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Abstract: We obtain local equations for the toric Hilb ert scheme, which parametrizes all ideals
with the same multigraded Hilb ert function as a given toric ideal. We also prove a conjecture

of Sturmfels' providing a criterion for an ideal to have such a Hilb ert function.

1. Intro duction

The classical Hilb ert scheme parametrizes substiemes of P" with xed
Hilb ert polynomial. The structure of such a schemeis usually quite complicated.

In [PS] we intro ducethe toric Hilb ert scheme, which parametrizesall ideals
with the same Hilbert function as a given toric ideal. Toric Hilbert schemes
are more structured than classicalHilb ert schemes. Their properties were stud-
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ied (using dierent terminology) by Arnold, Gasharos, Korkina, Peew, Post,
Roelofs, Sturmfels, and others, cf. [Ar,Ko,GP1,St1].

A toric Hilbert scheme can be covered by nitely many open sets certered
at monomial ideals. In this paper, we obtain local equationsaround a monomial
ideal onthe scheme. In Section3, we obtain local equationsaround aninitial ideal
of the toric ideal. We usethese equationsin [PS]to prove that the toric Hilb ert
scheme of a codimension 2 toric ideal is smooth. In Section 4, we obtain local
equations around an arbitrary monomial ideal on the sdheme. Local equations
canbe computedin reasonablylarge examplesusing the computer algebrasystem
Macaulay 2 [GS].

Macaulay's and Gotzmann's theorems (cf. [Gr]) { two of the fundamental
theoremsin the theory of Hilb ert functions { determine up to what degreeone
should ched in order to determine whether a given homogeneousdeal L hasa
given Hilb ert function: Macaulay's Theorem shows how to write the Macaulay
represemation of the Hilb ert polynomial and then obtain the number s, which is
the highest degreein which there exists a minimal generator of the lexicographic
ideal with the sameHilb ert function; Gotzmann's PersistenceTheorem implies
that it suces to ched the Hilbert function of L up to degrees+ 1. Similarly,
it is possibleto chedk whether a given ideal has the same multigraded Hilb ert
function as a given toric ideal. It is important to nd a good bound for the
degreeup to which one should chedk. This bound is at least singly exponertial
in the starting data. Sturmfels [St1] proved a doubly exponertial bound and
conjectured a singly exponertial bound. We prove his conjecture in Section 5.

2. Toric Hilb ert Schemes

of N9 nfOg with n dierent vectors. Supposethat the matrix with columns a;
has rank d.
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mapping x; to t§*:::t§¢ for 1 i n. A homogeneougwith respect to this
grading) ideal M is called A-graded if for eath b2 N9 we have

1 ifb2 NA,
0 otherwise,

dim (S )p) =
where N A denotesthe subsemigroupof N ¢ spannedby A. This meansthat the
guotient S=M hasthe samemultigraded Hilb ert function asthe toric ring S=l4 .

A binomial u v 2 I is called primitive if there exist no proper monomial
factors u® of u and v° of v such that u® Vv° 2 5. The set of all primitiv e
binomials is nite and is called the Graver basis. The set of primitive degreesP
is the setof all b2 NA, such that there exists a primitiv e binomial of degreeb.

Let b2 NA. The setof all monomialsin S of degreeb is called the ber of

the monomials. If M is a a monomial A-graded ideal, then we denote by s, the
M -standard monomial in degreeb, that is, the only monomial of Sy not in M.
Consider v N
P= pib 1
b2P
We denote by zy;:::;zyp the coordinatesin PI® 1. LetY P A" bethe
subsdiemede ned by the ideal

|(Y) = ZpiMmy; ijmbijbz P;1 I<j qu
o , L
Denote by the projection map :Y ! P:Write Y = Sped ,,ya Nb): In
[PS] we intro duced the toric Hilbert scheme
Ha = V(dets( )) P;

where dets( ) is the sum of Fitting ideals

X
dets( ) = Fitt o(Np):
b2 N A

This ideal is nitely generated,and a minimal set of generatorsprovides a nite
set of global de ning equationsfor the stcheme.
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Given an A-graded monomial ideal M we have the substieme
Uv = Ha \ fz, 6 0j wheremy; is M -standardg:

Foreach b2 N A we assumethat my;,; isthe M -standard monomial and denote
it by sp,. Denote by Z the set of variablesfz, jb2 P;1 i< jbjg. Let

G= Mp1  Zp1Sb; 2515 Mpgn 1) Zo(jbj 1)Sb
b2p

b2 N A

By the construction of the toric Hilb ert shemewe have that the coordinate ring
of Uy is K[Z]=F.

In [PS, Proposition 3.6 and its proof] we shaw that [ y Uy , wherethe union
rangesover all A-graded monomial ideals, is a nite ane opencover of Hp .

3. Local equations of the toric Hilb ert scheme around an initial mono-
mial A-graded ideal

In this section we supposethat M is a monomial initial ideal of the toric ideal
Ia. Wewill nd an e cient description of the coordinate ring of Uy, .

Construction 3.1: (Local equationsaround an initial monomial A -graded ideal)
We will parametrize the A graded ideals with the samestandard monomials as
SaM. Considerthe setGy = ffij1 i pw gof minimal monomial generators
of M. For each 1 i pv denote by s; the M -standard monomial in the
degreeof f;. Note that the binomial f; s; is primitiv e. Consider the ring

(3:1) Gsman = ffi  yisijl i Pm O; Gsmall = (Gsman ):

Fix a monomial order , on S sudc that M is the initial ideal of the toric
ideal with respectto . Fix a monomial order  on K[yi;:::;Yyp, ]. Denote
by the product order on K[X1;:::;Xn;Y1; 55 Ypy |, SO

0 0 0
y () X3 4 x*orx?=xa;yP | yP
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For ead pair of binomials u and v in Ggng form their s-polynomial s(u; v).
Choosea reduction of s(u; V) by Gsmar to (e(y) h(y))su.v, wheree and h are

of s(u;v). Note that e(y) h(y) is a binomial since s(u;v) is a binomial. Set
r(u;v) to be the binomial e(y) h(y). De ne

(3:2) Fsman = r(u;Vv)ju;v2 Ggnal

We can obtain a more e cien t generating set of Fgmay in the following way:
instead of considering s(u; v) for ead pair of binomials u and v in Ggmay , We
can consideronly pairs of binomials in Ggmg correspnding to the minimal rst
syzygiesof M. Denote by gbFsma the reduced Grobner basis of Fgpmg -

De ne

This nishes the construction of local equations. Notice that the Graver basisis
not usedin the construction. O

Theorem 3.2: Let M be an A-graddl initial monomial ideal. We havethat
Uy = HM):

The theorem follows immediately from Proposition 3.7, proved later in this
section.

Example 3.3: (Local equations for the twisted cubic curve)

We consider the twisted cubic curve. We use the letters a;b;c;d instead of
X1;::::Xs. The toric ideal is I = (P® ac;bc ad;c®> bd in k[a;b;c;d].
We considerlocal coordinates around the initial ideal M = (b?;bc;c?). The set
Gsmall is

n (6]
Gsmal = B yiac;bc yad;c® yshd :

Buchberger's reduction algorithm applied to the pair of binomials ¥  y;ac and
bc y.ad yields

o’ yiac) b(bc ypad)+ yja(c® ysbd) = (y2 yiys)abd:

Since the monomial abd is standard, the remainder (y, Yyiysz)abd yields the
equation y, = yj;y3. Buchberger's reduction algorithm applied to the pair of
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binomials bc y,ad and ¢ ys;bdyields the sameequation. Thus, H(M) is the
substhieme of A3 de ned by the equationy, = y1ys. O

Lemma 3.4: The set Ggman [ gbFsman is a Grobner basis of the ideal it gener-
ates.

Proof: Take two elemers f; g in the given set. The initial forms of f and g are
relatively prime unlessf;g 2 Ggmar Or f;9 2 gbFgmar - If f;92 Ggman , then
their s-pair reducesby Ggmayr to s p for some 2 Fgman , and furthermore
reducesby gbFgsmnar to 0. If f; g2 gbFsman , then their s-pair reducesby gbFsmai

to O. [l
Lemma 3.5: In K[yi;:::;Yp, ] we have

X

Fsmai = (Gsmall )b : Sb
b2 N A
X -
= Fitto (K[ys;::: ' You 1X15 2005 Xn 1=Gsmatl )b
b2 N A

Recall that the graded componerts in the above formula are taken with
respect to the grading de ned by the degreeof ead variable y; being 0 and the
degreeof ead variable x; being a;.

Proof: Supposethatps b2 (Gsman )b- By Lemma 3.4, it followsthat 2 Fgna -
Therefore, Fsmai =  pona (Gsmall )b & Sb -

Fix ab2 NA and considerthe ideal Fitt ¢ (E[X1;:::Xn]=Gsman )b - This ideal

is generatedby the maximal minors of a matrix of the form

0 1
1 M1

1 M2

1 regy 1) &
M bjbj

It

wheret dependsonbandfor1 i jbj 1 wedenotedby ry the coe cient of
Sp in the remainder obtained while reducing my; by Ggmar  to a multiple of s,
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Thus, we have

But fori  jbj we havethat rpisy 2 (Gsmai )b- O

In particular, the above lemma shows that Fgmg IS uniquely de ned (that
is, Fsman doesnot depend on the choice of the reductions of the s-polynomials
s(u;Vv)). The previous lemma implies the next one:

Lemma 3.6: The deyree b component of X1:: 00 Xn =Ggman 1S @
rank one free module geneated by s, (in the terminology of [PS], we have that

the ideal Ggmar in the ring % X1;:11Xn is A-graded in M).

The rest of the sectionis dewted to a proof of Theorem 3.2. We usenotation
from Section 2:

X
G= Mp1  ZpaSb; S5 55 Mpgn 1) Zo(jbj 1)Sb
b2pP
(3:3) X X
F = Fitt o (K[Z][X1;::5;Xn]=G)p = Gp:Sp :
b2 N A b2 N A

The last equality above can be proved in the same way as in the proof of
Lemma 3.5. The coordinate ring of Uy is k[Z]=F.

to certain variables zy;, that is, the binomial f; y;s; 2 Ggmar Canbe written as
My Zyj Sp for someb 2 P and somej . Denote by Zgmal Z the setof variables
corresponding to y1;:::;Yp, - The coordinate ring of H(M ) is K[Zsman ]=Fsmail -

We will prove in a seriesof lemmas the following result. It immediately
implies Theorem 3.2.

Prop osition 3.7: There exist isomorphisms
K[Z]=F = K[Zsman ]=Fsma
KIZ][X1;: 2 Xn]5(G + F) = K[Zsman ][X1;:::Xn]= Gsman + Fsmall

Let my;  zySp 2 G and zy; 2 Zsman . Choosea reduction of my;  zy; sp by
Gsmal to an elemen ( (z) 2zpj)Sp Where j(z) is a monomial in K[Zsman ]
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Set
(3:4) Zeduction = fzZp bj (2) j Zoj 2 Zsman 9:
HenceZ, equction F. Note the isomorphism

KIZ]=Zreducton = K[Zsman ]:

Lemma 3.8: Ggmai G  Gsmall + (Zreduction )-

Proof: The inclusion Ggman G holds by construction. Letf = my; zyS, 2 G.
If Zyj 2 Zsman , thent 2 Ggman . If zpj 2 Zgman , thenf 2 Ggman + (Zreduction )-O

Lemma 3.9: Fgmal F Fsmal + (Zreduction )-

Proof: The inclusion Fgma F is clear. We prove the other inclusion. Fix a
b2 NA. Then
(Gpb : sb) (Gsmall + Zreduction )b - Sb (Gsmall )b S+ (Zreduction ) ;

wherethe former inclusion follows from the previouslemma and the latter inclu-
sion is proved below:
Suppose Sb 2 (Gsmall + Zreduction ) and 2 k[Z]. Hence

X
sp= fjg+

(Z eduction )- Therefore,
X

(3:5) %, = fg +

]
where 2 (Z;eduction ) and ij2 K[Zsman I[X1;:::5Xn]. For every zyj 2 Zsman , we
setzy = 1j(2) in the equality (3.5); thus we obtain %, = ; f%. Hence,

92 (Gsman )b :Sp . Therefore, 2 (Gsmal )b:Sb + (Zreducion ) asdesired.c]

Lemmas 3.8 and 3.9 imply the following:

Lemma 3.10: G+ F = Ggmail + Fsmal + (Zreduction )-
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Finally, we obtain the desired

K[Z][X1;: i Xn]H(G + F) = K[Z][X1;:::Xn]= Gsman + Fsmai + (Zreduction )

= K[Zsman 1[X1;:::Xn]=(Gsmai + Fsmai ) ;

where the equality follows from Lemma 3.10. The degreeO componert of this
isomorphism provides

K[Z]=F = K[Zsman ]=Fsman :

4. Local equations of the toric Hilb ert scheme around a monomial
A-graded ideal

In this section we obtain local equations around an arbitrary monomial A -
gradedideal M . If M is aninitial ideal of | o, then one can use Construction 3.1
to obtain the local equations. Supposethat M is not an initial ideal of |4 .
We don't know how to describe Uy e cien tly, so we will consider a smaller
neighborhood of M. We will work over the rings K[Z]zy and K[Zsman ]z -

First, we describe a reduction process(di erent from Greobner basisreduc-
tion). We useMora's tangent conealgorithm, which simpli es in our case.

Considerthe ring K[Z][X1;:::;Xn]. Fix a monomial order such that x;

1 1z, foralli;b;j. Let P be a homogeneousinomial ideal and

P=ff; gy::ifr ogg P

be a subsetof homogeneousinomials. We supposethat f; is the initial term of
fi g foreadi. Let m beamonomial. We will de ne the remainder R(m; P).
If m is not divisible by any of the f;'s, then set R(m; P) = m. Suppose that
m = f;u for somei. Then we reducem by P to g,u and denotethis reduction by
m ! gu. After that we choosea reduction of giu by P. We proceedreducing
in this way. Supposethat we obtain a loop

(4:1) my=m ! my ! ::0 om0 bomy o



where m; divides m;. Then we set the remainder R(m; G) to be 0. If there
exists no loop, then the reduction terminates at somemonomial m, and we set
R(m; P) = mp. By linearity, we extend this to reduction of polynomials. We use
this reduction and the the notation above in what follows.

Proof: If R(m; P) doesnot vanish,then set = 0. Wehavethat m R(m;P) 2
P. Supposethat R(m; P) = 0. Then we have a loop as(4.1). Setm; = m %and
m; =  m® wherem®is amonomialin k[x1;:::;X,] and is amonomialin k[Z].
Since P consistsof homogeneoushinomials, it follows that m; and m; have the
samedegree. Therefore, isamonomialin k[Z]. Furthermore, ( yme2 p.
Hence(I )m %2 P. On the other hand, m m %2 P. We conclude that
(3 )m 2 P. But the elemen 1 is invertible in the ring k[Z]z). O

Prop osition 4.2: The following are equivalent:

(1) The setP is a standard basis of P.

(2) R(g;P) = 0for eachg2 P.

(3) R(s(u;v);P) = 0 for each s-polynomial s(u;v) of u;v2 P.
In what follows, we usereduction by a set containing

Gsman = fmy  zyspj my; is @a minimal generator of M g:

In this case, the remainder of any monomial m is either 0 or s, for some
monomial in k[Z] (here s, is the M -standard monomial in the degreeof m).
We would like to apply the same proofs as in the previous section. In-

the idealsFsman ; Gsman ; F; G asde ned in (3.1), (3.2), and (3.3); also, we con-
siderZ,edquction asde ned in (3.4) (note that y; (z) may vanish). Theseidealsare

Xn]- Instead of Grebner basis and Grebner reduction, we use standard basis
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and the reduction de ned above. For ead s-polynomial s(u;v) of u;v 2 G set

r(u;v) = w wheres,., isthe standard monomial in the degreeof s(u; v).

The analogueof Proposition 3.7 is:
Prop osition 4.3: There exist isomorphisms

k[Z](Z):F = K[Zsmal ](Zsma” ):Fsmall
k[Z](Z)[X1; i Xn]=H G+ F) = K[Zsman ](Zsma” )[Xl; 1 Xn]= Gsman + Fsmai

Proof: Apply the sameargumerts (word by word) as in the previous section.
Only the last paragraph in the proof of Lemma 3.9 requires changes, and we
presert it belon. The argumert is essetially the same, but we have to clear
denominators.

Suppose S b 2 (Gsmall + Zreduction )(z) and 2 k[Z]zy. Clearing denomi-

nators, we get the equality
X
sp= fig+
i

where 2 k[Z], 2 Kk[Z] is a polynomial with non-zero constart term, 2

(Zreduction ), fj 2 K[Z][X1;:::;Xn], and eadh g, hasthe form mp;  ZyiSp 2 Gsman -
As in the proof of Lemma 3.9, we get

X
(4:2) 0 OSb = fjogj +

j
where 2 (Zreduction )» ° 2 K[Zsman ] is a polynomial with non-zero constart
term, and fjO 2 K[Zsman l[X1;:::5Xn].  For every zy 2PZsma" , we set z, =

b (z) in the equality (4.2); thus we obtain ° %, =~ ; f’g. So we have

92 (Gsmall )(Zena ) , - Sb . Therefore, 2 (Gsmall )(Zgmar ) p : Sb +

(Zreduction ) aS deSII'ed l:‘
(2)

The rst isomorphism in the proposition above provides the desired local
equations:

Theorem 4.4: The local ring of Hy at M is
OHA;[M] = K[Zsmal ](Zsma” ):Fsmall :
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5. Criterion for A-gradedness

In this section we obtain a criterion for an ideal to be A-graded. A homo-
geneousideal M is weakly A-graded if for all b2 N9

N1 ifb2 NA,

dimy ((S=M)p) 0 otherwise

A weakly A-graded ideal is generatedby binomials. The following proposition
is from [PS, Proposition 2.1] and provides a criterion for an ideal to be weakly
A-graded:

Prop osition 5.1: Let M be anideal in S. The following are equivalent:

(@) The ideal M is weakly A-graded.

(b) If u v is a primitive binomial, then there existsa ( : ) 2 P} suchthat
u V2 M.

Proposition 5.1 shawvs how to produce examplesof weakly A-graded ideals:
using [St2, Algorithm 7.2] one can compute by the computer algebra system
Macaulay 2 [GS] the Graver basis, and then Proposition 5.1 can be applied.

Let M beaweakly A-gradedideal. If m  mO%is primitv eandm m°%2 M
for some 2 k (herewe allow = 0), then we say that m mOis M -primitive .
We say that M is primitive if it is weakly A-graded and generatedby the M -
primitiv e elemens. By Proposition 5.1, it follows that every A-graded ideal is
primitiv e. We would like to have a criterion when a primitiv e ideal is A-graded.

Let R N9, We say that a homogeneousdeal M is A-gradad in R if for
all b2 R we have

dimk(S:I\/I )b = dimk(S:IA)b:

We study how to choose R as minimal as possible, but large enough so that
A-gradednessn R implies A-gradedness.Theorem 5.2 provides a good choice of
R. An application of Theorem 5.2 is that it allowsto ched e cien tly whether a
given ideal is A-graded. Consider the zonotope

X
Zr(A): iaijO i r;l i n
i=1
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Sturmfels shaved in [St1, Proposition 5.1] that if a= maxfkakj1 i ngand
r=(n d)?" a%?" then every primitiv e A-gradedin Z, (A) ideal is A-graded. He
wrote: \This is unsatisfactory in that the doubly-exponertial lower bound for r
seemstoo big. We conjecture that the choicer = (n  d)a’ is large enough."
Below we prove this conjecture.

We say that a monomial m is Graver if there exists a monomial m°such that
m mYis primitiv e. We denote by GM (A) the set of all Graver monomials. Set

T="flem(myg;:::;my)jm; 2 GM(A);1 i ng;

V = f deg(m) a2Njm2T;J [nlg:
23

Note that GM (A) T sincem = Icm(m;:::;m) for m 2 GM (A). We
obtain the following result, which is more precisethan Sturmfels' conjecture for
the singly exponertial bound.

Theorem 5.2: If a primitive ideal is A-graded in V, then it is A-graded.

We remark, that in concrete examplesone can often make a smaller choice
of V (if carefully following the proofs of Proposition 5.4 and Theorem 5.2 given
later in this section).

Corollary 5.3: Setr = (n d)a%. If a primitive ideal is A-graded in Z, (A),
then it is A-gradel.

Proof: By the proof of [St3, Theorem 2.3], it followsthat if x;* :::x," 2 GM (A)
then O i (n dadforeahl i n. Therefore,V  Z,(A). Apply
Theorem 5.2. O
The next result is crucial for the proof of Theorem 5.2.
Prop osition 5.4: Set
P=flem(m:m%jm;m°2 GM (A);gcd(m:m% 6 1g:
deg(P) = f deg(m)jm 2 Pg:
Let M be a primitive ideal, which is A-graded in deg(P). Letin M be a mono-

mial initial ideal of M with respect to an order . The M -primitive elements
form a Grebner basis.
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Proof: Considerthe ideal
f1 = fin fjf isM-primitiveg :

Note that M is generatedby the M -primitiv e elemeris by assumption. As-
sumethat Proposition 5.4 doesnot hold, that is, the M -primitiv e elemeris do not
form a Grobner basis. By the Buchberger criterion [Ei, Theorem 15.8],it follows
that there exist two M -primitiv e elemens f and g, sud that their s-polynomial

_lem in (f);in (9) ¢ lcm in (f);in (@)
€= in () in (9)

has a non-zero remainder with respect to the Buchberger reduction using M -
primitiv e elemens. By [Ei, Exercise 15.20]we concludethat gcd(in (f);in (Q))
6 1. The degreeofeisdeg Icm(in (f);in (g)) . Sincein (f);in (g) 2 GM (A),
we have that deg(e) 2 deg(P). Therefore,in M corntains a monomial h, sud
that h is not in the ideal M and the degreeof h is in deg(P).

Since M is weakly A-graded, it satis es condition (b) in Proposition 5.1.
Hencef1 satis es the same condition. By Proposition 5.1, it follows that M is
weakly A-graded. In particular, dimk(Szlf/I )b 1 for eadh b2 deg(P). On the
other hand, 1 in M andin M conains the monomial h. Denote by c the
degreeof h. Sinceh 2 f1 we have that (in M) (If/l)c. Therefore we have

1= dimg(S=M ). = dim(S=in M) < dimk(Szif/I)C 1:
This is a cortradiction. O

Remark 5.5: Under the conditions of Proposition 5.4, we can concludethat the
regularity of M is lessor equalto n(n d)ad. O

Proof of Theorem5.2: Let M bea primitiv eideal, which is A-gradedin V. Denote
by my;:::; mg the minimal monomial generatorsof in M. Sincedeg(P) V we

(here tP = t?l :::tgd for b= (b;:::;by) 2 N9). The Hilbert Syzygy Theorem
[Ei, Corollary 19.7]shows that the minimal free resolution F of S=in M has at
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most length n. Also, [Ei, Theorem 20.2] shaws that F is a direct summand of
the (possibly non-minimal) Taylor resolution, cf. [Ei, p. 439]. This implies that
the Hilb ert seriescan be written in the form

v (1P tPO)

HiIbS:in M(t): (;LJJ ntal)...(l ta”) ;

where b(J) = deg lem(m;jj 2 J) and 4y is the jJjth Betti number in degree
b(J). Therefore,
(1 t*)::: (@ t*)Hilbgsy, wm(t)

is a polynomial with terms of degreesn fdeg(m)jm 2 T g. HenceHilb g=jn, v (t)
is determined by the the valuesof dimy(S=in M), for b2 V.

Let L be a monomial initial ideal of 15, with respect to someorder. The
argumernt above shows that

1 t%):: (1 t3)Hilbso (1)

is a polynomial with terms of degreesin fdeg(m)jm 2 T g. HenceHilb g (t) is
determined by the valuesof dim(S=L), for b2 V.
SinceM is A-gradedin V it follows that Hilbg-, wm (t) = Hilbgo (t). So
in M is A-graded. As Hilbg-j, wm (t) = Hilbg=y (t), we are done. ]
Theorem 5.2 yields a nice criterion for A-gradednessn the unimodular case:

Corollary 5.6: Let A be unimodular. Supmsethat M is a homayeneus ideal
and that M is A-graded in

Zl(A): iaijO i 11 [ n

Then M is A-gradal.

Proof: By [St2, Proposition 8.11 and its proof], we have that if x;*:::x," 2
GM (A) then O i 1lforl i n. Therefore,Z1(A) deg(T) and we can
apply Theorem 5.2. ]

Example 5.7: We briey discussthe example of the twisted cubic curve [St1,
Example 5.2]. Let A = 1(3;0); (2;1);(1; 2); (0; 3)g. The set of primitiv e degrees

15



isP = 1(4;2);(3;3);(2;4);(6;3);(3;6)g: The setV in Theorem 5.2 cortains (4;5)
and (5;4). Sturmfels' ideal M = (x1X4; X3; x3) is A-gradedin P, but fails to be
A-gradedsinceit is not A-gradedin degrees(4;5) and (5; 4). O

By [St2, Theorem 10.10]for any monomial A-gradedideal M there exists a
triangulation of A such that the radical of M is the Stanley-Reisnerideal of the
triangulation. Our results lead to the following algorithm:

Algorithm  for computing all A-graded monomial ideals whose radical is the
Stanley-Reisner ideal of a given triangulation  of A:

Input: atriangulation  of A and the Graver basisof | o (the Graver basis of
| o can be computed using [St2, Algorithm 7.2]).
Computation:

1) form anideal M asfollows: if the support of one of the monomial terms in a
primitiv e binomial is a facein the triangulation , then the other monomial
term is a generator of M ©

2) for any primitiv e binomial with no term in M ° choosearbitrarily one mono-
mial term. Let M be the ideal generatedby the so chosenterms and by
MC,

3) using Corollary 5.3 chedk whether M is A-gradedby computing the Hilb ert
function of M in \small multidegrees™;

4) go bad to step 2) and make a new choice.

The computation nishes when all possiblechoicesin 2) are exhausted. ]
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