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Abstract: Over commutativ e graded local artinian rings, examples are constructed of periodic

modules of arbitrary minimal period and modules with constant Betti numbers which are not

eventually periodic. They provide counterexamples to a conjecture of D. Eisenbud, that every

module with bounded Betti numbers over a commutativ e local ring is eventually periodic of

period 2. We prove however, that the conjecture holds over rings of small length.

1. In tro duction

This paper considersthe relations betweenthe structure of �nitely generatedmod-
ules over local noetherian rings and the asymptotic behavior of their sequencesof
Betti numbers,along the lines suggestedby the work of Eisenbud [5] and Avramov
[2]. We study modules whoseBetti numbers are bounded.

Let R be a commutativ e noetherian local ring with maximal ideal m and
residue�eld k = R=m. As usual, we denote edim(R) the embedding dimension of
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R, that is, the minimal number of generatorsof m, and by depth(R) the longest
length of a regular sequencecontained in m. If M is a �nitely generatedR-module,
we denote by � (M ) its minimal number of generators. Let

F : : : : � ! Fn
dn� ! Fn � 1 � ! : : : � ! F1

d1� ! F0

be a minimal free resolution of M over R. The n'th Betti number of M over R
is bn = bR

n (M ) = rank(Fn ), and SyzR
n (M ) =Coker(dn +1 : Fn +1 ! Fn ) is called

the n'th syzygyof M over R. Following [1,2] we say that M has complexity c, and
write cxR (M ) = c, if c � 0 is the least integer for which there exists a real number
A > 0 such that bR

n (M ) � An c� 1 holds for n � 1; if no such c exists, then set
cxR (M ) = 1 .

From a homological point of view, the simplest modules are those with
bR

n (M ) = 0 for all su�cien tly large n. Note that the projective dimensionpdR (M )
is �nite exactly when cxR (M ) = 0. The next natural question is: What does
cxR (M ) � 1 mean? A simple reasonfor this to happen is the presenceof period-
icit y. A module M is said to be eventually periodic of period q > 0 if there exists
a non-negative integer s such that SyzR

s (M ) �= SyzR
s+ q(M ). If s = 0, then M is

called periodic of period q. Modules of complexity one seemto occur rarely, and
in [5] Eisenbud stated the following:

Conjecture. If M is a �nitely generated R-module with bounded Betti numbers,
then M is eventually periodic. A periodic module has period 2.

The main casesin which the conjecture has been proved are summarized
below:

Theorem 1.0. Let M be a �nitely generated R-module with bounded Betti num-
bers. Then M is eventually periodic of period 2 provided that one of the following
conditions holds:
(i) (Eisenbud [5, Theorem 4.1]) R is a complete intersection;

(ii) (Avramov [2, Theorem 1.6]) edim(R)� depth(R) � 3, or edim(R)� depth(R)
= 4 and R is Gorenstein.

We prove the following result in Section 2.

Theorem 1.1. Let R be a Cohen-Macaulay local ring of multiplicity � 7 and
edim(R)� depth(R) � 4, or a Gorenstein local ring of multiplicity � 11 and
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edim(R)� depth(R) � 5. Then for every �nitely generated R-module M either
pdR (M ) < 1 or the sequence f bR

n (M )gn � � (M )+ depth(R )+1 is strictly increasing.

An immediate consequenceof Theorems 1.0 and 1.1 is the validit y of Eisen-
bud's conjecture over rings of small multiplicit y:

Theorem 1.2. Let R be a Cohen-Macaulay local ring of multiplicity � 7 or a
Gorenstein local ring of multiplicity � 11. If M is a �nitely generated R-module
with bounded Betti numbers, then M is eventually periodic of period 2.

The main results in this paper are the constructions of counterexamples to
Eisenbud's conjecture. They establish the following:

Theorem 1.3. There exist local graded artinian rings of embedding dimension
4 and length 8, and local graded Gorenstein rings of embedding dimension 5 and
length 12, over which both claims of the conjecture fail.

The examplesare given in Section 3, where their \minimalit y" is also dis-
cussed.

Thus, the problem \What is the reason for the Betti numbers of M to be
bounded?" remains open. In particular, it is not known whether the boundedness
of the Betti numbers implies that they becomeeventually constant (a question
asked by Ramras).

The �nal Section4 contains someremarkson the restrictions on k imposedby
our constructions. In particular, it is shown that the �rst statement of Eisenbud's
conjecture holds when R is artinian with k algebraic over a �nite �eld, but the
secondstatement fails with any k.

Ac kno wledgmen ts. We are grateful to L. Avramov for his guidanceduring this
work and for the help in writing the paper.

2. Mo dules over artinian rings

For a �nitely generatedR-module M , denote l(M ) its length. Throughout this
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section we usethe following notation:

ei = dimk (m i =m i +1 ) i > 0

Hilb R (t) = 1 +
1X

i =1

ei t i

e = � (m) = edim(R) = e1

h = minf i j m i +1 = 0g

l = l(R) :

Over an artinian ring R, there is an obvious relation between the number of
generatorsof a submodule M of m n Rb and the length of m n , namely: � (M ) �
l (M ) � l (m n )b. Our �rst lemma shows that this can be improved in a useful way.

Lemma 2.1. Let R be an artinian ring and let M be a �nitely generated R-module
such that M � m n Rb; b � 1; n � 0. Then

� (M ) � (l (m n ) + n � h)b:

Proof: The proof is by descendinginduction on n. When n = h, the claim coincides
with the remark made above. Now let n < h and supposethat the assertion has
already beenproved for n + 1. Let v1; : : : ; vs be a generating set of M . We may
assumethat v1; : : : ; vp (where p � s) are contained in a minimal generating set of
m n Rb and vp+1 ; : : : ; vs are in m n +1 Rb.

Consider �rst the casewhen p � (en � 1)b. Writing M 0 for (vp+1 ; : : : ; vs)R, we
have that � (M ) � p + � (M 0). Using the induction hypothesis for M 0 � m n +1 Rb

we obtain

� (M ) � p + � (M 0) � (en � 1)b+ (l (m n +1 ) + n + 1 � h)b

= (l (m n ) + n � h)b:

Supposenow that (en � 1)b < p, set q = en b � p, and note that 0 � q < b.
Let v1; : : : ; vp; w1; : : : ; wq be a minimal generating set of m n Rb. We may take
the wi 's of the form (0; : : : ; 0; yi ; 0; : : : ; 0) with the nonzero element yi 2 m n in

4



the r i 'th place. Furthermore, permuting the summands of Rb if necessary, we
assumethat r i > b � q for 1 � i � q, i.e., wi 2 m n Rq, where the decomposition
Rb = Rb� q � Rq is taken with respect to standard basis. Thus for p + 1 � j � s
we have vj =

P p
i =1 zij vi + v0

j with zij 2 m and v0
j 2 m n +1 Rq: In particular,

M = (v1; : : : ; vp; v0
p+1 ; : : : ; v0

s)R. Applying the induction hypothesis to M 00 =
(v0

p+1 ; : : : ; v0
s)R � m n +1 Rq we obtain

� (M ) � p + � (M 00) � en b� q + (l (m n +1 ) + n + 1 � h)q

� en b+ (l(m n +1 ) + n � h)b = (l (m n ) + n � h)b:

Prop osition 2.2. Let R be an artinian ring and let M be a �nitely generated
R-module. We havebR

n +1 (M ) � (2e � l + h � 1)bR
n (M ) for n � � (M ).

Proof: We may supposethat M is not free and 2e � l + h � 1 � 1 (otherwise the
assertion is trivial). Then, there exists an n � � (M ) such that bn � bn � 1 = b.
In order to establish the required inequality, we construct a su�cien tly large set
of elements in Ker(dn ) and show that it can be extended to a minimal system of
generatorsof Ker(dn ).

Let x1; : : : ; xe be a minimal generating set of m. Consider the elements

f ws j 1 � s � ebn g = f (0; : : : ; 0; x i ; 0; : : : ; 0) 2 Rbn

where x i is in the j 'th place j 1 � i � e;1 � j � bn g:

Sincedn (ws) 2 m 2Rb we know by 2.1 that q � (l (m 2) + 2 � h)b among them gen-
erate (dn (w1); : : : ; dn (webn ))R. Renumbering, if necessary, we have that dn (wi ) =
P q

j =1 yij dn (wj ); q < i � ebn ; yij 2 R. Hence ui = wi �
P q

j =1 yij wj are in
Ker(dn ). Note that the imagesof the ui 's are linearly independent in the quotient
mRbn =m 2Rbn , hence in Ker(dn )=mKer(dn ). Thus, the ui 's are contained in a
minimal generating set of Ker(dn ). Their number, ebn � q, doesnot exceedbn +1 ,
hence

(� )
bn +1 � ebn � q � ebn � (l (m 2) + 2 � h)bn � 1 � ebn � (l (m 2) + 2 � h)bn

= (2e � l + h � 1)bn :
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In particular, bn +1 � bn and the argument can be iterated.

Corollary 2.3. Let R and M be as in Proposition 2.2.
(i) If 2e � l + h � 1 = 1, then there exists a t with � (M ) � 1 � t � 1 such that

bR
n (M ) = bR

n +1 (M ) for maxf � (M ) � 1; 1g � n < t and bR
n (M ) < bR

n +1 (M )
for n � t.

(ii) If 2e � l + h � 1 = 2, then the sequence f bR
n (M )gn � � (M ) is strictly increasing

and has strong exponential growth, i.e. there exist real numbers B � A > 1 such
that An � bR

n (M ) � B n holds for all su�ciently large n.

Proof: (i) It only remains to remark that under the hypothesisof (i), if bn > bn � 1,
then the third inequality in (*) is strict, hencebn +1 > bn .

(ii) The upper bound is well known to hold for arbitrary modules; e.g. see[2,
2.5]. For the lower bound apply Proposition 2.2.

Corollary 2.4. Eisenbud'sconjecture holds over artinian rings with m 2 = 0 and
over Gorenstein rings with m 3 = 0.

Proof: If edim(R) � 3, then apply Theorem 1.0 (ii). If edim(R) > 3, then apply
Corollary 2.3 (ii).

It should be noted that Corollary 2.4 easily follows from the results of Eisen-
bud [5, Theorem 4.1] and of Lescot [7, Theorem B and Proposition 3.9].

Lemma 2.5. Let R be an artinian Gorenstein ring with l(m h� 1) � 3. If M is an
R-submodule of the R-module m h� 1Rb; b � 1, and � (M ) = (l (m h� 1) � 1)b, then
M = m h� 1Rb.

Proof: Chooseelements v1; : : : ; vp 2 soc(M ), whoseimagesform a k-basis of the
image of soc(M ) ,! M ! M =mM . Complete v1; : : : ; vp to a minimal generating
set of M , say v1; : : : ; vs. Set M 0 = (v1; : : : ; vp)R � soc(M ), M 00= (vp+1 ; : : : ; vs)R.
Obviously, mM 00= mM � soc(Rb) and M 0 \ mM = 0. Hencethere exists a k-
vector spaceN with basisn1; : : : ; nc such that soc(Rb) � N � M 0 and N � mM =
soc(Rb). Since R is a zero-dimensionalGorenstein ring, Rb is an injective R-
module. Therefore, Rb = P � Q for some R-module Q, where P �= Rc is the
injective envelope of N .

We will prove that P \ M 00= 0. Since P is an essential extension of N , it
su�ces to show that N \ M 00= 0. This is obvious from the relations N \ M 00�
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soc(Rb)\ M = soc(M ) = M 0� mM 00: Thus, the canonicalmap Rb ! Rb=P �= Rb� c

is injective on M 00. Since the image of M 00 is contained in m h� 1Rb� c, it follows
from Lemma 2.1 that � (M 00) � eh� 1(b � c). This implies eh� 1b = � (M ) �
� (M 0) + � (M 00) � � (N ) + � (M 00) � c + eh� 1(b � c), hencec = 0, i.e. N = 0. We
have shown that mM = soc(Rb) = m h Rb, so that M =mM ,! m h� 1Rb=m h Rb.
But dimk M =mM = � (M ) = eh� 1b = dimk m h� 1Rb=m h Rb; therefore M =mM =
m h� 1Rb=m h Rb. This yields M = m h� 1Rb:

Prop osition 2.6. Let R be a Gorenstein ring with h = 3. Then l � 2(e+ 1). If
l 6= 2(e + 1), then either M is free or the sequence f bR

n (M )gn � � (M )+1 is strictly
increasing.

Proof: SinceR is self-injective, one has

l(0 : m 2) = l(R) � l (m 2) = 1 + e1 + e2 + 1 � (e2 + 1) = e1 + 1:

Now m 4 = 0 givesthe inclusion m 2 � (0 : m 2); hence1+ e2 � 1+ e1, i.e. e2 � e1.
We have shown that l � 2(e+ 1). If l < 2(e+ 1), then our claim follows from

2.3(ii). Hence, we assumel = 2(e + 1), i.e. Hilb R (t) = 1 + et + (e � 1)t2 + t3.
By 2.3(i) it su�ces to show that bn < bn +1 for somen � � (M ) + 1. Supposethe
contrary . By the samecorollary, we then have b = bi � 1 = bi = bi +1 = bi +2 � bi +3

for i = � (M ). Set I n � 1 = dn (mRbn ). The exact sequences

Rbn +1
dn +1� � � � � � � � ! mRbn dn� � � � � � � � ! I n � 1 � ! 0

yield for n = i; i + 1; i + 2 :

� (I n � 1) � � (mRbn ) � � (Rbn +1 ) � ebn � bn +1 � eb� b = (e � 1)b:

Therefore, it follows from Lemma 2.5 that I n � 1 = m 2Rbn � 1 for n = i; i + 1; i + 2.
From the exact sequences

0 � ! Ker(dn ) � ! mRbn dn� � � � � � � � ! I n � 1 ! 0

we now get l (Ker (dn )) = l(mRbn ) � l (I n � 1) = 2eb� eb= eb= l(I n ) for the same
valuesof n. However, since I n � Im( dn +1 ) = Ker(dn ), this implies I n = Ker(dn )
for n = i; i + 1.
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Thus, we have the exact sequence

0 � ! I i +1 � ! Rbi +1
di +1� � � � � � � � ! I i � ! 0 ;

which gives(2e+ 1)b = l(Rbi +1 ) = l(I i +1 ) + l(I i ) = 2eb, which is a contradiction.

Proof of Theorem 1.1: Replacing R by R0 = R[X ]m R[X ] and M by M 0 = M 
 R

R0 if necessary, we may assumethat k is in�nite. By [8, Theorems 14.13 and
14.14] there exists an R-regular sequencea1; : : : ; ad (d = dim (R)) such that the
multiplicit y of R is equal to the length of �R = R=(a1; : : : ; ad), and a1; : : : ; ad form
part of a minimal systemof generatorsof m. Then TorR

i (M ; �R) = 0 for every i > d,
hence the complex F � d 
 R �R is the minimal free resolution of SyzR

d (M ) 
 R �R
over �R. Therefore, bR

n + d(M ) = b�R
n (SyzR

d (M ) 
 R �R) for n � 0. Thus, replacing R
by �R and M by SyzR

d (M ) 
 R �R, we have to establish the following claim:

Claim. Let R be artinian with e � 4 and l � 7, or let R be artinian Goren-
stein with e � 5 and l � 11. If M is a nonfree R-module, then the sequence
f bR

n (M )gn � � (M )+1 is strictly increasing.

In the former casethe claim follows directly from Corollary 2.3 (ii). In the
Gorenstein caseCorollary 2.3 (ii) applies when h � 4 or when h � 2. Assuming
that the claim fails for the remaining value h = 3, we obtain from our assumptions
and Proposition 2.6 that 12 � 2(e+ 1) = l � 11, which is a contradiction.

3. The examples

We denote by grm R the associated graded ring � i � 0 m i =m i +1 and say that R
is graded if the rings R and grm R are isomorphic; note that this implies R is
artinian. If S = � i Si is a graded ring and M = � i M i , N = � i N i are graded
S-modules, then a homomorphism ' : M ! N is an S-linear map, such that
for all i we have ' (M i ) � N i . As usual, we write M (a) to denote the graded
S-module with M (a) i = M i + a .

Prop osition 3.1. Let k be a �eld and let � be a nonzero element in k. Denote
by o(� ) the order of � in the group of units of k. Set R = k[X 1; : : : ; X 5]=I , where
the X i 's are indeterminates and I is the ideal generated by the following quadratic
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forms:

�X 1X 3 + X 2X 3; X 1X 4 + X 2X 4; X 2
3 � X 2X 5 + �X 1X 5;

X 2
4 � X 2X 5 + X 1X 5; X 2

1 ; X 2
2 ; X 3X 4; X 3X 5; X 4X 5; X 2

5 :

Denote by x i the image of X i in R. Then:
(i) (R; m; k) is a graded local Gorenstein ring with HilbR (T) = 1 + 5t + 5t2 + t3.

(ii) The sequence of homomorphismsof graded R-modules

G : : : : ! R2(� n � 1)
dn +1� � � � � ! R2(� n)

dn� � � � � ! R2(� n + 1) ! : : :

where n 2 Z and

dn =
�

x1 � n x3 + x4

0 x2

�
;

is an exact complex (where the i 'th column of the matrix of dn is the image
of the i 'th vector of the standard basis).

(iii) Set M = Im( d0). If o(� ) divides t � s, then

SyzR
s (M ) �= SyzR

t (M )( t � s)

as graded modules. Conversely, if SyzR
s (M ) �= SyzR

t (M ) as (not necessarily
graded) R-modules, then o(� ) divides t � s.

The following examplesare immediate consequences:

Example 3.2. If o(� ) = 1 , then M is not eventually periodic over R.

Example 3.3. If o(� ) = q, then M is periodic of minimal period q over R.

Proof of 3.1: (i) The ring R is graded by deg(x i ) = 1, and obviously it is local.
Choose the basis f x i j 1 � i � 5g in R1. Clearly, y5 = x1x2; y4 = x1x4; y3 =
x1x3; y2 = x1x5; y1 = x2x5 form a basis of R2. Set z = x1x2x5. A direct
computation shows that x i yj = � ij z for 1 � i; j � 5, and m 4 = 0.

In order to establish (i) we have only to prove that x1x2x5 6= 0. Denote
g1; : : : ; g10 the generators of I , in their order of appearance in the statement
of the proposition. If x1x2x5 = 0, then X 1X 2X 5 =

P 10
i =1

� P 5
j =1 � ij X j

�
gi for
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some� ij 2 k. The following relations are obtained by equating the coe�cien ts of
X 1X 2X 5; X 1X 2

3 ; X 2X 2
3 ; X 1X 2

4 , and X 2X 2
4 , respectively:

A = � � 31 + �� 32 � � 41 + � 42 = 1;

B = � 31 + �� 13 = 0; C = � 32 + � 13 = 0;

D = � 24 + � 41 = 0; E = � 24 + � 42 = 0:

Now 0 = E � D + �C � B = � � 31 + �� 32 � � 41 + � 42 = A = 1 gives the desired
contradiction.

(ii) It is immediate from the de�ning equationsof R that dn dn +1 = 0. Denote
dn;i the restriction of dn on R2(� n) i . The imagesunder dn;n +1 of (x2; 0); (x3; 0);
(x4; 0); (x5; 0) and (0; x1); (0; x3); (0; x4); (0; x5) are linearly independent in
R2(� n+ 1)n +1 . Wehave that dn;n +2 (x2x5; 0) = (z; 0) and dn;n +2 (0; x1x5) = (0; z).
Thus,

rankk (dn ) �
n +2X

i = n

rankk (dn;i ) � 2 + 8 = 12:

On the other hand,

rankk (dn ) = dimk (R2(� n + 1)) � dimk (Ker (dn � 1))

� dimk (R2(� n + 1)) � rankk (dn ) � 24� 12 = 12:

Thus, for any n, dimk (Ker( dn )) = dimk (Im( dn )) = 12, which provesexactness.
(iii) Since the �rst assertion is obvious, assumeSyzR

s (M ) �= SyzR
t (M ) as R-

moduleswith, say s < t. This lifts to an isomorphism of degrees � t of complexes

u : G � t ! G � s, where G � r denotes the complex : : : ! Gr +1
dr +1� � � � � � � � ! Gr !

0 ! 0 ! : : : . Let ut and ut +1 be given in the standard basisby the matrices:

�
a b
c d

�
and

�
a0 b0

c0 d0

�

respectively. Then comparing the (1; 2)-entry in the matrix equality ds+1 ut +1 =
(� 1)t � sut dt +1 we obtain

b0x1 + � s+1 d0x3 + d0x4 = (� 1)t � s(� t +1 ax3 + ax4 + bx2) :
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Let �v denote the image of v 2 R in k = R=m. Since I is generatedby quadratic
forms we get

�b0x1 + � s+1 �d0x3 + �d0x4 = (� 1)t � s(� t +1 �ax3 + �ax4 + �bx2) :

Hence�b0 = 0; �b = 0; � s+1 �d0 = (� 1)t � s � t +1 �a, and �d0 = (� 1)t � s �a. If we assume
that o(� ) doesnot divide t � s, then it follows that �d0 = �a = 0, so ut and ut +1 are
not isomorphisms,which is a contradiction.

Prop osition 3.4. Let k; �; ; R; M ; o(� ); and G be as in Proposition 3.1.

(i) (P = R=(x5); m 0; k) is a local graded artinian ring with m 03 = 0.

(ii) The complex H = G 
 R P is exact.

(iii) SetL = M 
 R P. Then SyzP
s (L ) �= SyzP

t (L ) if and only if t � s � 0 mod (o(� )) .

The proof of 3.4 is omitted becauseit is similar to that of 3.1.

In particular, we have the following examples:

Example 3.5. If o(� ) = 1 , then L is not eventually periodic over P.

Example 3.6. If o(� ) = q, then L is periodic of minimal period q over P.

Remark 3.7. From Theorem 1.0 (ii) it follows that the rings in our examples
have the minimal possibleembedding dimension. It is easilyseen,by taking tensor
products over k of P and R with appropriate k-algebras,that counterexamplesto
Eisenbud's conjecture exist over rings P 0, respectively Gorenstein rings R0, with
arbitrary valuesof embedding dimensionand depth, subject only to the conditions
edim(P 0)� depth(P 0) � 4 and, respectively, edim(R0)� depth(R0) � 5.

It should be noted that in the counterexamplesconstructed above, the rings
are graded k-algebras and have minimal length (by Theorem 1.2) and minimal
nilp otency degreeof the maximal ideal (by Theorem 2.4). The corresponding
modules are graded, have linear resolutions, and are in�nite syzygies(which is a
strong condition for periodicit y). They have constant Betti numbers equal to 2,
which is the minimal possiblevalue of lim supbn , asseenfrom the following result:

Prop osition 3.8. Let W be a commutative noetherian local ring. If U is a �nitely
generated W -module suchthat bW

n (U) = 1 for n � 0, then U is eventually periodic
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of period 2.

Proof: By assumption,for n � 0 the di�eren tial of the minimal freeresolution of U
is W x n� ! W for somexn 2 W . Sincex i � 1x i = 0, one has x i � 1 2 (0 : x i ) = x i +1 W
for all su�cien tly large i . Thus, we have x i � 1W � x i +1 W . As W is noetherian,
the desiredproperty follows.

Remark 3.9. In the examples,m 2M = 0, and this is \minimal" in the following
sense. If mM = 0, i.e. M is a direct sum of copies of the residue �eld, and
M has bounded Betti numbers, then it is well known that R is a hypersurface
ring; henceby [5, 6.1] M is eventually periodic of period 2. In particular, for any
counterexample of Eisenbud's conjecture one has length(M ) > 1, but we do not
know what the minimal possiblelength is.

Remark 3.10. In [1] a generalization of the notion projective dimension of a
module, called virtual projective dimensionand denotedvpdR (M ), is intro duced.
By [1, 4.4], a module which has �nite virtual projective dimension and bounded
Betti numbers is eventually periodic of period 2. Thus, for � 6= � 1 one has
vpdR (M ) = 1 and vpdP (L ) = 1 . In fact, for � 6= � 1 the ring P has no
embeddeddeformation: this can be checked by the sameargument as usedin [3].

However, for � = � 1 Proposition 3.4 doesnot provide moduleswith bounded
Betti numbers and in�nite virtual projective dimension. To show this, we exhibit
an embeddedcodimension 1 deformation Q of P such that pdQ L = 1: by [1] this
meansvpdP L = 1. Set Q0 = k[X 1; X 2; X 3; X 4]=T where the X i 's are indetermi-
nates and T is the ideal generatedby the following quadratic forms

�X 1X 3 + X 2X 3; X 1X 4 + X 2X 4; X 2
3 ; X 2

4 ; X 3X 4; X 2
1 � X 2

2 :

Denote by x i the imageof X i in Q0 and by Q the localization at (x1; x2; x3; x4) of
Q0. Then x2

1 is a non-zerodivisor of Q and P = Q=(x2
1), henceQ is an embedded

deformation of P. The minimal free resolution of L over Q is then

0 � ! Q2

�
x1 �x 3 + x4

0 x2

�

� � � � � � � � � � � � � � � � � � � � ! Q2 :

Remark 3.11. Note that for � = � 1 (respectively � = 1) the module L is periodic
of minimal period 2 (respectively 1). Thus, the question may arise whether a
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module of minimal period 2 (respectively 1) necessarilyhas�nite virtual projective
dimension. Once more, the answer is negative. For period 2 a relevant example
is constructed in [3]. For period 1, take in Proposition 3.4 � 6= � 1 and set
N = P=(x1): The complex

: : : � ! P x 1� � ! P x 1� � ! P

is then the minimal P-free resolution of N .

4. Artinian rings with small residue �eld

The examples3.2 and 3.5 of nonperiodic modules with bounded Betti numbers
require that k contains an element of in�nite multiplicativ e order, i.e., that k be
not algebraic over a �nite �eld. It is shown in 4.2 below that this condition is
essential.

In 3.3 and 3.6 the assumption that k contains a q'th root of unit y can be
avoided at the expenseof increasing the embedding dimension. This is shown in
Example 4.3.

Prop osition 4.1. Let R be artinian, such that k is an algebraic extension of the
prime �eld F p (p > 0). For any �nitely generated R-module M there exist a �nite
artinian ring R0 and an R0-module M 0 such that R is a faithful ly 
at R0-module,
and M = M 0 
 R 0 R.

Remark. In the casewhen R contains a �eld, the proposition is an immediate
consequenceof the proof of [6, 2.2].

Proof: From Cohen's structure theorem [4, x2 Th�eore�eme 3] it follows that R �=
S=I, where S = V [X 1; : : : ; X n ]; V is a complete discrete valuation ring with
maximal ideal pV, V=pV �= k, and I = (f 1; : : : ; f r )S � (p;X 1; : : : ; X n )u for some
u � 1. Since k is perfect, there exists by [4, x2 Proposition 7] a multiplicativ e
system A = f a� j � 2 � g �= k� such that every v 2 V is expresseduniquely in the
form v =

P 1
h=0 av;h ph with av;h 2 A [ f 0g. For v 2 V set Av = f av;h 2 A j h < ug

and for f 2 S let A f denote the union of all Av , taken over the coe�cien ts of f .
Note that j A f j < 1 . Let

Sd (gij )
� ! St � ! M � ! 0
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be a presentation of M and let B be the multiplicativ e subgroup of A generated
by the �nite set ([ 1� i � r A f i ) [ ([ 1 � i � t

1 � j � d
Agij ). Since k is an algebraic extension

of Fp, every element of k � is torsion, henceso is every element of A, henceB is
�nite. It follows that there exists a b 2 B such that B = hbi . With the p-adic
numbers Zp, canonically embeddedin V , set V 0 = Zp[b]. SinceV 0 is integral over
Zp and V 0=pV0 is the �eld Fp(�b) (where �b is the image of b in k = V=pV), we
seethat V 0 is a complete discrete valuation ring with maximal ideal pV0. The
domain V is torsion-free V 0-module and the inclusion V 0 ! V is 
at. Note that
f h , 1 � h � r , and gij , 1 � i � d; 1 � j � t , are contained in S0 = V 0[X 1; : : : ; X n ].
Setting R0 = S0=(f 1; : : : ; f r ) and

M 0 = Coker(S0d (gij )
� ! S0t )

we have M = M 0
 R 0 R and R = R0
 V 0 V. Obviously, R0 is a �nite local artinian
ring and R0 ! R is 
at.

Corollary 4.2. If R is as in 4.1 and M is a �nitely generated R-module with
cxR (M ) = 1, then M is eventually periodic.

Proof: With the R0 and M 0 given by 4.1, let F 0 be the minimal free resolution of
M 0 over R0. SinceR0 is R-
at, F = F0
 R R0 is a minimal freeresolution of M over
R. So it is enoughto show that M 0 is eventually periodic. But bR 0

n (M 0) = bR
n (M )

are bounded and R0 is a �nite ring, hence there exist only a �nite number of
possibilities for the matrices d0

n . Thus, M 0 is eventually periodic.

Example 4.3. Let k be an arbitrary �eld. Set

Sn = k[X 1; X 2; X 3; Y1; : : : ; Yn ]=In ;

where the X i 's and Yi 's are indeterminates and I n is the ideal generatedby the
following quadratic forms:

X 1Y1 + X 2Yn ; X 1Yi + X 2Yi � 1 for 2 � i � n;

X 2X 3 � Y 2
1 ; X 2X 3 � Yi Yn +2 � i for 2 � i � 1 + n=2;

X 1X 3 + Yi Yn +1 � i for 1 � i � (n + 1)=2;

X 2
1 ; X 2

2 ; X 2
3 ; Yi X 3 for 1 � i � n;

Yi Yj for 1 � i � j � n; i + j 6= n + 1; n + 2 and (i; j ) 6= (1; 1) :
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Denote by x i and yi , respectively, the imagesof X i and Yj in Sn .
(i) (Sn ; m n ; k) is a local graded Gorenstein ring with Hilb Sn (t) = 1 + (n + 3)t +

(n + 3)t2 + t3.
(ii) The sequenceof homomorphismsof graded Sn -modules

Cn : : : : � ! S2
n (� i ) di� ! S2

n (� i + 1) � ! : : : ; where i 2 Z;

di =
�

x1 yi

0 x2

�

and yi = yj if i � j mod (n), is an exact complex.
(iii) The module Nn = Im( d0) is a periodic module over Sn of minimal period n.
Setting S0

n = Sn =(x3), we obtain asin Section3 an exampleover a non-Gorenstein
ring.
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