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Abstract: Macaulay’s Theorem [Ma] characterizes the Hilbert functions of graded ideals in
a polynomial ring over a field. We characterize the Hilbert functions of graded ideals in a
Veronese ring R (the coordinate ring of a Veronese embedding of P"~1). We also prove that
the Hilbert scheme, which parametrizes all graded ideals in R with a fixed Hilbert function,
is connected; this is an analogue of Hartshorne’s Theorem [Ha] that Hilbert schemes over
a polynomial ring are connected. Furthermore, we prove that each lex ideal in R has the
greatest Betti numbers among all graded ideals with the same Hilbert function.

1. Introduction

In this paper S stands for the polynomial ring k[z1, ..., x,]| over a field k of characteristic
zero. The ring S is graded by deg(x;) = 1 for each i. Let ¢, > 2 be integers. Throughout,
we consider the toric Veronese ring R = S/I, where [ is the defining ideal of the ¢’th
Veronese embedding of P"~! (see Section 3 for a precise definition). Note that Veronese
rings include the projective coordinate rings of all rational normal curves.

Let X be a graded ideal in S, and D = S/X. If J is a graded ideal in D, then J;
stands for the vector space of all polynomials in J of degree i. The Hilbert function

h: N— N



is an important numerical invariant, which measures the size of the ideal. The following

question is very natural:
Question 1.1. What are the possible Hilbert functions of graded ideals in the ring D?

A classical theorem by Macaulay [Ma] provides the answer for D = S. The key idea
introduced by Macaulay is to consider lex ideals, which are special monomial ideals defined

in a simple combinatorial way.

Macaulay’s Theorem 1.2. [Ma] For every graded ideal J in S there exists a unique lex
ideal Lj with the same Hilbert function.

Theorem 1.2 leads to a numerical characterization of Hilbert functions; see Theorem 4.3.

Hilbert functions of graded ideals in an exterior algebra (or in the quotient ring D =
S/(x2,...,22)) are of interest on their own and also are of interest in Combinatorics
because they correspond to f-vectors which count faces of simplicial complexes. It is proved
by Kruskal-Katona [Kr, Ka] that Macaulay’s theorem holds over every exterior algebra.
Counting faces of simplicial complexes naturally generalizes to counting in multicomplexes;
this leads to considering Clements-Lindstrom rings of the form D = S/(z{*, ..., z%") where
2 <a; <...< a,. Clements-Lindstrom’s Theorem [CL, Theorem in the Introduction]
shows that Macaulay’s theorem holds over every Clements-Lindstrom ring.

As outlined below, if Macaulay’s Theorem holds over a ring D then lex ideals provide
a powerful tool in the study of Hilbert schemes and syzygies over D. This motivates the
open problem to find interesting classes of graded quotient rings over which Macaulay’s
Theorem holds. Unfortunately, the theorem fails over some very simple rings; for example,
there exists no lex ideal with the same Hilbert function as the ideal (ab) in the quotient
ring k[a,b]/(a?b,ab?), cf. [MeP, Example 2.13]. It seems that it is rare and remarkable
when Macaulay’s Theorem holds over a quotient ring.

In this paper we consider toric Veronese rings; such rings are of interest in Commu-
tative Algebra (due to their nice homological properties; for example, R is well known to
be a Koszul algebra) and in Algebraic Geometry (for example, the N,-conjecture for R in
[OP, Conjecture in the Introduction] is still open). A classical result of Green [Gre2] shows
that the defining ideal I (recall that R = S/I) is generated by quadrics. We prove

Theorem 1.3. For every graded ideal in the Veronese ring R there exists a lex ideal with
the same Hilbert function. (We use a specific lex order, defined in Section 3.)
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Macaulay’s Theorem and Kruskal-Katona’s Theorem yield a numerical characteriza-
tion of the Hilbert functions over a polynomial ring and over an exterior algebra, respec-
tively. Similarly, Theorem 1.3 leads to a numerical characterization of the Hilbert functions
over a Veronese ring; we present this in Section 4.

If Macaulay’s Theorem holds over a graded quotient ring then a key role in the study
of Hilbert functions and syzygies is played by lex ideals. We list the three most important
applications in 1.4, 1.6, and 1.7 below. They concern the following problem, which has
received broad attention.

Problem. What can be said about the properties of ideals with a fixed Hilbert function?

1.4. Betti numbers. G. Evans raised the problem to study the possible Betti numbers
of all graded ideals in S with a fixed Hilbert function. Since the problem is very complex
in general, people focused on maximal and on minimal Betti numbers. It turned out that
there exist examples of a Hilbert function for which there exists no ideal with minimal
Betti numbers. In contrast, Bigatti, Hulett, and Pardue proved that every lex ideal in S
attains maximal Betti numbers among all graded ideals with the same Hilbert function,
cf. [CGP, Theorem 1.1]. This property also holds over exterior algebras by a result of
Aramova-Herzog-Hibi [AHH, Theorem 4.4] and over Clements-Lindstrém rings by a result
of Murai-Peeva [MP, Theorem 1.5]. In Section 2 we prove the following theorem, and in
Section 5 we prove a more precise (but more technical) version of it.

Theorem 1.5. Every lex ideal in the Veronese ring R attains maximal Betti numbers
among all graded ideals with the same Hilbert function.

1.6. Gotzmann’s Theorems. Gotzmann’s Regularity Theorem and Gotzmann’s Persis-
tence Theorem [Go| are two important results on Hilbert functions in the polynomial ring
S. Given a graded ideal J these results provide upper bounds for the Catelnuovo-Mumford
regularity of J and for the degrees of the minimal monomial generators of the lex ideal
L (see the notation in Theorem 1.2), respectively, in terms of the Hilbert function of
J. Analogues are proved over exterior algebras in [AHH, Theorem 4.5 and Theorem 4.6]
and over Clements-Lindstrom rings in [GMP]. In Section 4, we prove that Gotzmann’s
Persistence Theorem and Gotzmann’s Regularity Theorem hold over a Veronese ring. An-
other important result on Hilbert functions is Green’s Theorem [Gre] which shows how
the Hilbert function changes when we take a generic hyperplane section; in 3.8 we observe
that it holds over R.



1.7. Hilbert schemes. Grothendieck [Gr| introduced the classical Hilbert scheme, which
parametrizes subschemes of P"~! with a fixed Hilbert polynomial. When we work over a
quotient ring it is natural to consider a slight variation of Grothendieck’s construction: we
consider the Hilbert scheme H,? that parametrizes all graded ideals in the ring D with a
Hilbert function h. The structure of the Hilbert scheme is usually very complicated. The

main known structural result is Hartshorne’s famous Theorem 1.8.

Theorem 1.8. [Ha| The Hilbert scheme, which parametrizes all graded ideals in S with
a fixed Hilbert function, is connected. Every graded ideal in S with Hilbert function h is
connected by a sequence of deformations to the lex ideal with Hilbert function h.

Analogues of this result are proved over exterior algebras by Peeva-Stillman [PS1,
Theorem 1.3] and over Clements-Lindstrom rings by Murai-Peeva [MP, Theorem 1.3]. We

prove

Theorem 1.9. The Hilbert scheme, which parametrizes all graded ideals in the Veronese
ring R with a fixed Hilbert function, is connected. Every graded ideal in R with Hilbert
function h is connected by a sequence of deformations to the lex ideal with the same Hilbert
function h.

We raise the open problem whether the lex point on the Hilbert scheme is a smooth
point. Reeves and Stillman [RS, Theorem 1.4] proved that the lex point is smooth on the
classical Hilbert scheme, introduced by Grothendieck [Gr|, which parametrizes subschemes
of P" with fixed Hilbert polynomial. It is an open problem whether the lexicographic point
is smooth on the Hilbert scheme H"}—, that parametrizes all graded ideals with a fixed
Hilbert function A in the ring V, where V is either a polynomial ring S, or an exterior
algebra F, or a Clements-Lindstom ring C', or a Veronese ring R. It is possible that the
answer is different over different rings. The proof of [RS, Theorem 1.4] does not work
because the tangent space is different, see [PS2, Proposition 2.1].

Acknowledgements. The third author is partially supported by NSF. The second author
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2. Lex ideals

In this section, we construct special monomial orders and examples that illustrate the
subtleness of the lex definition in a toric ring.

Let A = {aj,...,a,} be a subset of N" \ {0}, A be the matrix with columns a;,
and suppose that rank(A) = r. For 1 < ¢ < n, denote t* = ¢{*...t%" where a; =
(ai1,...,ai). We denote by I 4 the kernel of the homomorphism

oa: klxy, ...,z — k[t1, ..., 1]

T; — t3 .

It is a prime ideal, and is called the toric ideal associated to A. The toric ring associated
to Ais R4 = S/I4. We have the isomorphism Q4 := k[t*',... t?] = Ry4. The toric
ideal I 4 is projective (or S/I 4 is a projective toric ring) if I 4 is homogeneous with respect
to the standard grading of S with deg(z;) = 1 for 1 < i < n. Then R 4 inherits the grading
from S. Let p > 0 be an integer; a p-monomial space W is a vector subspace of (R4),
spanned by monomials of degree p. In the rest, we consider only projective toric rings.

Now, we focus on the definition of a lex ideal in a projective toric ring. For simplicity
we will assume that the monomials t2', ..., t®* have the same degree.

Construction 2.1. Order the variables in T' = k[ty,...,t.] by t1 > to > ... > t, and
consider the following monomial order > in Q) 4: if v and v’ are monomials in @ 4, then
v > v’ if v is degree-lex-greater than v'. This is a total order on the monomials in @ 4 (and
also in T'). We denote it by dlex 7.

Order the monomials in S so that m >7 w in S if p4(m) >diex, @a(u) in T. This is
a partial order on the monomials in S. Two monomials m and m’ in S are incomparable

by > if and only if v 4(m) = @a(m’), which holds if and only if m —m’ € I4.

Construction 2.2. We define a partial monomial order <;,,;. on S using the weight orders
with respect to the rows in the matrix A. For 1 < i < r, denote by w; the weight order of
the monomials in S with respect to the vector ((ai)i, ..., (ay);). Let wo =Y ._, w;. Let
m and u be two monomials in S. We define that m >, u if there exists a 0 < j < r
such that

w;(m) > w;(u) and w;(m) = w;(u) for 1 <i < j.
This is a partial order on the monomials in S.
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Two monomials m and m’ are incomparable by <o if and only if w;(m) = w;(m’)
for all 1 < ¢ < r; this happens if and only if m — m’ € I4. Hence, the following two
properties hold:

(a) in<to7‘ic (IA) = IA'
(b) if m and m’ are incomparable monomials, then m —m’ € I 4.

It is easy to check that the following lemma holds.

Lemma 2.3. The two partial orders on S constructed in Constructions 2.1 and 2.2 coin-
cide.

Note that <p=<jric induces a well-defined total monomial order <7 in the ring R 4
since m —m’ € I4 for two monomials m and m’ in S if and only if the monomials are

equal with respect to <.

Let M be a monomial ideal in R4. Denote by ¢ 4(M) its image ideal in Q4 =
k[t?,...,t*]. It looks natural to define that M is lex if p(M,) is lex in Q4 for every
q > 0. Example 2.4 shows that this is not a satisfactory definition since a lex monomial
space (in a fixed degree) may not generate a lex monomial space in the next degree.

Example 2.4. Consider the defining ideal 14 of P! x P'. It is the kernel of the homo-
morphism
oA S=klry,x9,x3,24] = T = klt1,t2,t3,14]
x1 — tits
Zg > t1ly
T3 — tots

Ty = t2t4 .

Here the set A is
A=1{(1,0,1,0), (1,0,0,1), (0,1,1,0), (0,1,0,1) }.

Denote by dlexr the degree-lex monomial order in the polynomial ring 7" so that the
variables are ordered by t; > t5 > t3 > t4. Furthermore, we order the variables in the
polynomial ring S so that z; > z, if ¢ 4(zi) >1exsy pa(zp). Therefore, 1 > x9 > z3 >
x4. Consider the degree-lex monomial order dlexg on S determined by the equivalent
Constructions 2.1 and 2.2.



Consider the ideal M = (z1) in the Segre toric ring S/I 4. On the one hand, ¢ 4(M)
is spanned by t1t3, so it is a lex monomial space in @ .4(.5).

On the other hand, ¢ 4(Ms) contains the monomial p4(z123) = titat3, but does
not contain the dlexp-bigger monomial t3t3 = p4(x3). Therefore, p4(M>) is not a lex
monomial space in ¢ 4(.5).

This example explains why a more intricate definition of lex ideals is introduced in
[GHP].

Definitions 2.5. [GHP, Definition 3.7] We fix the order of the variables in S to be
r1 > ... > x,, and consider the induced dlex order dlexg on S. Recall that for c € N",
the set {m is a monomial in S|@(m) = t°} is called the fiber of ¢ (or the fiber of t°).
The lex-greatest monomial in a fiber will be called the top-representative of the fiber.

We say that a p-monomial space W in R4 is a lex space if the following property is
satisfied: if m € W is a monomial, v € S is the top-representative of the fiber of m, and
u € S, is a monomial such that v >qiexs v, then v € W (by abuse of notation v € W
means that the image of v in R4 is a monomial in ).

It is proved in [GHP, Theorem 3.4] that a lex p-monomial space in (R 4), generates a
lex monomial space in (R4)p+1. A monomial ideal L in R 4 is called lez if for every i > 0,
we have that L; is spanned by a lex monomial space in (R 4);.

In Example 2.4, it is easy to check that M5 is lex monomial space according to the

definition above. The fact that p4(23) = t3t3 ¢ w4 (M) is not a problem anymore since

72 is not dlexg-bigger than any of the top-representatives of the fibers of the monomials

in M.

We close this section by an example which shows that the dlexy order in Q) 4 does
not agree with the dlexg order on the set of the top-representatives in S. This illustrates
the subtleness of the definition of a lex ideal in a toric ring.

Example. 2.6. We continue Example 2.4. On the one hand, we have the inequality
2
Zo <d1exs r1x3 .
On the other hand, we have that

0a(T3) = 113 >dlexy titals = pa(T173).
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Thus, the following property fails: m >qiexs @ for two top-representative monomials in
S if and only if p4(m) >dlex; @a(u). In this example, the dlexy order in Q) 4 does not
agree with the dlexg order on the set of the top-representatives in S.

3. Veronese rings

After notation is introduced (say in some lemma or construction), it will be used in the
rest of the paper. We will prove Theorems 1.3 and 1.9 in a series of constructions.

3.1. Veronese rings.

-1
Fix integer numbers r,q > 1. Set n = (T +a ] )
r —

U1

Un

For an integer column vector v = | : |, set x¥ =z ...z}".

Un
T stands for the polynomial ring k[ti,...,t,], graded by deg(t;) = 1 for 1 < j <.
Let R be the ¢’th Veronese ring in r variables which defines the ¢’th Veronese embedding
of P"~!. Thus,

R = ®52,Tj, = k[ all monomials of degree ¢ in T"].

The set of points defining the toric ideal can be taken to be
A={(ir,...,i,) EN"\O| D> ij=q}.
j=1

We order the vectors in A lexicographically so that the first vector is the greatest, and
then denote them by {a;i,...,a,}. Let A be the matrix with columns a;. We denote
k[tar, ... t2] by Q.

We denote by I the kernel of the homomorphism

o klxy, ...,z — klt1, ..., t]

x; — t2 .
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It is a prime ideal, and is called the toric Veronese ideal associated to A. The toric Veronese
ring associated to A is

R:=S/T~k[t™,.. t2]=QCT.

Furthermore, g stands for the map S — R, and g stands for the isomorphism R = @)
induced by ¢. Thus, ¢ = prps.

The Veronese toric ideal I is projective, that is, I is homogeneous with respect to the
standard grading of S with deg(xz;) = 1 for 1 < i < n. The ring R inherits the grading
from S.

3.2. The lex property in Veronese rings.
In contrast to Example 2.6, it is easy to see that we have the following very useful lemma

over Veronese rings. This lemma is the foundation for our arguments.

Lemma 3.2.1. In the notation of Section 2, over a Veronese ring we have that the dlex
order in () agrees with the dlexg order on the set of the top-representatives in .S, that is,
m >dlexs U for two top-representative monomials in S if and only if o(m) >diex, @(u).

For simplicity we call this order lex throughout.

Proof: Let a € N". We will describe the top-representative of the fiber of t2.
Consider the lex order on N” such that ey > ... > e,, where eq,...,e, are the
standard vectors. We can write

a:b1+...+bp,

where bj is the lex-greatest vector in A such that a — by + ...+ b;_1 is coordinatewise
bigger or equal to b; (we assume by = 0 here). Note that for each i, we have that
o~ 1(tP1) is a variable in S. Denote by o(t?) the monomial ¢~ 1(tP2)...p71(tPr) € S.
Clearly, ¢(o(t?)) = t*. We will show that o(t?) is the top-representative in the fiber of t2.

Let m = xj, ...x;, be a monomial in the fiber of t*, and assume that j; < ... < j,.
We will show that m <giexs; 0(t*). Recall that ¢(z;,) = ti.

a

If a;, = by, then l’ﬁjl <dlexg %

we are done. Suppose that aj, # by. Let ¢ be the smallest number such that the i’th

by induction hypothesis on the degree, so
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coordinates of aj, and by are different. It follows that (aj,); < (b1); by the construction
of by. Hence z;, <diexs b, Therefore, o(t?) >diexs M.

Denote by Mg the set of all monomials in S that are top-representatives. Denote
by Mg the set of all monomials in ). By Construction 2.1, if m >qiexs © for two top-
representative monomials in S then we have that o(m) >qiex, ¢(u). If a,c € N” and
t? >dlex, t€, then o(t?) >diexs; 0(t¢) by the construction of o. We have the dlex-order
preserving bijection

@ ./\/ls — MQ
T: Mg — Msg.

Thus, the following property holds: m >gqiexs @ for two top-representative monomials in
S if and only if p(m) >diexy ©(u). W

An immediate consequence is the following result.

Theorem 3.2.2. A monomial ideal M in the Veronese ring R is lex if and only if its
image ¢(M) generates a lex ideal in the polynomial ring T.

Proof: Let M be a lex ideal in R. Let p € N and d, = dim(}/,). By Lemma 3.2.1, it
follows that ¢(M,) is the vector space spanned by the d, lex-greatest monomials of degree
pq in T starting with t19. Therefore, (M) generates a lex ideal in the polynomial ring 7.

Let M be a monomial ideal in R such that ¢ (M) generates a lex ideal in the polynomial
ring T'. Let p € N and d,, = dim ¢(M,,). We have that ¢(M,) is the vector space spanned
by the d,, lex-greatest monomials of degree pq in T starting with /7. By Lemma 3.2.1, it
follows that M), is a lex p-monomial space in R. Hence, M is lex in R. L

Construction 3.2.3. If GG is an ideal in the polynomial ring 7', then we set G = QNG
and G = gplgl(GQ), and denote by Gg the preimage of G in S. Thus, Ggr, and Gg are
ideals in R and S, respectively. We also set G = G.

Construction 3.2.4. If NV is an ideal in the Veronese ring R, then we denote by ¢V the
isomorphic ideal pr(N) in Q. Furthermore, denote by 7N the ideal in T generated by
oN, and denote by gN the preimage of N in S. Thus, 7N and gN are ideals in 7', and
S, respectively. We also set gIN = N.

An ideal in S is called lez+1 if it is the preimage of a lex ideal in R.
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Proposition 3.2.5.
(1) If G is a lex ideal in T, then G is lex in R, and Gg is lex+1 in S.
(2) If N is a lex ideal in R, then N is lex in T, and gN is lex+1 in S.

We will consider three types of deformations, which we call Type-A deformations,
Type-B deformations, and Type-C deformations.

3.3. Type-A deformations using change of coordinates.

The general linear group G = GL(r, k) of invertible (r X r)-matrices over k, acts as a
group of algebra automorphisms on the polynomial ring T" by acting on the variables as
follows: if E € G has entries e;;, then E(¢;) = > ._; €;;t;, and furthermore E(t}" ... tE") =
E(t1)Pr ... E(t.)Pr. This is called a change of coordinates in T. Let 1 be such a change
of coordinates. Note that ¢ (Q) = Q. We denote by v its restriction on ). We denote
by 1g the change of variables (coordinates) in the polynomial ring S that is induced by
©q. Therefore,

©Ys = Prp.

If f € I =Ker(yp), then ¢s(f) € I since pps(f) = vre(f) =0. Hence, ¥s(I) = I.
Let G be an ideal in the polynomial ring 7. If H = ¢ (G), then we have that

Hg = vq(Gg),
Hp = Yr(GRr),
Hgs =1s(Gs),

where the last equality follows from the fact that ¢ g(I) = I.

We say that H, Hg, Hg, and Hg are Type-A deformations of G, Gg, Gr, and GG,
respectively. Such a deformation preserves the Betti numbers.

3.4. Type-B deformations using initial ideals.

Let H be a graded ideal in the polynomial ring 7', and let F' be an initial ideal of H. By
[Ba], we can choose a vector z = (z1,...,2,) with strictly positive integer coordinates,
such that F'is the initial ideal of H with respect to the weight order induced by the weight
vector z, cf. [Ei, Theorem 15.16]. Let H be the homogenization of H in the polynomial
ring T = Tt]; here T is graded by deg(t;) = z; for 1 < i < r and deg(t) = 1. Then ¢ and
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t — 1 are regular elements on 7/H, cf. [Ei, Theorem 15.17]. Set @ = Q[t]. Furthermore,
set ﬁQ — HNQ. Clearly, fIQ = Hg.
We will show that t and ¢t — 1 are regular elements on Q / H o Suppose that the H o

for some h € Q. It follows that th € H. Since t is a regular element on T/ H, we conclude
that h € H. Hence, he I:IQ = I:IQ N H. Therefore, ¢ is a non-zerodivisor on Q/I:IQ The

argument for ¢ — 1 is similar. Suppose that (¢ — 1)B ceH o for some h e Q. It follows that

(t — 1)iL € H. Since t — 1 is a regular element on T/ﬁ[, we conclude that h € H. Hence,
he I:IQ = I:I(2 N H. Therefore, t — 1 is a non-zerodivisor on Q/I:IQ

Furthermore, set R = R[t]. Let Hy = gb}il(l:lQ), where (5 is the isomorphism R 2 Q
induced by ¢r. We conclude that ¢ and t — 1 are regular elements on 1:2/ H B

Set S = S[t], and let ¢ : S — R be the map induced by ¢. Let f[g be the preimage
of H £ in S. We will show that ¢ and ¢ — 1 are regular elements on S / H g Suppose that
th € Hg for some h € S. Tt follows that tp(h) € fIQn Since ¢ is a non-zerodivisor on Q/H s,
it follows that ¢(h) € I—:IQ. Hence, h € go_l(I:IQ) = Hg. Hence, t is a non-zerodivisor on
g/ﬁg The argument for ¢ — 1 is similar. Suppose that (¢t — 1)h € ﬁg for some h € S. Tt

follows that (t — 1)¢(h) € lfIQ. Since ¢t — 1 is a non-zerodivisor on Q/H s, it follows that

p(h) € ﬁQ. Hence, h € 90_1(117@) = ﬁg Hence, t — 1 is a non-zerodivisor on S/ﬁg
By construction we have that

T/F=T/H®T/t and T/H=T/H @ T/(t-1).
It follows that
Q/Fg=Q/Hy®Q/t and Q/Ho=Q/Hy ® Q/(t—1).
As R = Q,we get
R/Fr=R/Hz® R/t and R/Hr=R/Hz ® R/(t—1).

Consider the grading of S with deg(z;) = deg(p(x;)) = a; - z. Homogenize the ideal
Hg using the variable ¢ with respect to that grading. We denote this homogenization
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by ITS Recall that H g is the preimage of the ideal H in S. Then we have I?S — H 3
Therefore,
S/Fg=8/Hs® S/t and S/Hs=S/Hg® S/(t—1).

Denote by F 7 @ graded minimal free resolution of I:i/ Hp over R. Note that this
resolution is infinite. Then Fz ® R/t is a minimal free resolution of R/Fr = R/Hpz ®
R/t. Thus, the graded Betti numbers of R/Fg and R/Hp coincide. On the other hand,
Fr ® R/(t — 1) is a non-minimal graded free resolution of R/Hg = R/Hp © R/(t — 1).
Therefore,

FroR/(t—1)=Hzo U,

where Hp, is a minimal graded free resolution of R/Hp and U is a trivial complex, cf. [Ei,
Theorem 20.2]. The triviality of the complex U implies that the graded Betti numbers
of R/Hpg are obtained from those of R/H 7 by consecutive cancellations. Therefore, the
graded Betti numbers of R/Hp are smaller or equal to those of R/Fg and are obtained by
consecutive cancellations.

The same argument can be applied over S as follows. Denote by G g a graded minimal
free resolution of S/Hg over S. Note that this resolution is finite. Then Gg ® S/t is a
minimal free resolution of S/Fs = S/Hz ® S/t. Thus, the graded Betti numbers of S/Fs
and S/Hg coincide. On the other hand, Gg ® S/(t — 1) is a non-minimal graded free
resolution of S/Hg = S/Hg ® S/(t —1). Therefore,

Gs®S/(t—1)2EgaV,

where Eg is a minimal graded free resolution of S/Hg and V is a trivial complex, cf. [Ei,
Theorem 20.2]. The triviality of the complex V implies that the graded Betti numbers
of S/Hg are obtained from those of S/H g by consecutive cancellations. Therefore, the
graded Betti numbers of S/Hg are smaller or equal to those of S/Fs and are obtained by

consecutive cancellations.

We say that F', Fn, Fr and Fs are Type-B deformations of H, Hg, Hr and Hg,
respectively. A Type-B deformation increases the graded Betti numbers and the smaller
Betti numbers can be obtained from the new greater ones by consecutive cancellations.

3.5. Type-C deformations using polarization.
Let X be a monomial ideal in 7. Fix an 1 < ¢ < r. We recall the definition of the

13



partial polarization of X using the variable t;. Let T = T[y]. If m is a minimal monomial
generator of X, then we set

_ { t@y if ¢; divides m

m = ;
m  otherwise.
Let mq, ..., m; be the minimal monomial generators of X. Set
Xpol = (ml, .. .,ml) .

Then
T/(Xpot + (ti —y)) = T/X.

The ideal X, in T is called the partial polarization with respect to t; of X. Let aqt; +
...+ a,t, be a generic linear form in T (here a1, ..., «, € k). Furthermore, let X’ be the
ideal in T" such that

T)(Xpor + (c1t1 + ...+ apty —y)) =T/X".

Note that X’ is usually not a monomial ideal. The elements t; —y and aqt1 +. ..+t —y
are non-zerodivisors on T/ X ., since we use the usual construction of partial polarization
in the polynomial ring T'. Therefore, the ideals X and X’ have the same Hilbert function.
Let dlex; be a degree-lex order in the polynomial ring 7" such that ¢; is greatest. By
construction, it follows that ingjex, (X’) 2 X. Since the two ideals have the same Hilbert
function, we conclude that ingjex, (X’) = X. Therefore, the ideals X and X’ are connected
by a deformation over T', cf. [Ei, Chapter 15].

By 3.4, it follows that the ideals X, Xg, Xg, and Xg are deformations of the ideals
X', Xg, Xg, and X, respectively. We call these deformations Type-C' deformations.

3.6. A proof of Theorems 1.3 and 1.9.
We need the following observation from [GHP, Lemma 2.3].

Lemma 3.6.1. Let P and U be homogeneous ideals in R. Let P and U be the preimages
of these ideals in S, respectively. The ideals P and U have the same Hilbert function over
R, if and only if, the ideals P and U have the same Hilbert function over S.
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We are ready to prove the theorem.

Proof of Theorems 1.3 and 1.9: Let J be a graded ideal in R. Denote by g.J its preimage
in S, and by ¢J its isomorphic image in ). Denote by 7J the ideal in T generated by ¢J.
Also, set gJ = J.

By Macaulay’s Theorem 1.1 there exists a lex ideal Ly in the polynomial ring 7" with
the same Hilbert function as rJ. By [Ha, Pa], there exists a sequence of Type-A, Type-B,
and Type-C deformations that connects 7J to Ly. The argument above implies that the
ideal J is connected to Li by a a sequence of Type-A, Type-B, and Type-C deformations,
and also that the ideal Jg is connected to Lg by a a sequence of Type-A, Type-B, and
Type-C deformations.

The ideal L is lex in the polynomial ring 7". By Proposition 3.2.5 it follows that the
ideal Lp is lex in the Veronese ring R. Thus, we have proved (1) and (2). O

3.7. A proof of Theorem 1.5.
Let J be a graded ideal in R. We denote by 3%(J) and §]*(.J) the graded Betti numbers
and the total Betti numbers of J over R respectively.

Definition 3.7.1. A monomial ideal M in the polynomial ring 7" is called Borelif mt; € M
implies mt; € M for all 1 <17 < j. We say that a monomial ideal B in the Veronese ring
R is Borel if 7B is Borel.

Note that lex ideals are Borel. Borel ideals play an important role in Commutative
Algebra since every generic initial ideal (assuming that char(k) = 0) is Borel. The minimal
free resolution of a Borel ideal over the polynomial ring S is the well known Eliahou-
Kervaire resolution [EK, Section 2]. It is proved using iterated mapping cones, cf. [PS3].
It yields a formula for the Betti numbers and shows that if a Borel ideal is generated in
one degree then its resolution is linear. In this subsection, we prove analogues results for
the Betti numbers over R in Theorem 3.7.4.

First, recall that a graded ideal J in R is said to have a j-linear resolution if ﬁfiJrs(J) =
0 for all 7, s with s # j. In particular, J is generated in degree j in this case.

For a monomial m in the polynomial ring 7', let max(m) (respectively, min(m)) be
the maximal (respectively, minimal) integer j such that ¢; divides m. Set F'(1) = {0} and

F(i) = {z € S: z is a variable such that min(p(z)) < i} fori=2,3,...,r

Let Jp@;) be the ideal in R generated by the image of F'(i) in R. The ideal Jg(;) has a
1-linear resolution; indeed the following fact is known (cf. [HHR, Theorem 1.2]).
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Lemma 3.7.2. Any ideal in R generated by variables has a 1-linear resolution.

Let B be a Borel ideal in the Veronese ring R, and mingens(rB) = {v1, ..., v, } denote
the set of the minimal monomial generators of 7B (note, that here each v; is a monomial
in 7). We may assume that degv; < --- < degwv, and that the ideals (v1,...,v;) are
Borel for j = 1,...,p. Fix monomial generators uy,...,u, of B such that ¢(u;) = v, for
j=12...,p

Lemma 3.7.3. For j =1,2,...,p, one has that

((Uh .- ~,Uj71) ‘R Uj) = JF(max(vj))'

Proof: It is enough to prove the case j = p. Let B’ be the ideal in R generated by
Ui, ..., Up—1. Then 7B’ is the Borel ideal in T' generated by v1,...,v,—1. We will show
that

(7B 7 vp) = ({t; : i < max(vp)}).
Indeed, (B’ 1 vp) D {t; : i < max(v,)} is obvious by the definition of Borel ideals. Let
m € (rB' :7 vp) be a monomial. Then mv, € pB’ and it follows from [EK, Lemma 1.1]

that there exists the unique generator v, of 7B’ which divides mv, and satisfies max(vy) <
min (=2 ). Since vg # vp, it follows from [EK, Lemma 1.2] that min(m) < max(vp). Thus

m e ({zﬁZ i <max(vp)}) and (pB’ :p v,) C ({t; : i < max(vy,)}) as desired.
Since

(@B :@vp) = (rB" :rv,)NQ = ({go T € F(max(vp))}),

it follows that (B/ ‘R up) = @El(QB/ Q Up> = JF(max(vp))- U]
Recall that the Castelnuovo-Mumford regularity (or simply regularity) of a graded
ideal J in R is
regp(J) = max{Jj | Hﬂ( ) # 0 for some i } .

Theorem 3.7.4. Let B be a Borel ideal in R. With the same notation as above, one has
that

B (B) = > B(R/ Tpmax(vy)  for all i, j.

vEmingens(r B), degv=qj
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We have that reg(B) is equal to the maximal degree of a minimal monomial generator of
B. In particular, if B is generated in degree j, then its minimal free resolution over R is

j-linear.

Proof: Note that degv; = gdegu; for all j. We use induction on p. Since max(vi) =1
and since R is a domain, the statement is obvious if p = 1.
Suppose p > 1. Let B’ = (uq,...,up_1). Consider the short exact sequence

0 — R/(B':g u,)(—degu,) — R/B" — R/B — 0,

where the first map is a multiplication by u,. By Lemma 3.7.3 we have that (B’ :p
Up) = JF(max(v,))- Let G be the graded minimal free resolution of R/Jp(max(v,))(—deguy)
over R, and let F be that of R/B’. We will consider the mapping cone of the complex
homomorphism G — F that is a lifting of the map F/(B’ :p u,)(—degu,) — R/B’. In
the mapping cone construction, we have that the free module in homological degree ¢ is
F;, ® G;_;. Since B’ is Borel and degu, > --- > degu;, by induction hypothesis we have
that the degree of any basis element of F; is less than or equal to degu, +7—1. Also, since
JF (max(v,)) has a 1-linear resolution, the degree of each basis element of G;_; is equal to
degu, + ¢ — 1. These facts show that the mapping cone is a minimal free resolution of
R/B. Then the theorem follows from the induction hypothesis. O

For a graded ideal J in R, we write J;y for the ideal in R generated by all elements
of degree j in J. Let m = (z1,...,2,) C R be the graded maximal ideal in R.

Corollary 3.7.5. Let B be a Borel ideal in R. For all integers i, j, one has that

ﬁﬁ-yj(B) = @'R(BU)) + 52'111(3071)) - (dikaj—l)Bﬁi—l(k)'

Proof: Note that B and mB;_;y are Borel ideals generated in degree j. By Theo-
rem 3.7.4 they have j-linear minimal free resolutions. Since

{v € mingens(7B) : deg (v) = ¢j } = mingens(rBy;y) \ mingens(,(mB;_1y)),
Proposition 3.7.4 implies that
Bi+5(B) = B (B(j) = B (mBj_y)).
Consider the short exact sequence
0 — mBg_1y — By — By—y/mBj-1) — 0.
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For each s, the short exact sequence leads to the long exact sequence

. — Torﬁl(BgA)/mB(j*l%k)s
. TOI'ZR(mBijl)v k)s N TOI'ZR(B<]'71>7 k)s — Torf(B<jf1>/mB<jf1>, k)s

— Toril(mBQ,l), k)s — ...

Since the Veronese ring R is Koszul, the residue field k£ has a linear resolution over R.
Thus both B(;_1y/mB;_;y = 2izmlkBj_1 k and B(;_1y have (j — 1)-linear minimal free
resolutions, and mB;_1y has a j-linear minimal free resolution. Therefore, for each i, the

long exact sequences on Tor yield the short exact sequence

0 — Tor;"(Bj—1y, k)ij—1 — Tor;' (B—1)/mBy; 1y, k)itj—1

— Tor’ | (mBy;_1),k)i—14; — 0.

Hence we get
B (mB;_yy) = (dimg B 1) 7% (k) — 81 (Bii—1y) -
Then it follows that

8751 ;(B) = B{(Byy) — 87 (mBy;_1y) = B (B)) + B (Bgi—1y) — (dimy. B 1)1, (k)
as desired. m

In the rest of this subsection we prove Theorem 1.5.

We have proved that Type-A deformations preserve the graded Betti numbers, and
also that Type-B deformations increase the graded Betti numbers so that the smaller Betti
numbers can be obtained from the new greater ones by consecutive cancellations. Since
every generic initial ideal is Borel when char(k) = 0, for any graded ideal J in R there
exists a sequence of Type-A and Type-B deformations that connects 7J to some Borel
ideal in T (cf. [Ei, Chapter 15.9]). Thus, to prove Theorem 1.5, it is enough to prove the

following claim.

Proposition 3.7.6. The graded Betti numbers of a Borel ideal B in R are smaller than
or equal to those of the lex ideal L in R having the same Hilbert function as B.

Proof: By Corollary 3.7.5, it is enough to show that 8 (B;,) < 87 (L;y) for all i, j. Let
V ={vy,...,vs} and V' = {v],...,v.} be the sets of monomials of degree jq in B and
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in 7L respectively. By Green’s Theorem [Gre| we have that
H{v € V :max(v) < €} > [{v € V': max(v) < {}|

for £ = 1,2,...,r. Thus we may assume that max(v,) < max(vy) for ¢ = 1,2,...,s.
Note that both ideals Jp(max(v)) and Jr(max(vy)) are Borel. Since mingens(rJr(s)) C
mingens(r.Jp(s)), Theorem 3.7.4 implies that

B (R T max(ve)) < BIH(R/ T p(max(v))))

for all 7. By applying Theorem 3.7.4 to By and L;), we obtain

7)o
ﬁzR(BU)) = ZﬁiR(R/JF(maX(W))) < Z/QZFE(R/JF(maX(Ué))) = ﬁzR(L<J>)
(=1 /=1

for all ¢ as desired. L

3.8. Green’s Theorem.

We close this section by observing that Green’s Theorem [Gre] (cf. [Gre, Theorem 3.4], [BH,
Theorem 4.2.12]) holds over R. In [Gre, Theorem 3.4] this result is called the Hyperplane
Restriction Theorem.

Green’s Theorem 3.8.1. Let J be a graded ideal in R, and L be the lex ideal with the
same Hilbert function as J. Let h be a generic linear form. For every s > 0 we have

dimy, <R/(L, h))s > dimy (R/(J, h))s.

Proof: Since h is a generic linear form in R, we have that pr(h) is a generic form of degree
q in the polynomial ring T. As in 3.7, let L1 be the lex ideal in T" with the same Hilbert
function as pJ. By [HP, Proposition 1.4], t7 is a generic form for Ly, so

dim;, (T/(LT790R(h)))Z, = dimy, (T/(LT,t?))i

for every i > 0. A result of Gasharov [Ga, Theorem 2.4] shows that

7

dimy, <T/(LT,§0R(h)))i > dimy, (T/(TJ7 @R(h)))
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for every 7 > 0.
Since Q =TNQ, Lo =LrNQ and ¢J = 7J N Q, and since pr(h) € Q, we conclude
that

dimy. (Q/(Lq. en(h)) > dimy (Q/(q . or(h)))

5q 5q

for every s > 0. Then the isomorphism R = () implies

dimy <R/(L, h))s — dimy, <Q/(LQ,SOR(h)))Sq

> dimy, <Q/(QJ7 goR(h)))sq = dimy, <R/(J, h))s

for every s > 0. L

4. Numerical versions of Macaulay’s Theorem and Gotzmann’s Persistence
Theorem over Veronese rings

In this section we derive some corollaries of the proof of Theorem 1.3: a numerical charac-
terization of the possible Hilbert functions in the Veronese ring R, Gotzmann’s Persistence
Theorem over R, and Gotzmann’s Regularity Theorem over R.

Macaulay’s Theorem 1.2 leads to a numerical criterion on what sequences of positive
numbers are Hilbert functions. We will describe this criterion. Let ¢ be a positive integer.
It is easy to prove (cf. [BH, Lemma 4.2.6]) that for every p € N there exist unique natural
numbers g; > ... > g1 > 0 such that

(4.1) p= (g;) + (Zgz__ll) NI (gll) .

This is called the ¢’th Macaulay representation of p. For example, the 3’rd Macaulay

5 3 1
representation of 14 is 14 = (3) + (2) + (1) Set

, + 1 i 1 1
9i + g 1'+ I g1+

7+ 1 7 2
0.

20



6 4 2
For example, 143 = (4) + (3) + (2) = 20.

Lex ideals are highly structured and it is easy to derive the inequalities characterizing
their possible Hilbert functions. The following proposition is easy to prove, cf. [BH,
Corollary 4.2.9], [Gre, Proposition 3.7].

Proposition 4.2. Let « = {ag = 1,1 = n, as,...} be a sequence of non-negative integer
numbers. If this sequence is the Hilbert function of S/L for a lex ideal L in the polynomial

ring S, then a1 > 0‘2@ for each i > 0, and a strict inequality holds if and only if L has a

minimal monomial generator in degree i + 1.

By Macaulay’s Theorem 1.2 it follows that we have the following numerical charac-
terization of Hilbert functions, cf. [Gre, Theorem 3.3], [BH, Theorem 4.2.10].

Numerical version of Macaulay’s Theorem 4.3. Let « = {ap = 1,1 = n,9,...}
be a sequence of non-negative integer numbers. This sequence is the Hilbert function of

S/J for a graded ideal J in the polynomial ring S if and only if ;11 > ozy> for each v > 1.

Two other important results on Hilbert functions in a polynomial ring are proved in
[Gol, also cf. [Gre, Theorems 3.8 and 3.11], [BH, Theorems 4.3.2 and 4.3.3]:

Theorem 4.4. Let J be a graded ideal in the polynomial ring S. Set «; = dimy, (S/J);
for v+ > 0. Let s be such that ag41 = a§8> and J is generated in degrees < s.

(1) Gotzmann’s Persistence Theorem. «;,; = ozzw for each 1 > s. If Ly is the lex
ideal in S with the same Hilbert function as J, then L; is generated in degrees < s.
(2) Gotzmann’s Regularity Theorem. regg(J) < s.

A similar Numerical version of Macaulay’s Theorem holds over an exterior algebra.
Gotzmann’s Persistence Theorem and Gotzmann’s Regularity Theorem also hold over an
exterior algebra by [AHH, Theorems 4.5 and 4.6]. We will prove Theorems 4.5 and 4.7,
which give analogues of Theorems 4.3 and 4.4 over the ¢’th Veronese ring R.

Consider the ¢i’th Macaulay representation (4.1) of a number p € N

p= (7)) 4 (Y ) ().
ql qi— 1 1

We define a new operation (g, ) as follows

@) = <9q.¢+q) N (ggi_ﬁq) I (gﬁq)_
qr+q qgi—1+q 14¢
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6 5 3
For example, the 6’th Macaulay representation of 14 is 14 = (1) + (1) + (1), and so

9 8 6 : .
for ¢ = 3, i = 2 we get 1432 = (4) + (4) + (4) = 211. Note that p'® = p{l:9),

Theorem 4.5.
(1) Numerical version of Macaulay’s Theorem over Veronese rings. Let a =
{ap = 1, oy = n, ag,...} be a sequence of non-negative integer numbers. This

sequence is the Hilbert function of R/J for a graded ideal J in the q’th Veronese ring

R if and only if a; 41 > a§q’i> for each 1 > 0.
(2) Gotzmann’s Persistence Theorem over Veronese rings. Let J be a graded
ideal in the q’th Veronese ring R. Set «; = dimy, (R/J); for i > 0. If s is a number

such that ag41 = aéq’s> and J is generated in degrees < s, then a; 1 = agq’” for each

t > s. If Ly is the lex ideal in R with the same Hilbert function as J, then Lj is
generated in degrees < s.

Proof: Define a new sequence ~ as follows:

Yo =1
YV1=...=7-1=0

and for j > ¢ — 1 define

aj+1 if j 4 1 is divisible by ¢

q
Vi+1 = )
vjj otherwise.

Clearly, the sequence + satisfies the equalities v;11 = ’y;-j ) for each j > 0 such that 5 +1

is not divisible by ¢. If j + 1 is divisible by g, then the inequality ;41 > 'yj<-j ! holds if and
only if the inequality ;41 > a§q’i> holds for ¢ = % —1.

First, we will prove (1). Suppose that a;11 > agq’” for each ¢ > 0. Therefore,
Vi1 = 7§j ! holds for all j > 0. By Theorem 4.3, v is the Hilbert function of a lex ideal
UinT. Set L = Ur = ¢ 1(Q NU). It is a lex ideal in R by Proposition 3.2.5, and its
Hilbert function is given by the sequence a.
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On the other hand, let @« = {ap = 1, a1 = n, ag,...} be the Hilbert function of a
graded ideal J in the Veronese ring R. By Theorem 1.3, « is the Hilbert function of a
lex ideal L in R. Let U be the ideal generated by ¢(L) in the polynomial ring 7. It is a
lex ideal by Theorem 3.2.2. Since U is lex, it follows that the sequence v is the Hilbert

function of U. By Theorem 4.3, we have that v,;41 > vj-j ) holds for all j > 0. Therefore,

Qg > a§q’i> for each i > 0. We have proved (1).

Now, we will prove (2). Denote by V' the ideal in T generated by ¢(J). Let W be the
lex ideal in T" with the same Hilbert function as V. It follows that U C W, and U;, = W;
for every i > 0. Denote by v; = dimy W; for all ¢. Therefore, v; < v; for ¢ > 0 and
furthermore, 741 = vj4+1 whenever ¢ divides j + 1.

Since we have asy1 = agq’5> by assumption, it follows that .41 = ’yC<C>

q(s+1) — 1. Hence,

for ¢ =

Ver1 = Yer1 = 19 <8 <wvepq,

where the last inequality holds by Macaulay’s Theorem 4.3. Therefore,

Ver1 = VC<C> )
Since J is generated in degrees < s, it follows that V is generated in degrees < gs <
q¢(s 4+ 1) — 1 = c¢. By Gotzmann’s Persistence Theorem 4.4 in the polynomial ring 7', we
(7)

have that v;41 = v;”* holds for all j > ¢. Hence, a;41 = a§q’i> for each i > s. ]

The following is an immediate corollary of Theorem 4.5(1) (which can also be proved
using Proposition 4.2 and the argument in the proof above).

Proposition 4.6. Let « = {ag = 1,1 = n, as,...} be a sequence of non-negative integer
numbers. If this sequence is the Hilbert function of R/L for a lex ideal L in the q’th

(g,%)

Veronese ring R, then a; 11 > « for each v > 0, and a strict inequality holds if and only

if L has a minimal monomial generator in degree i + 1.

Gotzmann’s Regularity Theorem 4.7. Let J be a graded ideal in the q’th Veronese

ring R. Set a; = dimy (R/J); for i > 0. If s is a number such that asy 1 = ol and
J is generated in degrees < s, then we have the following inequality for the Catelnuovo-
Mumford regularity

regp(J) <s.
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Proof: Denote by L the lex ideal in R with the same Hilbert function as J. We have
that L is generated in degrees < s by Theorem 4.5(2). Every lex ideal is Borel. Hence,

we can apply Theorem 3.7.4 and get regr (L) < s. Finally, Theorem 1.5 yields regy(J) <
regp(Ly) < s. O

5. Consecutive cancellations

Given a sequence of numbers {¢; ;}, we obtain a new sequence by a cancellation as follows:
fix a 7, and choose i and ¢’ so that one of the numbers is odd and the other is even; then
replace ¢; ; by ¢; ; — 1, and replace ¢y ; by ¢; j — 1. We have a consecutive cancellation
when i/ = i + 1. If we need to be specific, we call it a consecutive i, j-cancellation. The
term “consecutive” is justified by the fact that we consider cancellations in Betti numbers
of consecutive homological degrees.

A more precise version of Theorem 1.5 says:

Theorem 5.1. [Pe, Theorem 1.1] If J is a graded ideal in S and L is the lex ideal with
the same Hilbert function, then the graded Betti numbers 553-(5 /J) can be obtained from

the graded Betti numbers ﬁf j(S /L) by a sequence of consecutive cancellations.
The analogue of this result holds over an exterior algebra.

Theorem 5.2. Let E be an exterior algebra on variables eq, ..., e, over k. The ring E is
graded by deg (e;) = 1 for each i. If J is a graded ideal in E and L is the lex ideal with
the same Hilbert function, then the graded Betti numbers 3;(E/.J) can be obtained from

the graded Betti numbers ﬁfj(E /L) by a sequence of consecutive cancellations.

The above theorem is not published, but it follows from Theorem 5.1 and a formula
in [AAH, Proposition 2.1] relating a finite monomial resolution over S and an infinite
monomial resolution over F.

We have the following more precise versions of Theorem 1.5.

Theorem 5.3. Let R = S/I be a Veronese toric ring. If J is a graded ideal in R and L
is the lex ideal with the same Hilbert function, then the graded Betti numbers 3} (R/.J)

can be obtained from the graded Betti numbers g(R/ L) by a sequence of consecutive

cancellations.

Proof: By the proof of Theorem 1.5 it follows that we may assume that J is Borel. Set
diiv = Bir1(Ly) — Biv1(J(5)). We showed in the proof of Proposition 3.7.6 that d; ; are
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nonnegative integers. Also, by Corollary 3.7.5 8; ;(J) = B ;(L) — di—1,j—1 — d; j—1. This
formula and the non-negativity of d; ; show that the graded Betti numbers of J is obtained

from those of L by a sequence of consecutive cancellations (a consecutive i, j-cancellation

occurs d; ; times). m

[AAH]

[AHH]

[Ba]

[Bi]

[BH]

[CGP]

[CL]

[Ei]

[EK]

Gal

[GHP]

[GMP]

[Go]

References

A. Aramova, L. Avramov, and J. Herzog: Resolutions of monomial ideals and coho-
mology over exterior algebras, Trans. Amer. Math. Soc. 352 (2000), 579-594.

A. Aramova, J. Herzog, and T. Hibi: Gotzmann theorems for exterior algebras and
combinatorics, J. Algebra 191 (1997), 174-211.

D. Bayer: The division algorithm and the Hilbert scheme, Ph.D. Thesis, Harvard
University, 1982.

A. Bigatti: Upper bounds for the Betti numbers of a given Hilbert function, Comm.
Algebra 21 (1993), 2317-2334.

W. Bruns and J. Herzog: Cohen-Macaulay rings, Cambridge Studies in Advanced
Mathematics 39, Cambridge University Press, Cambridge, 1993.

M. Chardin, V. Gasharov, and I. Peeva: Maximal Betti numbers, Proc. Amer. Math.
Soc., 130 (2002), 1877-1880.

G. Clements and B. Lindstrom: A generalization of a combinatorial theorem of Macau-
lay, J. Combin. Theory 7 (1969), 230-238.

D. Eisenbud: Commutative Algebra with a View Towards Algebraic Geometry, Sprin-
ger Verlag, New York, 1995.

S. Eliahou and M. Kervaire: Minimal resolutions of some monomial ideals, J. Algebra
129 (1990), 1-25.

V. Gasharov: Hilbert functions and homogeneous generic forms. II, Compositio Math.
116 (1999), 167-172.

V. Gasharov, N. Horwitz, and I. Peeva: Hilbert functions over toric rings, special
volume of the Michigan Math. J. dedicated to Mel Hochster, 57 (2008), 339-357.

V. Gasharov, S. Murai, and I. Peeva: Applications of mapping cones over Clements-
Lindstrom rings, in preparation.

G. Gotzmann: Eine Bedingung fiir die Flachheit und das Hilbertpolynom eines

25



[Gre]

[Gre2]

[MP]

[MeP]
[OP]

[Pa]

[Pe]

graduierten Ringes, Math. Z. 158 (1978), 61-70.

M. Green: Generic initial ideals, in Six lectures on commutative algebra, Birkh&user,
Progress in Mathematics 166, (1998), 119-185.

M. Green: Koszul cohomology and the geometry of projective varieties. I1, J. Differ-
ential Geom. 20 (1984), 279-289.

A. Grothendieck: Techniques de construction et théoremes d’existence en géométrie
algébrique IV: Les schémas de Hilbert, Séminaire Bourbaki, Vol. 6, Exp. No. 221, Soc.
Math. France, Paris, 1995.

R. Hartshorne: Connectedness of the Hilbert scheme, Publ. Math. IHES 29 (1966),
5-48.

J. Herzog, T. Hibi, and G. Restuccia: Strongly Koszul algebras, Math. Scand. 86
(2000), 161-178.

J. Herzog and D. Popescu: Hilbert functions and generic forms, Compositio Math.
113 (1998), 1-22.

H. Hulett: Maximum Betti numbers of homogeneous ideals with a given Hilbert func-
tion, Comm. Algebra 21 (1993), 2335-2350.

G. Katona: A theorem for finite sets, in Theory of Graphs (P. Erdés and G. Katona,
eds.), Academic Press, New York (1968), 187—-207.

J. Kruskal: The number of simplices in a complex, in Mathematical Optimization
Techniques (R. Bellman, ed.), University of California Press, Berkeley/Los Angeles
(1963), 251-278.

F. Macaulay: Some properties of enumeration in the theory of modular systems, Proc.
London Math. Soc. 26 (1927), 531-555.

S. Murai and I. Peeva: Hilbert schemes and Betti numbers over a Clements-Lindstrom
ring, submitted.

J. Mermin and I. Peeva: Lexifying ideals, Math. Res. Let. 13 (2006), 409-422.

G. Ottaviani and R. Paoletti: Syzygies of Veronese embeddings, Compositio Math.
125 (2001), 31-37.

K. Pardue: Deformation classes of graded modules and maximal Betti numbers, III.
J. Math. 40 (1996), 564-585.

I. Peeva: Consecutive cancellations in Betti numbers, Proc. Amer. Math. Soc. 132
(2004), 3503-3507.

26



[PS1] I. Peeva and M. Stillman: Connectedness of Hilbert schemes, J. Algebraic Geom. 14
(2005), 193-211.

[PS2] I. Peeva and M. Stillman: Flips and the Hilbert scheme over an exterior algebra, Math.
Ann. 339 (2007), 545-557.

[PS3] I. Peeva and M. Stillman: The Minimal Free Resolution of a Borel Ideal, Expo. Math.
26 (2008), 237-247.

[RS] A. Reeves and M. Stillman: Smoothness of the lexicographic point, J. Algebraic Geom.
6 (1997), 235-246.

Department of Mathematics, Cornell University, Ithaca, NY 14853, USA

Department of Mathematics, Graduate School of Science, Kyoto University,
Sakyo-ku, Kyoto 606-8502, Japan.

Department of Mathematics, Cornell University, Ithaca, NY 14853, USA

27



