INFINITE FREE RESOLUTIONS OVER TORIC RINGS

Irena Peeva

1. Introduction

We discuss the properties of the infinite graded minimal free resolution of the ground
field over a projective toric ring. This has been an area of active research during
the last few years.

The homological behavior of both monomial ideals and of toric ideals is en-
coded in combinatorial data. Backelin proved that the Poincaré series is rational
in the monomial case, and Eisenbud, Reeves, and Totaro proved that the rate of a
monomial ideal is equal to » — 1 where r is the maximal degree of a minimal mono-
mial generator of the ideal (note that every quadratic monomial ideal is Koszul).
In contrast, in the toric case it is not known how to determine the rationality of
the Poincaré series, the rate, and the Koszul property. A number of results were
obtained in the following directions:

o computing the Betti numbers via simplicial complexes

o constructing explicit resolutions for special classes of toric rings

o describing the structure of generic resolutions

o obtaining bounds on the rate

o determining which toric rings are Koszul.
Our goal is to summarize the known results and indicate the methods by which
they were obtained, and to list some open problems and conjectures.

In Section 2 we introduce a few necessary definitions and facts. In Section 3 we
give some results on the infinite minimal free resolution of the ground field over a
toric ring. Sections 5, 6, and 7 are devoted, respectively, to the use of the following
tools useful in establishing the Koszul property:

o quadratic Grobner bases
o shellings
o Koszul filtrations.
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2. Preliminaries

In this section we introduce notation which we use throughout the paper. Let
A = {ai1,...,a,} be a subset of N¢\ {0}, A be the matrix with columns a;, and
suppose that rank(A) = c¢. Consider the polynomial ring S = k[z1,...,z,] over a
field k£ generated by variables z1,...,z, in N°degrees a1, ..., a, respectively. The
prime ideal I 4, that is the kernel of the homomorphism

(Yol ]{7[.71)1,...,.’13”] Hk[tl,...,tc]

XT; — t% = tlll“ .. .t?ic

is called the toric ideal associated to A. For an integer vector v = (v1,...,v,) we
set XV =x]' ...zl

Then p(x¥) = t4V. The toric ring associated to A is
S/Ia = k[t™, ...t 2 NA,

where the former isomorphism is given by x¥ — t4V and the latter isomorphism
is given by t® — a. Throughout the paper we denote R = S/I 4.

A toric variety is a variety parametrized by finitely many monomials. Such
varieties are useful in illustrating phenomena in algebraic geometry. The word
“toric” is used because the algebraic torus k** is an open dense set in the toric
variety.

Our definition is weaker than the definition usually used in Algebraic Geometry:
in [Fulton], S/I4 is called toric if the points {a,...,a,} form the monoid basis of
N°¢ N o for some strongly convex rational cone o. In this case S/I4 is normal;

whereas a toric ring in our sense is not necessarily normal.
Theorem 2.1. dim S/I4 = c.

A difference of two monomials is called a pure binomial.
Theorem 2.2. The toric ideal I 4 is generated by pure binomials.

We say that I4 is projective (or defines a projective toric variety) if 4 is
homogeneous with respect to the standard grading with deg(x;) =1 for 1 <i < n.
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Proposition 2.3. The following are equivalent:
(1) 14 is projective.

(2) The points ay,...,a, lie on a hyperplane in R¢ not containing the origin.
(3) A can be chosen so that ai,...,a, lie on the hyperplane vy = 1, where
(v1,...,v.) are the coordinates in R°.

3. The Poincaré series

The polynomial ring S is N¢-graded by deg(z;) = a; for all 1 <1i < n. The ideal I 4
is homogeneous with respect to this N%grading. Hence, there exists an N¢-graded
minimal free resolution G of k over R. It is infinite (unless I 4 is generated by linear
forms) and starts with

(1‘1 Tro ... $n>

.— R R—k—0.

Proposition 3.1. The entries in the matrices of the differentials in G are scalar
multiples of monomials.

Proof: Since G is N¢graded we have that each entry f in the matrices of the
differentials in G is homogeneous. Let o be the degree of f. Since R, is at most
one dimensional, it follows that f is a scalar multiple of the unique monomial in
degree . O

We have N°¢-graded Betti numbers
Bi o = dim Torfa(k, k) fora e N°i>0.

The generating function (of the resolution)

PRz )= 3 fiat'z®
i>0
aENC

is called the multigraded Poincaré series. Sometimes we consider the total Poincaré

PR(t) = Z( > &7@)# =PE((1,...,1),1).

i>0 “aeNe¢

series
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The Serre-Kaplansky problem, “Is the total Poincaré series of a finitely generated
commutative local Noetherian ring rational?’, was one of the central questions in
Commutative Algebra for many years. An example of irrational Poincaré series was
first constructed by Anick. The Poincaré series is rational in the monomial case
by a result of Backelin. In the toric case, the results 3.2 and 3.3 concerning this
problem are obtained.

Theorem 3.2. [Roos-Sturmfels, Theorem 1] There exists a Cohen-Macaulay mono-
mial curve in P® whose toric ideal is generated by quadrics and whose Poincaré series

is not rational.

Some open problems on the rationality of the Poincaré series are raised in
[Froberg-Roos].

According to [Peeva-Sturmfels 2|, a toric ideal is called generic if it has a
minimal system of binomial generators such that each variable appears in each
generator. The word “generic” refers to the genericity of the matrix B, such that

the sequence 0 — Zn—¢ -2 Zn A, 7¢ s exact, (see [Peeva-Sturmfels 2]). The finite
minimal free resolution of a generic toric ideal is very structured; it is constructed
in [Peeva-Sturmfels 2].

Theorem 3.3.
(1) [Gasharov-Peeva-Welker] If I 4 is generic, then P¥(z,t) is rational.
(2) [Peeva-Sturmfels] If I 4 has codimension 2, then P (z,t) is rational.

The Betti numbers 3; , can be computed by simplicial complexes: Consider
the monoid NA as a lattice with order defined by v < u if u — v € NA; following
Herzog, Hibi, et al., we call this lattice the divisor poset of I 4. For o € N¢ denote
by (0, «) the open interval {y € NA|0 < v < a}. Furthermore, denote by A, the
simplicial complex with faces the chains (totally ordered sets) in (0, «v).

Theorem 3.4. (Laudal-Sletsjge) For o € N¢ ¢ > 0 we have
Bia = dimH;_2(An; k).

Proof: We present a proof, shorter than the original one, following [Peeva-Reiner-
Sturmfels] and [Herzog-Reiner-Welker|. Consider the bar resolution B of k over
R. This is a non-minimal resolution which we use to compute the Betti numbers.
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Denote by A’ the set of ordered i-tuples of non-zero elements of N.A. The i-term B;
in B is the free R-module with basis A*. We compute the Betti numbers by tensoring
B with k£ and then taking homology. Tensoring by k we obtain the complex

where B; ® k is the k-vector space with basis A?. Write the basis elements in the
form [A1|Ag] -« [Aiz1|Ai] with A; € NA\ 0. The differential acts as follows

(di @ k)[Aa] -+ [N] = Zl<j<i—1 (=17 - Al [+ Al - - A

For i = 1 we have (dy ® k)[\] = 0 for any A € NA\ 0. The differential preserves the
sum o = A1 + - - - + \; of the entries in each bracket, that is, the complex B ® k is
the direct sum of its finite-dimensional graded components (B ® k),. We identify
[A1]A2| -+ |\;] with the chain Ay < A + Xy < -+ < A; 4+ -+ A\;_1 in the open
interval (0, «) of N.A. The differential d ® k becomes precisely the boundary map
in the simplicial complex A,. We conclude that the reduced homology of A, in
dimension i — 2 equals the i-th homology of (B ® k),. The dimension of the latter
is equal to 3; q. O

The notion of rate was introduced by Backelin. Let J be an ideal in S and S/.J
be standard graded. The rate of the quotient S/J is

i — 1. .
rate(S/J) = sup{ P : ’z > 2}, where p; = max{ j | Tor%‘](k:, k) # 0}.

i—
In the toric case it is proved that:

Theorem 3.5. [Gasharov-Peeva-Welker|, [Peeva-Sturmfels| Let p be the maximal
degree of an element in a minimal system of homogeneous binomial generators of

I 4. If a projective toric ideal I 4 is either generic or has codimension 2, then
rate(S/I4) =p—1.

The following problem is of interest:

Problem 3.6. Find the rate or sharp upper bounds on the rate of a toric ring.

4. Koszul toric rings

Let J be an ideal in S and suppose that S/J is a standard graded algebra. The
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ring S/.J is called Koszul if the minimal free resolution of k over S/.J is linear, that

is, the entries in the matrices of the differential are linear forms. This happens if

%J(k»k’) vanishes for i # j. Thus, rate(S/J) = 1 is equivalent to

S/J being Koszul. Sometimes we say that J is Koszul. It is easy to see that if S/J

and only if Tor

is Koszul, then J is generated by quadratics.
If an N¢graded quotient S/J is Koszul, then there exists the following nice
relation between the multigraded Poincaré series and the multigraded Hilbert series:

1
4.1 P (z,1) = .
(4.1) e (78) Hilbg, ;(z, —t)

The toric ring S/I4 is standard graded if and only if I 4 is projective, if and
only if the equivalent conditions in Proposition 2.3 hold. It is easy to see that the
toric ideal I 4 is projective if and only if the simplicial complexes A, (defined before
Theorem 3.4) are pure for all o € N¢.

Every ideal generated by quadratic monomials is Koszul by a result of Froberg.
In contrast to the monomial case, the following examples show that there exist
quadratic non-Koszul toric rings.

Example 4.2. [Hibi-Ohsugi] Consider the toric ring
Eltito, tots, taty, tats, tsty, t1te, tate, tates, tats, tste] = klz1, ..., x6]/1,
where the toric ideal is
I= (3345136 — T5T9, T3L10 — L4T8, T2XL9 — L3T7, T1L10 — T5L7, T1LY — 3625!36) .

Clearly I is generated by quadrics. On the other hand, computation with MACAU-
LAY 2 [Grayson-Stillman| shows that the toric ring is not Koszul. It should be also
noted, that this toric ring is normal.

Example 4.3. [Roos-Sturmfels, Example 3] The monomial curve in P® defined by
A={(0,1),(3,1),(5,1),(6,1),(7,1), (11,1)} with

2 2 2 2
I = (v5 — 2124, T5 — ToTs5, T3Ty — T1T6, L5 — T3T5, Tz — Tole)
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is Cohen-Macaulay, but not Koszul. ]
The next question is widely open.
Question 4.4. For which A is the toric ring Koszul?

The most interesting (currently open) conjecture in this direction was intro-
duced by Bogvad:

Conjecture 4.5. The toric ring of a smooth projectively normal toric variety is
Koszul.

The following result was proved by White: if A is the set of incidence vectors
of the bases of a matroid, then the toric variety defined by I 4 is projectively normal
by a result of White. A reformulation of a conjecture by White from 1980 says that:
if A is the set of incidence vectors of the bases of a matroid, then I 4 is generated by
quadrics [White]. Recently, the following stronger conjecture has been considered: If
A is the set of incidence vectors of the bases of a matroid, then S/I4 is Koszul.
There is little evidence supporting the conjecture though.

Roos constructed for each integer p > 3 a quotient W), of a polynomial ring in
6 variables subject to 11 quadratic relations, so that the minimal free resolution of
k over W, has linear Betti numbers in homological degrees < p and a non-linear
p’th Betti number. It is an open question whether such examples exist in the toric

case.

5. Quadratic Grobner basis

Koszul rings were introduced by Priddy and he also introduced an approach very
similar to using quadratic Grobner bases. In this section, we consider toric ideals
with quadratic Grobner bases. It is well-known that an ideal with a quadratic
Grobner basis is Koszul.

Theorem 2.2 leads to the following result:

Corollary 5.1. With respect to any monomial order I 4 has a Grobner basis con-
sisting of pure binomials.

Proof: Choose a minimal system of pure binomial generators of I 4. All new ele-
ments produced by the Buchberger algorithm are pure binomials. ]
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Corollary 5.2. [Aramova-Herzog-Hibi] The property that a given set of pure bi-
nomilas is a Grobner basis of I o (with respect to a fixed monomial order) does not
depend on the ground field. In particular, the property whether I 4 has a quadratic
Grobner basis does not depend on the ground field.

Proof: This follows from the fact that the Hilbert function of the toric ring does
not depend on the ground field. O

However, the following question is open:

Question 5.3. [Aramova-Herzog-Hibi| Does the Koszul property depend on char(k)
for toric rings?

We list some specific toric ideals that have a quadratic Grobner basis:

Example 5.4. Set T = k[t1,...,t.]. The r’th Veronese ring is
Ver = @2y Tir = k[ all monomials of degree r in ¢ variables | ;

it defines the 7’th Veronese embedding of P¢~1. The set of points defining the toric
ideal can be chosen

AT,C: {(i].)-.-,/ic) ENC| Zi] :/”’}_
j=1

Clearly, the sum of all rows in the matrix A, . is the vector with coordinates equal
to r, so the toric ideal is projective by Proposition 2.3. By [Barcanescu-Manolache]
every Veronese toric ideal has a quadratic Grobner basis. This results is generalized
in [Eisenbud-Reeves-Totaro] to high (for r large) Veronese rings over a graded k-
algebra.

The r’th square-free Veronese ring is defined as

M., = k[all square-free monomials of degree r in ¢ variables] .

The defining toric ideal admits a quadratic Grébner basis as well, cf. [Sturmfels].(]

Example 5.5. Let A; denote the simplex with ¢ + 1 vertices whose coordinates
have the form (0,...,0,1,0,...,0). Let A consist of the vertices of the product of
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two simplices A, x A,. The corresponding toric variety is called a Segre variety or
the Segre embedding of PP x P? in PP4TPT4  The toric ideal is generated by the
2 x 2-minors of an (p+ 1) x (¢ + 1)-matrix of indeterminates

{ri;|1<i<p+1,1<j<q+1}

There exist monomial orders with respect to which the quadrics generating the toric
ideal form a Grobner basis. [

A toric ideal (variety) is called polytopal if A consists of the lattice points in a
lattice polytope P and a;; = 1 for each lattice point a; in P; in this case we denote
the toric ideal by Ip. A useful tool for constructing a quadratic Grobner basis of a
polytopal toric ideal is the connection between the Groébner bases and the regular
triangulations of P [Sturmfels].

Theorem 5.6. [Bruns-Gubeladze-Trung] Let P be a lattice polytope with a;; =1

for each lattice point a; in P.

(1) The ideal I;p has a quadratic Grébner basis and is Koszul for s > dim(P)
(here, sP denotes a Minkowski sum).

(2) If P is a polytope with facets (maximal faces) parallel to to the hyperplanes
given by equations x; = 0 and x; — x; = 0, then Ip has a quadratic Grobner
basis and is Koszul.

(3) If P is a polygon with at least 4 lattice points in its boundary, then Ip has a
quadratic Grébner basis and is Koszul.

Let W be a finite connected graph having no loops and no multiple edges and
whose vertices are labeled by {1,...,c}. The edge ring of W is the toric ring

k[tit;|{i,7} is an edge in W7;

denote by Iy the corresponding toric ideal. In [Hibi-Ohsugi] we find a combinatorial
criterion (in terms of the properties of the graph W) determining when the edge
toric ideal is generated by quadrics. Furthermore, we have:

Theorem 5.7. [Hibi-Ohsugi 2] Let W be a bipartite graph. The following condi-
tions are equivalent:
(1) Iw is Koszul
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(2) Iw has a quadratic Grobner basis
(3) Iw is generated by quadrics.

For edge rings arising from bipartite graphs [Hibi-Ohsugi 2] and for normal
toric surfaces [Peeva-Reiner-Sturmfels], the Koszul property holds if and only if the
toric ideal has a quadratic Grobner basis. However, the existence of a quadratic
Grobner basis is not a necessary condition for the Koszul property to hold, as shown
in the following examples.

Example 5.8. [Hibi-Ohsugi, Example 2.2] Consider the toric ring
Kltitats, titsta, tatats, titats, tatste, tatste, tataty, tatsty] = klzy, ..., 28]/,
where the toric ideal is
I = (w9w8 — T427, T1T6 — T3T5, T1T3 — TaTy) -
It is proved in [Hibi-Ohsugi, Example 2.2] that this toric ring is Koszul and that I
admits no quadratic Grobner basis (changes of variables are not permitted). O
The fact that no quadratic Grobner basis exists in the example above follows

from the following result:

Proposition 5.9. [Hibi-Ohsugi] Let the monomials t*, ..., t%" (generating the
affine semigroup) be square-free and of the same degree. Suppose that [, has a
quadratic Grobner basis. Then I 4 has a quadratic square-free initial ideal, and so
the toric ring is normal.

Here is another example.

Example 5.10. [Roos-Sturmfels, Example 2] The monomial curve in P” defined
by A= {(0,1),(3,1),(4,1),(5,1),(6,1),(7,1),(11,1),(22,1)} and

2 2 2
T4 = (x5 — 2128, G5 — T2T7, T3Te — T1X7, T5 — Tale, TaTs — T1T7,
2 2 2
T3T5 — Take, T — Tale, T3Ty — Tals, T3 — Taks, ToT3 — T1Le, Ty — L1T5)

is Koszul and has no quadratic Grébner basis (changes of variables are not allowed).
It can be verified by computer that I 4 has no quadratic Grébner basis. The ring
S/(zg) + I 4 is Koszul because it has a quadratic Grobner basis. Since I 4 is prime,
we have that xg is a non-zero-divisor. Therefore, the toric ring is Koszul as well. [

The proof of the example above makes use of the following well-known result.
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Theorem 5.11. Let J be an ideal in S and suppose that S/J is a standard graded
algebra. If f is a linear or quadratic non-zero-divisor in S/J, then the quotients
S/J and S/(J, f) are either both Koszul or both non-Koszul.

Example 5.12. [Caviglia] The ideal

2 2
I = (1‘8 — I3%9, T5T8 — Tely, T1T8 — Lg, T5L7 — T2X, T4T7 — TeXY,
2 2
T1T7 — 42X, Tg — T2X7, T4Te — T2X9, L3Lg — Ty, T1Le — T5T9, L3T5 — TeLs,

2 2
3Ly — T7T9, Ty — L1T5, T2X4 — Ty, L2T3 — LeL7, L1T3 — LgLg, T1L2 — 3645135)

is the defining ideal for the monoid in N3 generated by
'A = { (37 0’ 0)’ (0’ 37 0)7 (07 07 3)7 (27 17 0)’ <17 27 0)7 (07 27 ]‘)7 (07 ]" 2)’ (17 07 2)7 (27 07 ]‘) } .

This example looks very similar to the Koszul cubic Veronese (the monoid for the
cubic Veronese is generated by A U (1,1,1)). The first eleven steps in the minimal
free resolution of k over S/I are linear; this was verified by computer by Jan-Erik
Roos. Sturmfels, who introduced the example, verified by computer that the ideal
I has no quadratic Grobner basis (linear changes of coordinates are not permit-
ted). Aramova, Herzog, and Hibi verified [Aramova-Herzog-Hibi, Question 4.2 and
remarks] that S/I is not sequentially Koszul. Finally, Caviglia recently proved that
S/1I is Koszul. m

6. Shellings

The following proposition shows that the Koszul property for toric ideals amounts
to Cohen-Macaulayness of certain open intervals. This makes it possible to use
shellings — a tool from topological combinatorics.

Proposition 6.1. [Peeva-Reiner-Sturmfels|, [Herzog-Reiner-Welker| Let I 4 be pro-
jective. The toric ring R is Koszul if and only if the open interval (0, «) is Cohen-
Macaulay for every a € NA.

Recall that a finite graded poset P is Cohen-Macaulay over k exactly when
for each open interval (u1,p2) = {u € P|pu1 < p < p2} in P the homology of its
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order complex H; (A((p11, p2)), k) vanishes except in the top degree (here A((p1, 2))
denotes the simplicial complex with faces the chains in (p1, p2)).

Proof: First, we define the degree of a: it is the standard degree (with respect to
the grading given by deg(x;) = 1) of any monomial in N°degree a. The toric ring
R is Koszul if and only if Torfa(k:, k) vanishes unless ¢ = deg(«). By Theorem 3.4,

it follows that R is Koszul if and only if H;(Ag, k) = 0 for i # deg(a) — 2 for every
a.

On the other hand consider the poset (0,«) in the monoid N.A: any open
subinterval (u1, p2) can be written as pg + (0, uo — p1), which is topologically the
same as the open interval (0,pus — p1). Therefore, (0,«) is Cohen-Macaulay for
every « if and only if H;(Ay; k) = 0 for i # deg(a) — 2 for every o O

A useful technique to prove Cohen-Macaulayness of a poset is shelling the poset.
The divisor poset of R is shellable if every open interval (0, «) is shellable. The
above proposition makes it possible to prove Koszulness by constructing shellings
of the intervals (0, ). A uniform shelling consists of shellings of the open intervals
(0, ) satisfying some natural uniformity conditions. Such shellings are studied in
[Peeva-Reiner-Sturmfels].

Theorem 6.2. [Peeva-Reiner-Sturmfels] A uniform shelling exists if and only if
there exists a quadratic non-commutative Grébner basis of the ideal (I 4, {x;x; —
xjx; |1 <14,5 <n}) in the non-commutative ring k(z1,...,x,).

It is also possible to shell the open intervals (0, «) non-uniformly. Such con-

structions are considered in the next section.

7. Koszul filtrations

Proofs of Koszulness or rate involving filtrations have been used in various forms, for
example by Eisenbud and Herzog, cf. [Eisenbud-Reeves-Totaro]; later, the method
was formally introduced by Conca, Trung, and Valla, who gave it the name “Koszul
filtration”. In the toric case, Koszul filtrations are closely related to shellings.

We start with the definition. We consider a particular type of Koszul filtrations,
which we call simple filtrations (also called “sequentially Koszul”) and which are
used in the toric case. Let J be an ideal in S, and @ = S/J be a standard graded
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algebra. A simple Koszul filtration of @ is a set K of ideals of the form (z;,,..., ;)
such that:

(1) (z1,...,2,) €K
(2) If (x4,,...,75,) € K, then there exists a 1 < j < p such that
(le,...,:fzij,...,xip)ElCand ((:L‘i17"'7i)7;j7"'7xip>:xij)E’C‘

Note that K necessarily contains the ideal (0). Also, note that we do not assume
that J is generated by quadrics. If there exists a Koszul filtration of (), then @ is
Koszul.

Example 7.1. [Aramova-Herzog-Hibi] All computations in this example were made
by the computer algebra system MACAULAY 2 [Grayson-Stillman|. Take

R =klz1,...,x8]/1a = k[t1ta, t1ts, t1ta, t1ts, tats, taty, tats, tats] .

The following is a simple Koszul filtration of R:

x1) : 22 = (21, T6)

0) $1—0

(z1,...,27) 128 = (21, ..., T7)

(z1,. .. 26) t 27 = (21, .- -, T6)

(1,...,25) : g = (1,...,T5) (z1, 22,23, x5) : 6 = (21,...,T5)
(T1,...,24) x5 = (T1,...,T4) (z1,x9,23) : x5 = (T1,...,T4)
(x1,22,23) : ©4 = (x1, X2, X3, X5, Tp) (r1,22) : x5 = (x1,...,24)
(x1,22) : 3 = (21, T2, T5) (1) : x (331,332)

(

(

In practice, it is more convenient to give a Koszul filtration by giving a list of the
annihilator ideals, as in this example. O

Aramova, Herzog, Hibi, and Restuccia have introduced several types of Koszul
filtrations. In the toric case, such filtrations correspond to nice shellings of the
divisor poset. We present some of their definitions, constructions, and examples
below; for simplicity we restrict to the toric case.

Definition 7.2. [Herzog-Hibi-Restuccia] The toric ring R is called strongly Koszul,
if
K= {(xil,...,xij) 11 <... <ij, 1<y Sn}
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1s a Koszul filtration.

Theorem 7.3. [Herzog-Hibi-Restuccia] Suppose that I 4 is projective. The follow-
ing are equivalent:

(1) S/I4 is strongly Koszul.

(2) the divisor poset of S/I 4 is wonderful.

(3) the ideals (z;) N (x;) are generated in degree 2 for all i # j.

Examples 7.4. [Herzog-Hibi-Restuccia] Veronese and Segre rings are strongly
Koszul. A Hibi ring or an edge toric ring of a bipartite graph is strongly Koszul
if and only if it is obtained (starting from polynomial rings) by repeatedly taking
Segre products and tensor products. The square-free Veronese rings M., are not
strongly Koszul for ¢ > 2r + [r/2]. O

All known examples of strongly Koszul toric rings have a lexicographic quadra-
tic Grobner basis, so Aramova, Herzog, and Hibi posed the question whether every
toric strongly Koszul ring admits such a Grobner basis.

Definition 7.5. [Aramova-Herzog-Hibi| The toric ring R is called sequentially
Koszul, if there exists a simple Koszul filtration of R. Clearly, a strongly Koszul
ring s sequentially Koszul.

The ring in Example 7.1. is sequentially Koszul.

Theorem 7.6. [Aramova-Herzog-Hibi]

(1) Each toric ring with straightening laws (on a finite poset) over a field k is
sequentially Koszul. Every Hibi ring is sequentially Koszul.

(2) The second square-free rings M. o are sequentially Koszul.

One might be interested how “sequentially Koszul” relates to shellability. Ara-
mova, Herzog, and Hibi posed the question whether every sequentially Koszul toric
ring has a shellable divisor poset.

Aramova, Herzog, and Hibi also introduced the notion of extendably sequen-
tially Koszul ring. Every such ring is sequentially Koszul. The definition is tech-
nical, and we omit it. The second square-free Veronese rings M, are examples
of extendably sequentially Koszul rings. Although the definition is technical, this
property is interesting because it seems to be the algebraic description of shellabil-
ity, according to the next theorem. The notion of “A-shellability of locally finite
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posets” is introduced in [Aramova-Herzog-Hibi 2]. They prove that the toric ring

S/14 is extendably sequentially Koszul if and only if the divisor poset of S/I 4 is

A-shellable.

Example 5.8 provides an extendably sequentially Koszul toric ring which admits

no quadratic Grébner basis. In view of [Aramova-Herzog-Hibi 2|, we get an example

of a toric ring with a shellable divisor poset and without any quadratic Grobner

basis.

[Aramova-Herzog-Hibi]

[Aramova-Herzog-Hibi 2]

[Barcanescu-Manolache]

[Bruns-Gubeladze-Trung]

[Eisenbud-Reeves-Totaro]

[Fréberg-Roos|

[Fulton]

[Gasharov-Peeva-Welker]
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