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The Todd–Coxeter procedure is a systematic way of trying to find the order (and
often the structure) of a group given by generators and relations, provided the
group is finite. More generally, we can try to find the index |G : H| if it is finite,
even if G itself is infinite. The first problem is the special case H = {1}.

The method is to try to figure out what the Schreier graph of the (right) action
of G on H\G looks like. I use right cosets here because I find right actions more
intuitive than left actions when I work with Schreier graphs.

I will explain the method in class and illustrate it with the example

G :=
〈
a, b | a3 = b3 = (ab)2 = 1

〉
.

This is the same example that was discussed (and called Gu) in the handout, What
is a group presentation?. The purpose of the present handout is to simply outline
the steps of that example, so that you don’t have to scramble in class to copy down
the Schreier graph as it’s being gradually constructed. Let H := 〈a〉 ≤ G, and
consider the action of G on A := H\G. We will use red arrows to denote the action
of a and blue arrows to denote the action of b.

Step 1. Record the fact that there is an element of A (called “1”) fixed by H.

1

Step 2. Fill in the b-orbit of 1, using the relation b3 = 1.
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Step 3. Record the fact that abab fixes 1. This requires that we temporarily intro-
duce 4 := 2 · a, but then we immediately deduce that 4 = 3. (Note: Often we’re
not that lucky; we might only discover much later that 4 = 1, and then we redraw
the graph at that point.)
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Step 4. Fill in the a-orbit of 2, using the relation a3 = 1.
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Step 5. Now examine the action of abab on 2, 3, and 4. The part of the graph
already constructed shows that abab fixes 2, so this leads to nothing new. The
action on 4 looks easier to analyze than that on 3, so we do that first and discover
that b fixes 4.
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At this point we can check that abab also fixes 3, and we’re done.

The conclusion is that |G : H| = 4, so |G| ≤ 12. [With a slight additional
argument we could prove equality, but we don’t need to bother.] Moreover, the
Schreier graph lets us exhibit a surjection G � A4, which must therefore be an
isomorphism, since |A4| = 12.

If you want to try some examples on your own, here are a few where the Todd–
Coxeter method reveals the structure fairly easily:

•
〈
a, b, c | bab−1 = a2, cbc−1 = b2, aca−1 = c2

〉
is the trivial group.

•
〈
a, b | ab2a−1 = b3, ba2b−1 = a3

〉
is also the trivial group.

•
〈
a, b | a3 = b2 = (ab)4 = 1

〉 ∼= S4.
•

〈
a, b | a3 = b5 = (ab)2 = 1

〉 ∼= A5.
•

〈
a, b | a2 = b2 = (ab)2

〉 ∼= Q8.
The last one is perhaps the most surprising. Note that there’s no “= 1” at the
end of the relations. So it’s not even obvious that a and b have finite order. But
somehow the relations force them to have order 4.


