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Abstract: Over commutativ e graded local artinian rings, examples are constructed of periodic
modules of arbitrary minimal period and modules with constant Betti numbers which are not
eventually periodic. They provide counterexamples to a conjecture of D. Eisenbud, that every
module with bounded Betti numbers over a commutativ e local ring is eventually periodic of

period 2. We prove however, that the conjecture holds over rings of small length.

1. Intro duction

This paper considersthe relations betweenthe structure of nitely generatedmod-
ules over local noetherian rings and the asymptotic behavior of their sequence®f
Betti numbers, alongthe lines suggestedy the work of Eiserbud [5] and Avramov
[2]. We study modules whoseBetti nhumbers are bounded.

Let R be a commutativ e noetherian local ring with maximal ideal m and
residue eld k = R=m. As usual, we denote edim(R) the emhkedding dimension of
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R, that is, the minimal number of generatorsof m, and by depth(R) the longest
length of aregular sequencecortained in m. If M isa nitely generatedR-module,
we denoteby (M) its minimal number of generators. Let

R T = =S T T =P S =N

be a minimal free resolution of M over R. The n'th Betti number of M over R
is b, = R(M) = rank(F,), and SyZ (M) =Coker(dn+1 : Fn+1 ! Fp) is called
the n'th syzygyof M over R. Following [1,2] we say that M has complexity ¢, and
write cxg (M) = ¢, if ¢ Ois the leastinteger for which there exists a real number
A > O sud that BR(M) An®¢ ! holdsfor n 1;if no sud c exists, then set
cxr(M)=1.

From a homological point of view, the simplest modules are those with
bR (M) = Ofor all sucien tly largen. Note that the projective dimensionpdg (M)
is nite exactly when cxg(M) = 0. The next natural questionis: What does
cxr(M) 1 mean? A simple reasonfor this to happen is the presenceof period-
icity. A module M is said to be eventualy periodic of period q> O if there exists
a non-negative integer s such that SyZA (M) =SyZ, ((M). If s= 0, then M is
called periodic of period g. Modules of complexity one seemto occur rarely, and
in [5] Eiserbud stated the following:

Conjecture. If M is a nitely geneated R-module with bounded Betti numkbers,
then M is eventualy periodic. A periodic module has period 2.

The main casesin which the conjecture has been proved are summarized
below:

Theorem 1.0. Let M be a nitely genemated R-module with bounded Betti num-
bers. Then M is eventualy periodic of period 2 provided that one of the following
conditions holds:

(i) (Eisenbud[5, Theorem 4.1]) R is a complete intersection;

(i) (Avramov [2, Theorem 1.6]) edim(R) depth(R) 3, or edim(R) depth(R)
= 4 and R is Gorenstein.

We prove the following result in Section 2.

Theorem 1.1. Let R be a Cohen-Maaulay local ring of multiplicity 7 and
edim(R) depth(R) 4, or a Gorenstein local ring of multiplicity 11 and
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edim(R) depth(R) 5. Then for every nitely geneated R-module M either
pdr(M) < 1 or the sequene fbY (M )g, M)+ depth(r)+1 is strictly increasing.

An immediate consequencef Theorems 1.0 and 1.1 is the validity of Eisen-
bud's conjecture over rings of small multiplicit y:

Theorem 1.2. Let R be a Cohen-Maaulay local ring of multiplicity 7ora
Gorenstein local ring of multiplicity 11 If M is a nitely geneated R-module
with boundeal Betti numkbers, then M is eventualy periodic of period 2.

The main results in this paper are the constructions of counterexamplesto
Eiserbud's conjecture. They establish the following:

Theorem 1.3. There exist local graded artinian rings of embedding dimension
4 and length 8, and local graded Gorenstein rings of embkedding dimension 5 and
length 12, over which both claims of the conjecture fail.

The examplesare given in Section 3, where their \minimalit y" is also dis-
cussed.

Thus, the problem \What is the reasonfor the Betti numbers of M to be
bounded?" remains open. In particular, it is not known whether the boundedness
of the Betti numbers implies that they becomeevenually constart (a question
asked by Ramras).

The nal Section4 contains someremarks on the restrictions on k imposedby
our constructions. In particular, it is shown that the rst statemert of Eiserbud's
conjecture holds when R is artinian with k algebraic over a nite eld, but the
secondstatemert fails with any k.

Ac knowledgmen ts. We are grateful to L. Avramov for his guidanceduring this
work and for the help in writing the paper.

2. Mo dules over artinian rings

For a nitely generatedR-module M, denote I(M) its length. Throughout this
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section we use the following notation:

e = dim¢(m'=m'*t) i>0

X
Hilbr(t) = 1+ gt
i=1

e= (m)=edm(R) = ¢
h= minfijm'** = 0g
I = I(R):
Over an artinian ring R, there is an obvious relation between the number of

generatorsof a submodule M of m"RP and the length of m", namely: (M)
(M) I(m")b. Our rst lemmashaws that this can beimprovedin a useful way.

Lemma 2.1. LetR bean artinian ring andlet M be a nitely geneated R-module
suchthat M m"RP; b 1; n 0. Then

(M) (I(m")+n h)b:

Proof: The proofis by descendingnduction onn. When n = h, the claim coincides
with the remark made above. Now let n < h and supposethat the assertion has

already beenproved for n + 1. Let vy;:::;Vs be a generating set of M. We may
assumethat vq;:::;Vv, (Wherep s) are cortained in a minimal generating set of
M"RP and vp.1 ;111 Vs arein m"*1 RP,

Consider rst the casewhenp (e, 1)b. Writing M °for (Vps1 ;1115 Vs)R, we

havethat (M) p+ (M?9. Usingthe induction hypothesisfor M® m"*1 RP
we obtain

(M) p+ (MY (en Db+ (I(M"™)+n+1 h)b
= ((m")+n h)b:

Supposenow that (e, 1)b< p, setq= e,b p, andnotethat 0 q< b

the w;'s of the form (0;:::;0;y;;0;:::;0) with the nonzeroelemen y; 2 m" in
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the ri'th place. Furthermore, permuting the summands of R® if necessary we

assumethat ri > b qforl i q i.e,w 2 m"RY wherethe decomposition
RP= RP 9 RY s taken with respect to standard basis. Thusforp+ 1 | s
we havev; = [ zjvi + vl with z; 2 m and v} 2 m"*1 R% In particular,

M) p+ (M® eb g+ ((M"™)+n+1 h)q
enb+ (IM")+n  h)b= (IM")+n  h)b:

O

Prop osition 2.2. Let R be an artinian ring and let M be a nitely geneated
R-module. We havel},; (M) (2e I+h 21BR(M)forn (M).

Proof: We may supposethat M isnot freeand2e |+ h 1 1 (otherwise the
assertionis trivial). Then, there exists an n (M) sud that b, b, 1 = b
In order to establish the required inequality, we construct a su cien tly large set
of elemerts in Ker(d,) and shaw that it can be extendedto a minimal system of
generatorsof Ker(d,).

fwsjl s ehg = f(0;:::;0;x;;0;:::;0) 2 R™
whereX; isin the j'th placejl1 i €1 | bg:

Sinced, (ws) 2 m?R” we know by 2.1that g (I(m?)+ 2 h)bamongthem gen-
rate (d, (w1);:::; dn(Wep, )) R. Renumbering, if necessarywe rﬂ)ave that d,(w;) =
jq:1 Vidn(w;); g< i eb;y; 2 R. Henceui = w, qul yij wj are in

Ker(d,). Note that the imagesof the u;'s are linearly independert in the quotient

mRP =m2R™  hencein Ker(d,)=mKer(d,). Thus, the u;'s are cortained in a

minimal generating set of Ker(d,). Their number, el g, doesnot exceedh, +; ,

hence

() bher ety g ey (I(m?)+2 hb 1 ek (I(M?)+2 h)b,

=(2e l+h 1) :



In particular, b,+; b, and the argument can be iterated. O

Corollary 2.3. LetR and M be asin Proposition 2.2.

(i) f2 I+h 1=1, thenthereexistsatwith (M) 1 t 1 suchthat
R (M) = B,y (M) for maxf (M) L 1g n<tandtf(M)< B,y (M)
forn t.

(i) If 226 1+ h 1= 2, thenthe sequene fb}(M)g, (M) Is strictly increasing

and has strong expnential growth, i.e. there exist real numbers B A > 1 such

that A"  BR(M) B™ holdsfor all suciently largen.

Proof: (i) It only remainsto remark that under the hypothesisof (i), if b, > by, 1,
then the third inequality in (*) is strict, henceb,.; > b,.

(i) The upper bound is well known to hold for arbitrary modules;e.g. see[2,
2.5]. For the lower bound apply Proposition 2.2. O

Corollary 2.4. Eisenbud's conjecture holds over artinian rings with m? = 0 and
over Gorenstein rings with m3 = 0.

Proof: If edim(R) 3, then apply Theorem 1.0 (ii). If edim(R) > 3, then apply
Corollary 2.3 (ii). ]

It should be noted that Corollary 2.4 easily follows from the results of Eisen-
bud [5, Theorem 4.1] and of Lescot [7, Theorem B and Proposition 3.9].

Lemma 2.5. Let R be an artinian Gorensteinring with I((m" 1) 3. If M is an
R-submalule of the R-modulem” R b 1, and (M) = (I(m" 1) 1)b, then
M = mh IRP

vector spaceN with basisny;:::;n¢ suc that sacc(R?) N M%andN mM =
soc(RP). Since R is a zero-dimensional Gorenstein ring, R® is an injective R-
module. Therefore, R® = P Q for someR-module Q, where P = R is the
injective ervelope of N..

We will provethat P\ M %= 0. SinceP is an essetial extensionof N, it
su ces to show that N\ M %= 0. This is obvious from the relations N \ M %
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sac(RP)\ M = soc(M) = M mM % Thus, the canonicalmapR?! RP=P = RP ©
is injective on M % Sincethe image of M %is cortained in m" 1RP ¢ it follows
from Lemma 2.1 that (M% e, (b c¢). This implies & b= (M)
MY+ (MG  (N)+ (MY c+e 1(b c), hencec=0,ie. N = 0. We
have showvn that mM = soc(RP) = mM"RP, sothat M=mM | m" 'RP=mMRP.
But dimyM=mM = (M) = e, 1b= dimm" R°=m"RP; therefore M=mM =
mM IRP=mPRP. This yieldsM = m" R®: O

Prop osition 2.6. Let R be a Gorensteinring with h = 3. Then| 2(e+ 1). If
| 8 2(e+ 1), then either M is free or the sequene f b} (M )g, (M)+1 IS strictly
increasing.

Proof: SinceR is self-injective, one has
I(0:m?)=I(R) ImMY)=1+e+e+1 (eo+1)=e + 1:

Now m# = 0 givesthe inclusionm? (0: m?); hencel+e, 1+ej,ie. e e.

We have shovn that | 2(e+ 1). If | < 2(e+ 1), then our claim follows from
2.3(ii). Hence,we assumel = 2(e+ 1), i.e. Hilbg(t) = 1+ et+ (e 1)t2+ t3.
By 2.3(i) it suces to shaw that b, < b,+1 for somen (M) + 1. Supposethe
cortrary. By the samecorollary, we then haveb=b 1=hb =b+1 = b B3

fori= (M). Setl, 1= d,(mR™). The exact sequences
b dn+1 b dn
R™ I mR™ F'lp 2 1O
yield forn=1i;i+ 1;i+ 2:

(In 1)  (MR™) (R™1) eb b eb b=(e 1)b:

Therefore, it follows from Lemma2.5that I, 1 = m2R™ + forn=1i i+ 1;i + 2.
From the exact sequences
dv |

0 ! Ker(dy) ! mR"™ ln 1! O

we now get [(Ker(dn)) = [(MR™) I(l, 1) = 2eb eb= eb= I(l,) for the same
valuesof n. Howewer, sincel,, Im(dh+1) = Ker(d,), this implies I, = Ker(dy)
forn=1ii+ 1.



Thus, we have the exact sequence

di +1

0! Ijy, ! RbPn L1, 1 0;

which gives(2e+ 1)b= I(RP+ ) = I(li+1 )+ I(l;) = 2el which is a contradiction. I

Proof of Theorem 1.1: ReplacingR by R°= R[X]nrxjand M by M%°= M g
RO if necessary we may assumethat k is in nite. By [8, Theorems 14.13 and

part of aminimal systemof generatorsof m. Then Tor?(M;R) = Ofor everyi > d,

hencethe complex F 4 r R is the minimal free resolution of SyZf (M) r R

over R. Therefore, If}, (M) = R (SyZ;(M) r R) forn 0. Thus, replacing R

by R and M by Sy (M) r R, we have to establish the following claim:

Claim. Let R be artinian with e 4 and | 7, or let R be artinian Goren-

stein with e 5 and | 11. If M is a nonfree R-module, then the sequence
fOR(M)g, (M)+1 IS strictly increasing.

In the former casethe claim follows directly from Corollary 2.3 (ii). In the
Gorenstein caseCorollary 2.3 (i) applieswhenh 4 or whenh 2. Assuming
that the claim fails for the remaining value h = 3, we obtain from our assumptions
and Proposition 2.6 that 12 2(e+ 1) =1 11, which is a corntradiction. O

3. The examples

We denote by gr, R the assaiated gradedring ;i om'=m'*! and say that R
is graded if the rings R and gr,, R are isomorphic; note that this implies R is
artinian. If S= ;S isagradedringandM = ;M;, N = ;N; are graded
S-modules, then a homomorphism' : M ! N is an S-linear map, sud that
for all i we have ' (M;) Ni. As usual, we write M (a) to denote the graded
S-module with M (a); = Mj+ 3.

Prop osition 3.1. Letk bea eld andlet be a nonzem elementin k. Denote
by o( ) the order of in the group of units of k. SetR = K[X 1;:::; X5]=Il, where
the X;'s are indeterminates and | is the ideal generted by the following quadratic
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forms:

X 1X3+ XoX3;, XiXa+ XoXa; X3Z XoXs+ X 1Xs;
X2 XoXs+ X1Xs X% X2, X3Xa X3Xs XaXs XE&

Denote by x; the image of X; in R. Then:
() (R;m;k) is a graded local Gorenstein ring with Hilbg (T) = 1+ 5t + 5t2 + t3.
(i) The seguene@ of homomorphismsof graded R-modules

G: ! R n 1) ™1 RY n) %I R n+1)!

wheren 2 Z and

X1 "X3+ Xg

dn - 0 X2

is an exact complex (where the i'th column of the matrix of d, is the image
of the i'th vector of the standard basis).
(i) SetM = Im(dp). If o( ) dividest s, then

SyZ (M) = SyZ(M)(t s)

as graded modules. Conversely, if SyZ(M) = Syz'(M) as (not necessarily
graded) R-modules, then o ) dividest s.

The following examplesare immediate consequences:
Example 3.2. If o( )= 1, then M is not eventually periodic over R.
Example 3.3. If o ) = g, then M s periodic of minimal period q over R.

Proof of 3.1: (i) The ring R is graded by deg(x;) = 1, and obviously it is local.
Choosethe basisfxjjl i 5g in R;. Clearly, ys = X1X2; Y4 = X1X4; Y3 =
X1X3; Y2 = Xi1Xs; Y1 = XoXs form a basis of R,. Setz = XiXoXs. A direct
computation showsthat x;y; = jzforl i;j 5,andm*= 0.

In order to establish (i) we have onIy to prove that x1x2x5 6 0. Denote

of the proposition. If X;Xoxs5 = 0, then X1 X,X5 = : 1 J - i Xj g for
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some j 2 k. The following relations are obtained by equating the coe cien ts of
X1XoX5; X1X3; XoX3; XX 2, and X»X 2, respectively:

A= 3+ 3 aut 2=1
B= s+ 13=0; C= 2+ 13=0
D= o4+ 41=0; E= 24+ 4=0:
NowO=E D+ C B = nt 3 41+ 42 = A = 1givesthe desired

cortradiction.

(i) It isimmediate from the de ning equationsof R that d,d,+; = 0. Denote
dn;i the restriction of d, on R?( n);. The imagesunder dn., +1 0f (X2;0); (X3;0);
(X4;0); (x5;0) and (0;x1); (0;x3); (0;x4); (0;xs) are linearly independert in
R2( n+ 1)h+1 . Wehavethat dnp +2 (X2X5;0) = (z;0) and dn, +2 (0; X1X5) = (0; 2).
Thus,

-2
ranky (d,) rankg(dni) 2+ 8= 12:

i=n

On the other hand,

ranky (dn) = dim(R?( n+ 1)) dimy(Ker(dn 1))
dim(R?( n+ 1)) rankg(d,) 24 12= 12:

Thus, for any n, dimg(Ker(d,)) = dimg(Im(d,)) = 12, which provesexactness.
(i) Sincethe rst assertionis obvious, assumeSyZ (M) = SyZ (M) as R-
moduleswith, say s < t. This lifts to an isomorphism of degrees t of complexes

u: G ! G 4 whereG , denotesthe complex:::! G;s dr+1! G, !
0! 0! :::. Letu; and ui+; begivenin the standard basisby the matrices:
a b and a P
c d ® d°

respectively. Then comparing the (1;2)-erntry in the matrix equality ds+1 Ut+1 =
( 1)!' Su¢di+1 we obtain

boxl 4+ s+l dOX3 + d%(4 — ( 1)t S( t+1 axz+ axg + bX2):
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Let v denote the imageof v2 R in k = R=m. Sincel is generatedby quadratic
forms we get

boxl + s+l d0X3 + dOX4 — ( 1)t S( t+1 axsz + axg + bXZ):

Hencel®= 0; b= 0; s*1d°= ( 1) s "la and d®= ( 1)! Sa. If we assume
that o( ) doesnot divide t s, then it followsthat d°= a= 0, sou; and u;+; are
not isomorphisms,which is a cortradiction. [

Prop osition 3.4. Letk; ; ;R; M; o( ); and G be asin Proposition 3.1.
(i) (P = R=(x5); m% k) is a local graded artinian ring with m® = 0.
(i) The complexH = G r P is exact.
(i) SetL=M RrP. ThenSyZ (L) =SyZ (L) if andonlyift s 0Omod(o( )).

The proof of 3.4 is omitted becauseit is similar to that of 3.1.
In particular, we have the following examples:

Example 3.5. If o( )= 1, then L is not eventually periodic over P.
Example 3.6. If o( ) = q, then L is periodic of minimal period g over P.

Remark 3.7. From Theorem 1.0 (ii) it follows that the rings in our examples
have the minimal possibleembedding dimension. It is easily seen,by taking tensor
products over k of P and R with appropriate k-algebras,that counterexamplesto

Eiserbud's conjecture exist over rings P9 respectively Gorenstein rings R® with

arbitrary valuesof embedding dimensionand depth, subject only to the conditions
edim(P% depth(P% 4 and, respectively, edim(R®% depth(R% 5.

It should be noted that in the counterexamples constructed above, the rings
are graded k-algebras and have minimal length (by Theorem 1.2) and minimal
nilp otency degree of the maximal ideal (by Theorem 2.4). The corresponding
modules are graded, have linear resolutions, and are in nite syzygies(which is a
strong condition for periodicity). They have constart Betti numbers equal to 2,
which is the minimal possiblevalue of lim suph,, asseenfrom the following result:

Prop osition 3.8. Let W be a commutative noetherian local ring. If U is a nitely
geneated W-module suchthat B (U) = 1for n 0, then U is eventualy periodic
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of period 2.

Proof: By assumption,for n  Othe di erential of the minimal freeresolution of U
is W I W for somex,, 2 W. Sincex; 1x; = 0, onehasx; 12 (0:X%i) = Xjs1 W
for all suciently largei. Thus, we have x; 1W  Xj+1 W. As W is noetherian,
the desired property follows. O

Remark 3.9. In the examples,m2M = 0, and this is \minimal" in the following
sense. If mM = 0, i.,e. M is a direct sum of copies of the residue eld, and
M has bounded Betti numbers, then it is well known that R is a hypersurface
ring; henceby [5, 6.1] M is eventually periodic of period 2. In particular, for any
counterexample of Eiserbud's conjecture one has length(M ) > 1, but we do not
know what the minimal possiblelength is.

Remark 3.10. In [1] a generalization of the notion projective dimension of a
module, called virtual projective dimensionand denotedvpdg (M), is intro duced.
By [1, 4.4], a module which has nite virtual projective dimension and bounded
Betti numbers is evertually periodic of period 2. Thus, for 6 1 one has
vpdr (M) = 1 and vpdp (L) = 1. In fact, for 6 1 the ring P has no
embeddeddeformation: this can be chedked by the sameargumert asusedin [3].

Howewer, for = 1 Proposition 3.4 doesnot provide moduleswith bounded
Betti numbersand in nite virtual projective dimension. To shaw this, we exhibit
an embedded codimension 1 deformation Q of P sud that pdgoL = 1: by [1] this
meansvpdp L = 1. Set Q%= K[X1;X>; X3;X4]=T wherethe X;'s are indetermi-
natesand T is the ideal generatedby the following quadratic forms

X 1X3+ XoX3, XiXa+ XoXg; X3 X2, X3Xg4, X2 X3:

Denote by x; the imageof X; in Q%and by Q the localization at (X1; X2; X3; X4) of
Q% Then x? is a non-zeralivisor of Q and P = Q=(x2), henceQ is an embedded
deformation of P. The minimal free resolution of L over Q is then

X1 X3+ Xy
0! Q2 0 x Q2:

Remark 3.11. Notethat for = 1 (respectively = 1)the modulelL is periodic
of minimal period 2 (respectively 1). Thus, the question may arise whether a
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module of minimal period 2 (respectively 1) necessarilyhas nite virtual projective
dimension. Once more, the answer is negative. For period 2 a relevant example
is constructed in [3]. For period 1, take in Proposition 3.4 6 1 and set
N = P=(x1): The complex

PP TP

is then the minimal P -free resolution of N .

4. Artinian rings with small residue eld

The examples 3.2 and 3.5 of nonperiodic modules with bounded Betti numbers
require that k cortains an elemen of in nite multiplicativ e order, i.e., that k be
not algebraic over a nite eld. It is shavn in 4.2 below that this condition is
essefal.

In 3.3 and 3.6 the assumption that k contains a gth root of unity can be
avoided at the expenseof increasingthe enmbedding dimension. This is showvn in
Example 4.3.

Prop osition 4.1. Let R be artinian, suchthat k is an algebaic extension of the
prime eld F, (p> 0). For any nitely geneilted R-module M there exista nite
artinian ring R® and an R%module M ° suchthat R is a faithfully at R®“module,
andM = M% RroR.

Remark. In the casewhen R contains a eld, the proposition is an immediate
consequencef the proof of [6, 2.2].

Proof: From Cohen's structure theorem [4, x2 Theoreeme 3] it follows that R =
S=I, where S = V[Xq;:::;Xn]; V is a complete discrete valuation ring with

u 1. Sincek is perfect, there exists by [4, x2 Proposition 7] a multiplicativ e
systemAlg fa ) 2 g=k sud that every v 2 V is expresseduniquely in the
form v = rl]zo a\,;hph with ay.n 2 A[ fOg. Forv2 V setA, = fa,n 2 Ajh < ug
and for f 2 S let As denote the union of all A,, taken over the coe cien ts of f.
Note that jAsj < 1 . Let

st@)lst 1 M o1 o0
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be a presenation of M and let B be the multiplicativ e subgroup of A generated
by the nite set([1 i rAf,)[ ([ 1 ¢ Ay, ). Sincek is an algebraic extension
1]

of Fp,, every elemen of k is torsion, hencesois every elemert of A, henceB is
nite. It follows that there existsa b2 B sud that B = hoi. With the p-adic
numbers Z,, canonically embeddedin V, setV°= Z,[b]. SinceVis integral over
Z, and V%=pVis the eld Fp(b) (where b is the image of b in k = V=pV), we
seethat V°is a complete discrete valuation ring with maximal ideal pv% The
domain V is torsion-free V%module and the inclusion V®! V is at. Note that
fn,1 h r,andgj,1 i d;1 | t, arecortainedin S°= VIX;:::;Xn].

MO= Coker(s® %’ s2)

wehaveM = M? goRandR = R® y. V. Obviously, R%is a nite local artinian
ring and R%! R is at. H

Corollary 4.2. If Ris asin 4.1 and M is a nitely geneated R-module with
cxgr(M) = 1, then M is eventualy periodic.

Proof: With the R®and M © given by 4.1, let F° be the minimal free resolution of
M %over R®. SinceRlisR-at, F = F® g R%isaminimal freeresolution of M over
R. Soit is enoughto show that M Ois evertually periodic. But BR"(M 9 = bR (M)
are bounded and R® is a nite ring, hencethere exist only a nite number of
possibilities for the matrices d2. Thus, M % is evertually periodic. H

Example 4.3. Let k be an arbitrary eld. Set

where the Xi's and Y;'s are indeterminates and |, is the ideal generatedby the
following quadratic forms:

X1Y1+ XoYn; XaYi+ XY 1 for2 1 n;
X2X3  YZ X2X3 YiYae ifor2 i 1+ n=2;
X1X3+ YiYna jforl i (n+ 1)=2;
X2 X2 X3 YiXzforl i n;
YiYford i j n;i+j6n+1Ln+2and(i;j)6 (1;1):
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Denote by x; andy;, respectively, the imagesof X; and Y; in S,.

(i) (Sn;mp;Kk) is alocal graded Gorensteinring with Hilbs (t) = 1+ (n+ 3)t +
(n+ 3)t% + t3,

(i) The sequenceof homomorphismsof graded S, -modules

Cn: it ! S2( )9 S2(i+1) ! :::; wherei2Zz;
= X1 Y
dl 0 x

andy; =y, ifi jmod(n), isan exact complex.
(i) The module N, = Im(dp) is a periodic module over S, of minimal period n.
Setting S? = S,=(x3), we obtain asin Section3 an exampleover a non-Gorenstein
ring.
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