
LOCAL EQUA TIONS FOR THE TORIC HILBER T SCHEME

Irena Peeva Mik e Stillman

Department of Mathematics
Cornell University
Ithaca, NY 14853

U.S.A.

Abstract: We obtain local equations for the toric Hilb ert scheme, which parametrizes all ideals

with the same multigraded Hilb ert function as a given toric ideal. We also prove a conjecture

of Sturmfels' providing a criterion for an ideal to have such a Hilb ert function.

1. In tro duction

The classical Hilb ert scheme parametrizes subschemes of P r with �xed
Hilb ert polynomial. The structure of such a schemeis usually quite complicated.

In [PS] we intro duce the toric Hilb ert scheme,which parametrizesall ideals
with the same Hilb ert function as a given toric ideal. Toric Hilb ert schemes
are more structured than classicalHilb ert schemes. Their properties were stud-
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ied (using di�eren t terminology) by Arnold, Gasharov, Korkina, Peeva, Post,
Roelofs,Sturmfels, and others, cf. [Ar,Ko,GP1,St1].

A toric Hilb ert scheme can be covered by �nitely many open sets centered
at monomial ideals. In this paper, we obtain local equationsaround a monomial
ideal on the scheme. In Section3, weobtain local equationsaround an initial ideal
of the toric ideal. We usetheseequations in [PS] to prove that the toric Hilb ert
scheme of a codimension 2 toric ideal is smooth. In Section 4, we obtain local
equations around an arbitrary monomial ideal on the scheme. Local equations
canbecomputed in reasonablylargeexamplesusing the computer algebrasystem
Macaulay 2 [GS].

Macaulay's and Gotzmann's theorems (cf. [Gr]) { two of the fundamental
theorems in the theory of Hilb ert functions { determine up to what degreeone
should check in order to determine whether a given homogeneousideal L has a
given Hilb ert function: Macaulay's Theorem shows how to write the Macaulay
representation of the Hilb ert polynomial and then obtain the number s, which is
the highest degreein which there exists a minimal generatorof the lexicographic
ideal with the sameHilb ert function; Gotzmann's PersistenceTheorem implies
that it su�ces to check the Hilb ert function of L up to degrees + 1. Similarly,
it is possible to check whether a given ideal has the samemultigraded Hilb ert
function as a given toric ideal. It is important to �nd a good bound for the
degreeup to which one should check. This bound is at least singly exponential
in the starting data. Sturmfels [St1] proved a doubly exponential bound and
conjectured a singly exponential bound. We prove his conjecture in Section 5.

2. Toric Hilb ert Schemes

Let n and d be positive integerswith n > d and A = f a1; : : : ; an g a subset
of N d n f 0g with n di�eren t vectors. Supposethat the matrix with columns ai

has rank d.

In this paper S = k[x1; : : : ; xn ] stands for the polynomial ring over a �eld
k generatedby variables x1; : : : ; xn in N d-degreesa1; : : : ; an respectively. The
toric ideal I A is the kernel of the homomorphism k[x1; : : : ; xn ] ! k[t1; : : : ; td]
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mapping x i to ta i 1
1 : : : ta id

d for 1 � i � n. A homogeneous(with respect to this
grading) ideal M is called A-graded if for each b 2 N d we have

dimk ((S=M )b) =
�

1 if b 2 N A,
0 otherwise,

where N A denotesthe subsemigroupof N d spannedby A . This meansthat the
quotient S=M has the samemultigraded Hilb ert function as the toric ring S=IA .

A binomial u � v 2 I A is called primitive if there exist no proper monomial
factors u0 of u and v0 of v such that u0 � v0 2 I A . The set of all primitiv e
binomials is �nite and is called the Graver basis. The set of primitive degreesP
is the set of all b 2 N A, such that there exists a primitiv e binomial of degreeb.

Let b 2 N A. The set of all monomials in S of degreeb is called the �b er of
b; we denote by jbj the number of monomials in the �b er and by mb1; : : : ; mbjbj

the monomials. If M is a a monomial A -graded ideal, then we denote by sb the
M -standard monomial in degreeb, that is, the only monomial of Sb not in M .

Consider
P =

Y

b2P

P j bj� 1 :

We denote by zb1; : : : ; zbjbj the coordinates in P j bj� 1. Let Y � P � A n be the
subschemede�ned by the ideal

I (Y) =
�

zbi mbj � zbj mbi j b 2 P; 1 � i < j � jbj
�

:

Denote by � the projection map � : Y � ! P: Write Y = Spec(
L

b2 N A Nb): In
[PS] we intro duced the toric Hilbert scheme

H A = V(dets(� )) � P ;

where dets(� ) is the sum of Fitting ideals

dets(� ) =
X

b2 N A

Fitt 0(Nb):

This ideal is �nitely generated,and a minimal set of generatorsprovides a �nite
set of global de�ning equations for the scheme.
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Given an A-graded monomial ideal M we have the subscheme

UM = H A \ f zbi 6= 0 j where mbi is M -standardg:

For each b 2 N A we assumethat mb j b j is the M -standard monomial and denote
it by sb. Denote by Z the set of variables f zbi j b 2 P; 1 � i < j bj g. Let

G =
X

b2P

�
mb1 � zb1sb; : : : ; mb( jbj� 1) � zb( jbj� 1) sb

�

F =
X

b2 N A

Fitt 0

�
( k[Z ][x1; : : : ; xn ]=G)b

�
:

By the construction of the toric Hilb ert schemewe have that the coordinate ring
of UM is k[Z ]=F.

In [PS, Proposition 3.6 and its proof] we show that [ M UM , wherethe union
rangesover all A -graded monomial ideals, is a �nite a�ne open cover of H A .

3. Lo cal equations of the toric Hilb ert scheme around an initial mono-
mial A -graded ideal

In this section we supposethat M is a monomial initial ideal of the toric ideal
I A . We will �nd an e�cien t description of the coordinate ring of UM .

Construction 3.1: (Local equationsaround an initial monomial A -graded ideal)
We will parametrize the A graded ideals with the samestandard monomials as
S=M . Consider the set GM = f f i j 1 � i � pM g of minimal monomial generators
of M . For each 1 � i � pM denote by si the M -standard monomial in the
degreeof f i . Note that the binomial f i � si is primitiv e. Consider the ring
k[x1; : : : ; xn ; y1; : : : ; ypM ] and

(3:1) �Gsmall = f f i � yi si j 1 � i � pM g; Gsmall = ( �Gsmall ):

Fix a monomial order � x on S such that M is the initial ideal of the toric
ideal with respect to � x . Fix a monomial order � y on k[y1; : : : ; ypM ]. Denote
by � the product order on k[x1; : : : ; xn ; y1; : : : ; ypM ], so

xay b � xa0
y b 0

( ) xa � x xa0
or xa = xa0

; y b � y y b 0
:
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For each pair of binomials u and v in �Gsmall form their s-polynomial s(u; v).
Choosea reduction of s(u; v) by �Gsmall to (e(y ) � h(y ))su;v , where e and h are
monomials in k[y1; : : : ; ypM ] and su;v is the M -standard monomial in the degree
of s(u; v). Note that e(y ) � h(y ) is a binomial since s(u; v) is a binomial. Set
r (u; v) to be the binomial e(y ) � h(y ). De�ne

(3:2) Fsmall =
�
r (u; v) j u; v 2 �Gsmall

�
:

We can obtain a more e�cien t generating set of Fsmall in the following way:
instead of considering s(u; v) for each pair of binomials u and v in �Gsmall , we
can consideronly pairs of binomials in �Gsmall corresponding to the minimal �rst
syzygiesof M . Denote by gbFsmall the reducedGr•obner basisof Fsmall .

De�ne
H(M ) = Spec(k[y1; : : : ; ypM ]=Fsmall ) :

This �nishes the construction of local equations. Notice that the Graver basis is
not used in the construction.

Theorem 3.2: Let M be an A-graded initial monomial ideal. We have that

UM
�= H(M ) :

The theorem follows immediately from Proposition 3.7, proved later in this
section.

Example 3.3: (Local equations for the twisted cubic curve)
We consider the twisted cubic curve. We use the letters a; b;c;d instead of
x1; : : : ; x4. The toric ideal is I A = (b2 � ac;bc � ad;c2 � bd) in k[a; b;c;d].
We consider local coordinates around the initial ideal M = (b2; bc;c2). The set
�Gsmall is

�Gsmall =
n

b2 � y1ac; bc� y2ad; c2 � y3bd
o

:

Buchberger's reduction algorithm applied to the pair of binomials b2 � y1ac and
bc� y2ad yields

c(b2 � y1ac) � b(bc� y2ad) + y1a(c2 � y3bd) = (y2 � y1y3)abd:

Since the monomial abd is standard, the remainder (y2 � y1y3)abd yields the
equation y2 = y1y3. Buchberger's reduction algorithm applied to the pair of
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binomials bc� y2ad and c2 � y3bd yields the sameequation. Thus, H(M ) is the
subschemeof A 3 de�ned by the equation y2 = y1y3.

Lemma 3.4: The set �Gsmall [ gbFsmall is a Gr•obner basis of the ideal it gener-
ates.

Proof: Take two elements f ; g in the given set. The initial forms of f and g are
relatively prime unless f ; g 2 �Gsmall or f ; g 2 gbFsmall . If f ; g 2 �Gsmall , then
their s-pair reducesby �Gsmall to �s b for some� 2 Fsmall , and furthermore �
reducesby gbFsmall to 0. If f ; g 2 gbFsmall , then their s-pair reducesby gbFsmall

to 0.

Lemma 3.5: In k[y1; : : : ; ypM ] we have

Fsmall =
X

b2 N A

�
(Gsmall )b : sb

�

=
X

b2 N A

Fitt 0

�
( k[y1; : : : ; ypM ][x1; : : : ; xn ]=Gsmall )b

�
:

Recall that the graded components in the above formula are taken with
respect to the grading de�ned by the degreeof each variable yi being 0 and the
degreeof each variable x i being ai .

Proof: Supposethat �s b 2 (Gsmall )b. By Lemma 3.4, it follows that � 2 Fsmall .
Therefore, Fsmall =

P
b2 N A

�
(Gsmall )b : sb

�
.

Now, we prove the latter equality in the lemma. Set E = k[y1; : : : ; ypM ].
Fix a b 2 N A and consider the ideal Fitt 0

�
( E [x1; : : : xn ]=Gsmall )b

�
. This ideal

is generatedby the maximal minors of a matrix of the form
0

B
B
B
B
B
B
B
B
B
B
@

1 r b1

1 r b2
. . .

...
1 r b( jbj� 1)

r bjbj
...

r bt

1

C
C
C
C
C
C
C
C
C
C
A

;

where t dependson b and for 1 � i � j bj � 1 we denotedby r bi the coe�cien t of
sb in the remainder obtained while reducing mbi by �Gsmall to a multiple of sb.
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Thus, we have

Fitt 0
�
( E [x1; : : : xn ]=(Gsmall ) )b

�
= (r b j b j ; : : : ; r bt ) :

But for i � j bj we have that r bi sb 2 (Gsmall )b.

In particular, the above lemma shows that Fsmall is uniquely de�ned (that
is, Fsmall doesnot depend on the choice of the reductions of the s-polynomials
s(u; v)). The previous lemma implies the next one:

Lemma 3.6: The degree b component of
k [y1 ;::: ;y p M ]

F small

�
x1; : : : ; xn

�
=Gsmall is a

rank one free module generated by sb, (in the terminology of [PS], we have that

the ideal Gsmall in the ring
k [y1 ;::: ;y p M ]

F small

�
x1; : : : ; xn

�
is A -graded in M ).

The rest of the sectionis devoted to a proof of Theorem 3.2. We usenotation
from Section 2:

(3:3)

G =
X

b2P

�
mb1 � zb1sb; : : : ; mb( jbj� 1) � zb( jbj� 1) sb

�

F =
X

b2 N A

Fitt 0

�
( k[Z ][x1; : : : ; xn ]=G)b

�
=

X

b2 N A

�
Gb : sb

�
:

The last equality above can be proved in the same way as in the proof of
Lemma 3.5. The coordinate ring of UM is k[Z ]=F.

On the other hand, the variablesy1; : : : ; ypM in Construction 3.1 correspond
to certain variableszbj , that is, the binomial f i � yi si 2 �Gsmall can be written as
mbj � zbj sb for someb 2 P and somej . Denoteby Zsmall � Z the set of variables
corresponding to y1; : : : ; ypM . The coordinate ring of H(M ) is k[Zsmall ]=Fsmall .

We will prove in a seriesof lemmas the following result. It immediately
implies Theorem 3.2.

Prop osition 3.7: There exist isomorphisms

k[Z ]=F �= k[Zsmall ]=Fsmall

k[Z ][x1; : : : xn ]=(G + F ) �= k[Zsmall ][x1; : : : xn ]=
�
Gsmall + Fsmall

�
:

Let mbj � zbj sb 2 G and zbj =2 Zsmall . Choosea reduction of mbj � zbj sb by
�Gsmall to an element (� bj (z) � zbj )sb where � bj (z) is a monomial in k[Zsmall ].
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Set

(3:4) Z r eduction = f zbj � � bj (z) j zbj =2 Zsmall g:

HenceZ r eduction � F . Note the isomorphism

k[Z ]=Z r eduction
�= k[Zsmall ] :

Lemma 3.8: Gsmall � G � Gsmall + (Z r eduction ).

Proof: The inclusion Gsmall � G holdsby construction. Let f = mbj � zbj sb 2 G.
If zbj 2 Zsmall , then f 2 Gsmall . If zbj =2 Zsmall , then f 2 Gsmall + (Z r eduction ).

Lemma 3.9: Fsmall � F � Fsmall + (Z r eduction ).

Proof: The inclusion Fsmall � F is clear. We prove the other inclusion. Fix a
b 2 N A. Then

(Gb : sb) �
�
(Gsmall + Z r eduction )b : sb

�
�

�
(Gsmall )b : sb

�
+ (Z r eduction ) ;

where the former inclusion follows from the previous lemma and the latter inclu-
sion is proved below:

Suppose�s b 2 (Gsmall + Z r eduction ) and � 2 k[Z ]. Hence

�s b =
X

j

f j gj + �

where � 2 (Z r eduction ), f j 2 k[Z ][x1; : : : ; xn ], and each gj has the form mbi �
zbi sb 2 Gsmall . Note that any polynomial h 2 k[Z ][x1; : : : ; xn ] can be written
as h = h0 + h00, where h0 is a polynomial in k[Zsmall ][x1; : : : ; xn ] and h00 2
(Z r eduction ). Therefore,

(3:5) � 0sb =
X

j

f 0
j gj + �

where � 2 (Z r eduction ) and f 0
j 2 k[Zsmall ][x1; : : : ; xn ]. For every zbj =2 Zsmall , we

set zbj = � bj (z) in the equality (3.5); thus we obtain � 0sb =
P

j f 0
j gj . Hence,

� 0 2
�
(Gsmall )b : sb

�
. Therefore, � 2

�
(Gsmall )b : sb

�
+ (Z r eduction ) as desired.

Lemmas3.8 and 3.9 imply the following:

Lemma 3.10: G + F = Gsmall + Fsmall + (Z r eduction ).
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Finally , we obtain the desired

k[Z ][x1; : : : xn ]=(G + F ) = k[Z ][x1; : : : xn ]=
�
Gsmall + Fsmall + (Z r eduction )

�

�= k[Zsmall ][x1; : : : xn ]=(Gsmall + Fsmall ) ;

where the equality follows from Lemma 3.10. The degree0 component of this
isomorphism provides

k[Z ]=F �= k[Zsmall ]=Fsmall :

4. Lo cal equations of the toric Hilb ert scheme around a monomial
A -graded ideal

In this section we obtain local equations around an arbitrary monomial A -
graded ideal M . If M is an initial ideal of I A , then onecan useConstruction 3.1
to obtain the local equations. Suppose that M is not an initial ideal of I A .
We don't know how to describe UM e�cien tly , so we will consider a smaller
neighborhood of M . We will work over the rings k[Z ](Z ) and k[Zsmall ](Z small ) .

First, we describe a reduction process(di�eren t from Gr•obner basis reduc-
tion). We useMora's tangent conealgorithm, which simpli�es in our case.

Consider the ring k[Z ][x1; : : : ; xn ]. Fix a monomial order � such that x i �
1 � zbj for all i; b;j . Let P be a homogeneousbinomial ideal and

�P = f f 1 � g1; : : : ; f r � gr g � P

be a subsetof homogeneousbinomials. We supposethat f i is the initial term of
f i � gi for each i . Let m be a monomial. We will de�ne the remainder R(m; �P).
If m is not divisible by any of the f i 's, then set R(m; �P) = m. Suppose that
m = f i u for somei . Then we reducem by �P to gi u and denote this reduction by
m � ! gi u. After that we choosea reduction of gi u by �P. We proceedreducing
in this way. Supposethat we obtain a loop

(4:1) m1 = m � ! m2 � ! : : : � ! mi � ! : : : � ! mj � ! : : : ;
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where mi divides mj . Then we set the remainder R(m; �G) to be 0. If there
exists no loop, then the reduction terminates at somemonomial mp and we set
R(m; �P) = mp. By linearit y, we extend this to reduction of polynomials. We use
this reduction and the the notation above in what follows.

Lemma 4.1: Let m be a monomial in k[Z ][x1; : : : ; xn ]. There existsa monomial
� 2 k[Z ], such that (1 � � )m � R(m; �P) 2 P. In particular, if R(m; �P) = 0, then
m 2 P:k[Z ](Z ) [x1; : : : ; xn ].

Proof: If R(m; �P) doesnot vanish, then set � = 0. We have that m � R(m; �P) 2
P. Supposethat R(m; �P) = 0. Then we have a loop as (4.1). Set m i = �m 0 and
mj = �� m0, wherem0 is a monomial in k[x1; : : : ; xn ] and � is a monomial in k[Z ].
Since �P consistsof homogeneousbinomials, it follows that m i and mj have the
samedegree.Therefore, � is a monomial in k[Z ]. Furthermore, (� � �� )m0 2 P.
Hence (1 � � )�m 0 2 P. On the other hand, m � �m 0 2 P. We conclude that
(1 � � )m 2 P. But the element 1 � � is invertible in the ring k[Z ](Z ) .

We say that �P is a standard basis if (f 1; : : : ; f r ) = (f in (f ) j f 2 Pg) in the
polynomial ring k[Z ][x1; : : : ; xn ]. We usethe following fact, cf. [Mo,GP2].

Prop osition 4.2: The following are equivalent:
(1) The set �P is a standard basis of P.
(2) R(g; �P) = 0 for each g 2 P.
(3) R(s(u; v); �P) = 0 for each s-polynomial s(u; v) of u; v 2 �P.

Furthermore, if �P is a standard basis, then it generatesP:k[Z ](Z ) [x1; : : : ; xn ].

In what follows, we usereduction by a set containing

�Gsmall = f mbj � zbj sb j mbj is a minimal generator of M g:

In this case, the remainder of any monomial m is either 0 or �s m for some
monomial � in k[Z ] (here sm is the M -standard monomial in the degreeof m).

We would like to apply the same proofs as in the previous section. In-
steadof the rings k[Z ][x1; : : : ; xn ] and k[Zsmall ][x1; : : : ; xn ], we considerthe rings
k[Z ](Z ) [x1; : : : ; xn ] and k[Zsmall ](Z small ) [x1; : : : ; xn ]. Furthermore, we consider
the idealsFsmall ; Gsmall ; F; G asde�ned in (3.1), (3.2), and (3.3); also,we con-
sider Z r eduction asde�ned in (3.4) (note that � bj (z) may vanish). Theseidealsare
consideredin the localized rings k[Z ](Z ) [x1; : : : ; xn ] and k[Zsmall ](Z small ) [x1; : : : ;
xn ]. Instead of Gr•obner basis and Gr•obner reduction, we use standard basis
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and the reduction de�ned above. For each s-polynomial s(u; v) of u; v 2 �G set

r (u; v) = R(s(u;v ) ; �G)
su;v

, wheresu;v is the standard monomial in the degreeof s(u; v).
The analogueof Proposition 3.7 is:

Prop osition 4.3: There exist isomorphisms

k[Z ](Z ) =F �= k[Zsmall ](Z small ) =Fsmall

k[Z ](Z ) [x1; : : : xn ]=(G + F ) �= k[Zsmall ](Z small ) [x1; : : : xn ]=
�
Gsmall + Fsmall

�
:

Proof: Apply the samearguments (word by word) as in the previous section.
Only the last paragraph in the proof of Lemma 3.9 requires changes,and we
present it below. The argument is essentially the same, but we have to clear
denominators.

Suppose ��s b 2 (Gsmall + Z r eduction )(Z ) and �� 2 k[Z ](Z ) . Clearing denomi-
nators, we get the equality


 �s b =
X

j

f j gj + �

where � 2 k[Z ], 
 2 k[Z ] is a polynomial with non-zero constant term, � 2
(Z r eduction ), f j 2 k[Z ][x1; : : : ; xn ], and each gj hasthe form mbi � zbi sb 2 Gsmall .
As in the proof of Lemma 3.9, we get

(4:2) 
 0� 0sb =
X

j

f 0
j gj + �

where � 2 (Z r eduction ), 
 0 2 k[Zsmall ] is a polynomial with non-zero constant
term, and f 0

j 2 k[Zsmall ][x1; : : : ; xn ]. For every zbj =2 Zsmall , we set zbj =
� bj (z) in the equality (4.2); thus we obtain 
 0� 0sb =

P
j f 0

j gj . So we have

� 0 2
�

�
(Gsmall )(Z small )

�
b : sb

�
. Therefore, �� 2

�
��

(Gsmall )(Z small )
�

b : sb
�

+

(Z r eduction )
�

(Z )
as desired.

The �rst isomorphism in the proposition above provides the desired local
equations:

Theorem 4.4: The local ring of H A at M is

OH A ;[M ] = k[Zsmall ](Z small ) =Fsmall :
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5. Criterion for A -gradedness

In this section we obtain a criterion for an ideal to be A-graded. A homo-
geneousideal M is weakly A -graded if for all b 2 N d

dimk ((S=M )b) �
n

1 if b 2 N A,
0 otherwise.

A weakly A -graded ideal is generatedby binomials. The following proposition
is from [PS, Proposition 2.1] and provides a criterion for an ideal to be weakly
A -graded:

Prop osition 5.1: Let M be an ideal in S. The following are equivalent:
(a) The ideal M is weakly A -graded.
(b) If u � v is a primitive binomial, then there exists a (� : � ) 2 P 1

k such that
�u � � v 2 M .

Proposition 5.1 shows how to produce examplesof weakly A -graded ideals:
using [St2, Algorithm 7.2] one can compute by the computer algebra system
Macaulay 2 [GS] the Graver basis,and then Proposition 5.1 can be applied.

Let M be a weakly A -gradedideal. If m � m0 is primitiv e and m � � m0 2 M
for some� 2 k (here we allow � = 0), then we say that m � � m0 is M -primitive .
We say that M is primitive if it is weakly A -graded and generatedby the M -
primitiv e elements. By Proposition 5.1, it follows that every A -graded ideal is
primitiv e. We would like to have a criterion when a primitiv e ideal is A -graded.

Let R � N d. We say that a homogeneousideal M is A -graded in R if for
all b 2 R we have

dimk (S=M )b = dimk (S=IA )b :

We study how to choose R as minimal as possible, but large enough so that
A -gradednessin R implies A -gradedness.Theorem 5.2 provides a good choiceof
R. An application of Theorem 5.2 is that it allows to check e�cien tly whether a
given ideal is A -graded. Consider the zonotope

Z r (A ) =
� nX

i =1

� i ai j 0 � � i � r ; 1 � i � n
�

:
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Sturmfels showed in [St1, Proposition 5.1] that if a = maxfk ai k j 1 � i � ng and
r = (n � d)2n

ad2n
, then every primitiv e A -gradedin Z r (A ) ideal is A -graded. He

wrote: \This is unsatisfactory in that the doubly-exponential lower bound for r
seemstoo big. We conjecture that the choice r = (n � d)ad is large enough."
Below we prove this conjecture.

We say that a monomial m is Graver if there exists a monomial m0 such that
m � m0 is primitiv e. We denote by GM (A) the set of all Graver monomials. Set

T = f lcm(m1; : : : ; mn) j mi 2 GM( A); 1 � i � n g ;

V = f deg(m) �
X

j 2 J

aj 2 N d j m 2 T; J � [n] g :

Note that GM (A) � T since m = lcm(m; : : : ; m) for m 2 GM (A). We
obtain the following result, which is more precisethan Sturmfels' conjecture for
the singly exponential bound.

Theorem 5.2: If a primitive ideal is A -graded in V, then it is A -graded.

We remark, that in concreteexamplesone can often make a smaller choice
of V (if carefully following the proofs of Proposition 5.4 and Theorem 5.2 given
later in this section).

Corollary 5.3: Set r = (n � d)ad. If a primitive ideal is A -graded in Z r (A ),
then it is A -graded.

Proof: By the proof of [St3, Theorem 2.3], it follows that if x � 1
1 : : : x � n

n 2 GM (A)
then 0 � � i � (n � d)ad for each 1 � i � n. Therefore, V � Z r (A ). Apply
Theorem 5.2.

The next result is crucial for the proof of Theorem 5.2.

Prop osition 5.4: Set

P = f lcm(m; m0) j m; m0 2 GM (A); gcd(m; m0) 6= 1g;

deg(P) = f deg(m) j m 2 Pg:

Let M be a primitive ideal, which is A -graded in deg(P). Let in � M be a mono-
mial initial ideal of M with respect to an order � . The M -primitive elements
form a Gr•obner basis.
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Proof: Consider the ideal

fM =
�
f in � f j f is M -primitiv e g

�
:

Note that M is generatedby the M -primitiv e elements by assumption. As-
sumethat Proposition 5.4doesnot hold, that is, the M -primitiv eelements do not
form a Gr•obner basis. By the Buchberger criterion [Ei, Theorem 15.8], it follows
that there exist two M -primitiv e elements f and g, such that their s-polynomial

e =
lcm

�
in � (f ); in � (g)

�

in � (f )
� f �

lcm
�
in � (f ); in � (g)

�

in � (g)
� g

has a non-zero remainder with respect to the Buchberger reduction using M -
primitiv e elements. By [Ei, Exercise15.20]we concludethat gcd(in� (f ); in � (g))
6= 1. The degreeof e is deg

�
lcm(in � (f ); in � (g))

�
. Sincein � (f ); in � (g) 2 GM (A),

we have that deg(e) 2 deg(P). Therefore, in � M contains a monomial h, such
that h is not in the ideal fM and the degreeof h is in deg(P).

Since M is weakly A -graded, it satis�es condition (b) in Proposition 5.1.
Hence fM satis�es the samecondition. By Proposition 5.1, it follows that fM is
weakly A -graded. In particular, dimk (S=fM )b � 1 for each b 2 deg(P). On the
other hand, fM � in � M and in � M contains the monomial h. Denote by c the
degreeof h. Sinceh =2 fM we have that (in � M )c � ( fM )c. Therefore we have

1 = dimk (S=M )c = dimk (S=in� M )c < dimk (S=fM )c � 1 :

This is a contradiction.

Remark 5.5: Under the conditions of Proposition 5.4, we can concludethat the
regularity of M is lessor equal to n(n � d)ad.

Proof of Theorem5.2: Let M bea primitiv e ideal, which is A -gradedin V. Denote
by m1; : : : ; ms the minimal monomial generatorsof in � M . Sincedeg(P) � V we
can apply Proposition 5.4, therefore m1; : : : ; ms 2 GM (A).

The Hilb ert seriesHilb S=in � M (t ) of S=in� M is
P

b2 N d dimk (S=in� M )b t b

(here t b = tb1
1 : : : tbd

d for b = (b1; : : : ; bd) 2 N d). The Hilb ert Syzygy Theorem
[Ei, Corollary 19.7] shows that the minimal free resolution F of S=in� M has at
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most length n. Also, [Ei, Theorem 20.2] shows that F is a direct summand of
the (possibly non-minimal) Taylor resolution, cf. [Ei, p. 439]. This implies that
the Hilb ert seriescan be written in the form

Hilb S=in � M (t ) =

P
J � [s ]
j J j� n

(� 1)j J j � j J j ;b t b(J )

(1 � t a1 ) : : : (1 � t an )
;

where b(J ) = deg
�
lcm(m j jj 2 J)

�
and � j J j ;b is the jJ jth Betti number in degree

b(J ). Therefore,
(1 � t a1 ) : : : (1 � t an )Hilb S=in � M (t )

is a polynomial with terms of degreesin f deg(m) j m 2 T g. HenceHilb S=in � M (t )
is determined by the the valuesof dimk (S=in� M )b for b 2 V.

Let L be a monomial initial ideal of I A with respect to someorder. The
argument above shows that

(1 � t a1 ) : : : (1 � t an )Hilb S=L (t )

is a polynomial with terms of degreesin f deg(m) j m 2 T g. HenceHilb S=L (t ) is
determined by the valuesof dimk (S=L)b for b 2 V.

Since M is A -graded in V it follows that Hilb S=in � M (t ) = Hilb S=L (t ). So
in � M is A-graded. As Hilb S=in � M (t ) = Hilb S=M (t ), we are done.

Theorem 5.2 yields a nice criterion for A -gradednessin the unimodular case:

Corollary 5.6: Let A be unimodular. Suppose that M is a homogeneous ideal
and that M is A -graded in

Z1(A ) =
� nX

i =1

� i ai j 0 � � i � 1; 1 � i � n
�

:

Then M is A -graded.

Proof: By [St2, Proposition 8.11 and its proof], we have that if x � 1
1 : : : x � n

n 2
GM (A) then 0 � � i � 1 for 1 � i � n. Therefore, Z1(A ) � deg(T) and we can
apply Theorem 5.2.

Example 5.7: We brie
y discussthe example of the twisted cubic curve [St1,
Example 5.2]. Let A = f (3; 0); (2; 1); (1; 2); (0; 3)g. The set of primitiv e degrees
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is P = f (4; 2); (3; 3); (2; 4); (6; 3); (3; 6)g: The set V in Theorem 5.2 contains (4; 5)
and (5; 4). Sturmfels' ideal M = (x1x4; x2

2; x2
3) is A -graded in P, but fails to be

A-graded since it is not A -graded in degrees(4; 5) and (5; 4).

By [St2, Theorem 10.10]for any monomial A -graded ideal M there exists a
triangulation of A such that the radical of M is the Stanley-Reisnerideal of the
triangulation. Our results lead to the following algorithm:

Algorithm for computing all A -graded monomial ideals whose radical is the
Stanley-Reisner ideal of a given triangulation � of A :

Input: a triangulation � of A and the Graver basis of I A (the Graver basis of
I A can be computed using [St2, Algorithm 7.2]).
Computation:

1) form an ideal M 0 asfollows: if the support of oneof the monomial terms in a
primitiv e binomial is a facein the triangulation �, then the other monomial
term is a generator of M 0;

2) for any primitiv e binomial with no term in M 0 choosearbitrarily onemono-
mial term. Let M be the ideal generatedby the so chosen terms and by
M 0;

3) using Corollary 5.3 check whether M is A -gradedby computing the Hilb ert
function of M in \small multidegrees";

4) go back to step 2) and make a new choice.

The computation �nishes when all possiblechoicesin 2) are exhausted.
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