a section of T =I -mo dules.

De�ne a class c 2 H

1

( G

�

; Hom

T =I

( M

00




O

T =I ; M

0




O

T =I T )) b y

g 7! ( m

00


 t 7! s ( m

00


 t ) � g � s ( g

� 1

� m

00


 t )) :

The follo wing lemma will b e used in the pro of of Lemma 9.25.

Lemma 9.23. L et I

( i +1)

denote the inertia gr oup of the prime ide al ( i + 1) . We

have c j

I

( i +1)

= 0 .

Pr o of. F or simplicit y set J := I

( i +1)

and D := D

( i +1)

. W e iden tify D with

Gal ( K

( i +1)

=K

( i +1)

). It is enough to sho w that J acts trivially on L =I L . Let

� : D ! Aut

T =I

( L =I L ) b e the homomorphism giving the action of D on L =I L

and denote b y K

s

the splitting �eld of � . Set G := Gal( K

s

=K

( i +1)

). Note that for

g 2 D w e can write � ( g ) =

h

�

11

( g ) �

12

( g )

�

22

( g )

i

, where �

11

( g ) 2 Aut

T =I

( M

0




O

T =I T ),

�

22

( g ) 2 Aut

T =I

( M

00




O

T =I ) and �

12

( g ) 2 Hom

T =I

( M

00




O

T =I ; M

0




O

T =I T ).

Also note that �

11

and �

22

are group homomorphisms from G in to the appropriate

groups of automorphisms. Let K

un

=K

( i +1)

b e the maximal unrami�ed sub exten-

sion of K

s

=K

( i +1)

and let � 2 Gal( K

un

=K

( i +1)

) b e the F rob enius generator. Let

� b e a top ological generator of the totally tamely rami�ed extension K

s

=K

un

. On

the one hand � ( � ) =

�

1 �

12

( � )

1

�

since M

0

and M

00

are unrami�ed at ( i + 1), and on

the other hand, � ( � � �

� 1

) = � ( � ) � ( � ). This implies that

(9.10) �

11

( � ) �

12

( � ) �

22

( � )

� 1

= � ( � ) �

12

( � ) :

W riting f =

P

1

n =1

a ( n ) q

n

and using Theorem 3.26(ii) from [27 ], w e get �

f ;K

j

D

�

=

[

�

1

�

2

], where �

j

are unrami�ed c haracters with �

2

( � ) = a (2). Assume M

0

= M

00

as O -submo dules of V

0

(= V

00

as an E -v ector space) and c ho ose an O -basis f e

1

; e

2

g

of M

0

so that in that basis �

f ;K

j

D

= [

�

1

�

2

]. Since M

0




O

T =I T

�

=

( T =I T )

2

, it

follo ws that ev ery elemen t x 2 M

0




O

T =I T can b e written as e

1


 t

1

+ e

2


 t

2

,

where t

1

; t

2

2 T =I T are uniquely determined b y x . Hence �

0

( � )( e

j

) = �

j

( � ) e

j

and

�

00

( � )( e

j

) = �

j

( � ) � ( � ) e

j

. W rite �

12

( � )( e

j


 1) = e

1


 t

j 1

+ e

2


 t

j 2

. Then (9.10)

implies that t

11

= t

22

= 0. Moreo v er, if t

12

6= 0, w e m ust ha v e �

1

( � ) �

2

( � )

� 1

�

� ( � )

� 2

(mo d � ), while if t

21

6= 0, w e m ust ha v e �

1

( � ) �

2

( � )

� 1

� � ( � )

2

(mo d � ).

Since det �

0

( � ) � �

1

( � ) �

2

( � ) � �

k � 2

( � ) (mo d � ) b y the Tc heb otarev Densit y

Theorem, w e get �

2

( � ) � � ( � )

k

� 2

k

(mo d � ) if t

12

6= 0 and �

2

( � ) � � ( � )

k � 4

� 2

k � 4

(mo d � ) if t

21

6= 0. Since none of these congruences can hold due to our assumption

on f , w e get �

12

( � ) = 0 and the lemma follo ws. �
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Note that Hom

T =I

( M

00




O

T =I ; M

0




O

T =I T )

�

=

Hom

O

( M

00

; M

0

) 


O

T =I T , so

c can b e regarded as an elemen t of

H

1

( G

�

; Hom

O

( M

00

; M

0

) 


O

T =I T ) :

De�ne a map

� : Hom

O

( T =I T ; E = O ) ! H

1

( G

�

; Hom

O

( M

00

; M

0

) 


O

E = O )

f 7! (1 
 f )( c ) :

(9.11)

Note that

~

T := Hom

O

( M

00

; M

0

) is a G

�

-stable O -lattice inside

~

V = ad �

f ;K


 �

� 1

=

Hom

E

( V

00

; V

0

). Then

~

W = Hom

O

( M

00

; M

0

) 


O

E = O = W � E = O ( � 1), where W

is as in Theorem 9.10.

Lemma 9.24. We have S

�

( W ) = S

�

(

~

W ) .

Pr o of. Let O

�

b e a free rank-one O -mo dule on whic h G

�

op erates b y a (non-trivial)

c haracter � , and set W

�

= E = O 
 O

�

. Since ev ery elemen t in Sel

�

( W

�

) is killed b y

a p o w er of ` , w e ha v e Sel

�

( W

�

) = 0 if and only if the � -torsion part Sel

�

( W

�

)[1] of

Sel

�

( W

�

) is zero. Hence it is enough to sho w that Sel

�

( W

�

� 1
)[1] = 0 : Note that the

natural map H

1

( G

�

; W

�

[1]) ! H

1

( G

�

; W

�

) is an injection since H

0

( G

�

; W

�

) = 0

for a non-trivial � . Hence Sel

�

( W

�

)[1] = Sel

�

( W

�

) \ H

1

( G

�

; W

�

[1]). Th us, w e ha v e

Sel

�

( W

�

� 1
)[1] = Sel

�

( W

�

� 1
) \ H

1

( G

�

; W

�

� 1
[1]). Since W

�

� 1
[1] = W

!

� 1
[1], where

! : G

�

! Z

�

`

is the T eic hm uller lift of the mo d ` cyclotomic c haracter, w e conclude

that Sel

�

( W

�

� 1 )[1] = Sel

�

( W

!

� 1 )[1]. So it su�ces to sho w that Sel

�

( W

!

� 1 )[1] = 0.

Its P on try agin dual S

�

( W

!

� 1
) is isomorphic to Cl

!

� 1

K ( �

`

)

, the !

� 1

-isot ypical part of

the ` -primary part of the class group of K ( �

`

). This in turn is isomorphic to Cl

!

� 1

Q ( �

`

)

,

since ` is o dd ([41 ], Remark (3), p. 216). By [41 ], Theorem 2, p. 216, the ` -adic

v aluation of the order of Cl

!

� 1

Q ( �

`

)

is equal to the ` -adic v aluation of B

1

( ! )

[ E : Q

`

]

,

where B

1

( � ) is the �rst generalized Bernoulli n um b er of � . Since B

1

( ! ) �

1

6

(mo d

` ), and ` > 3, w e obtain our claim. �

By Lemma 9.24 it is enough to w ork with S

�

(

~

W ) instead of S

�

( W ). Since the

mo d � reduction of the represen tation ad

0

( �

f ;K

) 
 �

� 1

is absolutely irreducible,

Lemma 9.7 implies that our conclusion is indep enden t of the c hoice of T . Hence w e

can w ork with

~

T c hosen as ab o v e.

Lemma 9.25. The image of � is c ontaine d inside Sel

�

( f ( i + 1) g ; W ) .

Lemma 9.26. k er ( � )

_

= 0 .

W e �rst pro v e that Lemma 9.25 and Lemma 9.26 imply Theorem 9.10.

Pr o of of The or em 9.10. By Remark 9.22, S

�

`

(

~

W )

�

=

S

�

( f ( i + 1) g ;

~

W ), so it is

enough to b ound the size of the latter group. It follo ws from Lemma 9.25 that

ord

`

(# S

�

(

~

W )) � ord

`

(# Im ( � )

_

) ;

and from Lemma 9.26 that

(9.12) ord

`

(# Im( � )

_

) = ord

`

(# Hom

O

( T =I T ; E = O )

_

) :

Since Hom

O

( T =I T ; E = O )

_

�

=

( T =I T )

__

= T =I T (cf. [27 ], page 98), w e ha v e

ord

`

(# Im( � )

_

) = ord

`

(# T =I T ) :
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So, it remains to sho w that ord

`

(# T =I T ) � ord

`

(# T =I ) : Since Fitt

T

( T ) = 0

(Lemma 9.21 (4)), w e ha v e Fitt

T

( T 


T

T =I ) � I and th us ord

`

(#( T 


T

T =I )) �

ord

`

(# T =I ) : As ord

`

(# T =I T ) = ord

`

(#( T 


T

T =I )) ; the claim follo ws. �

Pr o of of L emma 9.25. Consider f 2 Hom

O

( T =I T ; E = O ). Since c j

I

( i +1)

= 0 b y

Lemma 9.23, w e only need to sho w that (1 
 f )( c ) j

D p 2 H

1

f

( L p ;

~

W ) for p 2 �

`

.

Fix suc h a p. Note that since T =I T is a �nitely generated T -mo dule, it is also

a �nitely generated O -mo dule (since T =I = O =J ). In fact it is ev en of �nite

cardinalit y for the same reason. In an y case, there exists a p ositiv e in teger n suc h

that Hom

O

( T =I T ; E = O ) = Hom

O

( T =I T ; E = O [ n ]). Th us

Im( � ) � H

1

( G

�

; Hom

O

( M

00

; M

0

) 


O

E = O [ n ]) = H

1

( G

�

;

~

W [ n ]) :

By Lemma 9.20, w e ha v e lim

� !

j

H

1

f

( L p ;

~

W

j

)

�

=

H

1

f

( L p ;

~

W ), hence it is enough to sho w

that Im ( � ) � H

1

f

( L p ;

~

W [ n ]). Ho w ev er, this is clear b y Lemma 9.19 since b y Theorem

9.2, eac h �

i

is short at p (note that w e are assuming that ` > k ). �

Pr o of of L emma 9.26. W e follo w [52 ], but see also [55 ], F act 1 on page 520. First

note that if f 2 Hom

O

( T =I T ; E = O ), then k er f has �nite index in T =I T . Supp ose

that f 2 k er � . W e will sho w that the image of c under the map

� : H

1

( G

�

; Hom

O

( M

00

; M

0

) 


O

T =I T ) ! H

1

( G

�

; Hom

O

( M

00

; M

0

) 


O

K

f

)

is zero. Here K

f

:= ( T =I T ) = k er f . Assuming f 6= 0, w e will use this fact to pro duce

a T [ G

�

]-quotien t of L isomorphic to �

0

and th us arriv e at a con tradiction. Set

I

f

:= ( E = O ) = Im f and

~

T := Hom

O

( M

00

; M

0

). T ensoring the short exact sequence

of O [ G

�

]-mo dules

0 ! K

f

f

� ! E = O ! I

f

! 0 ;

with 


O

~

T and considering a piece of the long exact sequence in cohomology together

with the map � w e obtain comm utativ e diagram with the b ottom ro w b eing exact

(9.13)

H

1

( G

�

;

~

T 


O

T =I T )

�

��

H

1

(1 
 f )

))TTTTTTTTTTTTTTT

H

0

( G

�

;

~

T 


O

I

f

)

//
H

1

( G

�

;

~

T 


O

K

f

)

H

1

(1 
 f )//
H

1

( G

�

;

~

T 


O

E = O ) :

Since f 2 k er � , w e get H

1

(1 
 f ) � � ( c ) = 0. As the action of G

�

on M

0

and

M

00

resp ectiv ely giv es rise to absolutely irreducible non-isomorphic represen tations,

H

0

( G

�

;

~

T 


O

I

f

) = 0. So, exactness of the b ottom ro w of (9.13) implies that

� ( c ) = 0. F rom no w on assume that 0 6= f 2 k er � . Since k er f 6= 0, there exists an

O -mo dule A with k er f � A � T =I T suc h that ( T =I T ) = A

�

=

O =� = F . Since the

image of c in H

1

( G

�

;

~

T 


O

(( T =I T ) = A )) under the comp osite

(9.14) H

1

( G

�

;

~

T 


O

T =I T )

�

� ! H

1

( G

�

;

~

T 


O

(( T =I T ) = k er f )) !

! H

1

( G

�

;

~

T 


O

(( T =I T ) = A )) :

is zero, the sequence

(9.15) 0 ! M

0




O

F ! ( L =I L ) = ( � L + M

0




O

A ) ! M

00




O

F ! 0
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splits a sequence of T [ G

�

]-mo dules. As G

�

acts on M

0




O

F via �

0

, this con tradicts

the fact that L has no quotien t isomorphic �

0

. Hence k er � = 0 and th us (k er � )

_

= 0

as w ell. �
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