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Abstract: We show that the Hilbert scheme, that parametrizes all ideals with the same Hilbert function
over a Clements-Lindtrom ring W, is connected. More precisely, we prove that every graded ideal is
connected by a sequence of deformations to the lex-plus-powers ideal with the same Hilbert function.
Our result is an analogue of Hartshorne’s theorem that Grothendieck’s Hilbert scheme is connected;
however our proof is entirely different, since Hartshorne’s deformations (distractions) do not work over
W. We also prove a conjecture by Gasharov, Hibi, and Peeva that the lex ideal attains maximal Betti

numbers among all graded ideals in W with a fixed Hilbert function.

1. Introduction

Throughout the paper S = k[z1,...,2,] is a polynomial ring graded by deg(z;) =1 for
all 4, over an algebraically closed field k of characteristic zero. One of the central results
in commutative algebra is Macaulay’s Theorem [Ma], which characterizes the possible
Hilbert functions of graded ideals in S. The key idea is that for every graded ideal in S
there exists a lex ideal with the same Hilbert function. Lex ideals also play important
role in the study of Hilbert schemes.

Grothendieck’s Hilbert scheme, introduced by Grothendieck [Gr], parametrizes sub-
schemes of P" with a fixed Hilbert polynomial. The structure of Grothendieck’s Hilbert
scheme is known to be quite complicated. The following result of Hartshorne is the main
known positive structural result.

Theorem 1.1. [Ha] The Hilbert scheme, that parametrizes subschemes of P" with a
fixed Hilbert polynomial, is connected.
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A minor modification of its proof shows that:

Theorem 1.2. The Hilbert scheme Hg(h), that parametrizes all graded ideals in S with
a fixed Hilbert function h, is linearly connected. Every graded ideal in the polynomial
ring S is connected by a sequence of deformations to the lex ideal with the same Hilbert

function.

Theorem 1.2 implies Theorem 1.1 since if L and L’ are two lexicographic ideals with
the same Hilbert polynomial then L and L’ represent the same point on the Hilbert
scheme (because Ly = L/, for d > 0).

It is known that Theorems 1.1 and 1.2 hold over an exterior algebra. Results on
the structure of the Hilbert scheme over an exterior algebra are proved in [PS2].

The structure of the Hilbert scheme over S is known to be very complicated, and it
seems that this discouraged people from trying to study Hilbert schemes over quotient
rings as the proofs and constructions become significantly more intricate. The Clements-
Lindstrom rings are a natural class of quotient rings to consider because Macaulay’s
Theorem holds over them. This paper is focused on such rings.

Let P = (ai*,---,2%), with a1 < as < -+ < a,, < oo (here z° = 0) and set

n

W = S/P. We say that W is a Clements-Lindstrém ring. We refer to z{*,---, zo»
as the P-powers. The generalization of the notion of a lex ideal to W is the notion
of a lex+P ideal, defined in Section 2. The well known Clements-Lindstrom Theorem
[CL] characterizes the possible Hilbert functions of graded ideals in the quotient ring
W; Macaulay’s Theorem [Ma] covers the particular case when W = S. The Clements-
Lindstrom Theorem states that for every graded ideal in .S containing P there exists a
lex+P ideal in .S with the same Hilbert function; equivalently, for every graded ideal in
the Clements-Lindstrom ring W there exists a lex ideal with the same Hilbert function.
We consider the Hilbert scheme Hyy (h), that parametrizes all graded ideals in W with a
fixed Hilbert function h. Equivalently, this Hilbert scheme parametrizes all graded ideals
in S containing the P-powers and with a fixed Hilbert function. In Section 3, we define
that a deformation is a P-deformation if it connects ideals containing the P-powers.

In Section 3, we prove:

Theorem 1.3. The Hilbert scheme Hyy (h), that parametrizes all graded ideals in W
with a fixed Hilbert function h, is linearly connected. Every graded ideal in the polyno-
mial ring S that contains the P-powers, is connected by a sequence of P-deformations
to the lex+ P ideal with the same Hilbert function.



Note that the Hilbert scheme Hy, (h) is much smaller than Grothendieck’s Hilbert
scheme that parametrizes all graded ideals in S with a fixed Hilbert function (this is a
variation of the classical Grothendieck’s Hilbert scheme). Also note that generic changes
of coordinates, used by Hartshorne, do not work over W since they destroy the P-powers.
In this situation, it is quite surprising that Hyy (h) is connected.

We prove Theorem 1.3 as follows. Given an ideal V' on the Hilbert scheme Hyy (h),
we construct an explicit path from V to the lex+P ideal on Hy (h). As we mentioned
above, Hartshorne’s proof [Ha] relies on generic change of coordiantes. Unfortunately,
generic change of coordiantes does not work in W because it destroys the P-powers.
We overcome this difficulty by constructing walks on Hyy (h) in an entirely different way
than Hartshorne’s. Our walks consist of repeatedly performing the following two steps.
(1) We construct a walk based on the idea of “filling gaps”. This idea was used by Peeva
and Stillman in [PS] over an exterior algebra; the construction over W is more intricate
because the gaps have a more complicated form than those over an exterior algebra. (2)
We construct walks using special changes of coordinates.

As a corollary of Theorem 1.2, Macaulay’s Theorem was generalized to Betti num-
bers by Bigatti, Hulett, and Pardue as follows:

Theorem 1.4. Every lex ideal in S attains maximal Betti numbers among all graded
ideals with the same Hilbert function.

The above result holds over an exterior algebra as well. Aramova, Herzog, and Hibi
[AHH] prove that every lex ideal in an exterior algebra attains maximal Betti numbers
among all graded ideals with the same Hilbert function. It was conjectured by Gasharov,
Hibi, and Peeva [GHP] that Theorem 1.4 holds over the Clements-Lindstrém ring W.
In Section 4, we prove the conjecture:

Theorem 1.5. Every lex ideal in W attains maximal Betti numbers among all graded
ideals with the same Hilbert function.

Note that Theorem 1.4 is about finite resolutions, while Theorem 1.5 is about
infinite ones.

The walks on the Hilbert scheme that we construct in Section 3, do not give infor-
mation on how the Betti numbers change along the walk. In order to prove Theorem 1.5
we construct special changes of coordinates and use them to build a construction that
starting with a monomial ideal yields a lex-closer ideal with bigger Betti numbers. The
construction may not yield a path on the Hilbert scheme between the two ideals.
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2. Preliminaries

Here we recall and introduce several definitions and notation, which will be used in the
next sections.

Throughout this section all ideals and monomials live in the polynomial ring S.

We say that a monomial m € S is P-free if its image in the quotient ring W is non-
zero, that is, for each 1 <4 < n we have that x;* does not divide m. If P is generated
by the squares of the variables, then the P-free monomials are called squarefree.

We say that a graded ideal I is an ideal+ P if it contains the ideal P. Furthermore,
a monomial+ P ideal is a monomial ideal containing P. Such an ideal M has a unique
minimal system of monomial generators that consists of P-free monomials and some of
the P-powers. We denote this system of generators by mingens(M).

We order the variables 1 > ... > z,. Order the monomials in each degree lexi-
cographically. Denote by ., the homogeneous lexicographic order on the monomials;
for simplicity, we call it lex-order. For a monomial m # 1 set

max(m) = max{i € N|z;/m} and min(m)=min{i € N|z;/m},

where x;/m means that the variable z; divides the monomial m.
An ideal M is called Borel+P if it is generated by monomials, contains P, and the
following property is satisfied: if m is a P-free monomial in M, a variable x; divides m,

XM
I _c M.

and 1 < j <4, then

X

A k-vector space E spanned by monomials of the same degree j is called lex-

segment+P if it contains P; and the following property is satisfied: if m € F is a
P-free monomial and ¢ >, m is a monomial of deg(c) = j, then ¢ € E.

An ideal L is called lez+P if for each j > 0 the vector space L; is spanned by a

lex-segment+P. Clearly, L. O P. Note that the ideal P is lex+P.

Definition 2.1. A P-free monomial m is called a gap in a monomial+P ideal M if
m ¢ M and M contains a lex-smaller P-free monomial of the same degree.
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Definition 2.2. Let M and M’ be two monomial+P ideals with the same Hilbert

function. We say that M is lex-closer than M’ is, if there exists a degree r such that

the following conditions are satisfied:

(1) M; = M for each j <r

(2) Let g1,...,gp and g, ...,g,, be the gaps of M, and M, respectively, ordered lexi-
cographically in decreasing order. Then g;. >lex gj for the first j for which the j’th
gaps are different.

3. Connectedness of the Hilbert scheme

3.1. Reduction to the Borel+P case.

Definition 3.1.1. Consider the ring S = S® k[t]. Let C be an ideal in S such that S/C
is flat as a k[t]-module. For a € k, the quotient S/C ® (k[t]/(t — a)) is denoted (S/C)q
and is called the fiber over o. For any «a,3 € k we say that the fibers (5/C), and
(S/C) 4 are connected by a deformation over A}, We say that two ideals C' and C” in S
are connected by a sequence of deformations over A}, if S/C and S/C’ are connected by
a sequence of deformations over A} . For simplicity, we often say “deformation” instead

of “deformation over A}”. We have a P-deformation if C D P; in this case, C,, D P for
every a.
It is well known, cf. [Ei, Chapter 15], that:

Lemma 3.1.2. Let U be a graded ideal in S that contains the powers P. Fix a monomial
order <. The initial ideal in,U and U are connected by a P-deformation.

Construction 3.1.3. Fixa 1l <j <n.
The j’th polarization of a monomial m = [[z§* is pol;(m) = m if j does not divide
m, and otherwise

pol;(m) = Hl‘f (7591 Ye;-1),
i#j

where the variables y; are new variables. Let M be a monomial ideal in S. Let s
be the largest power of x; occuring in a minimal monomial generator of M. Set
S = k[z1, -+, %n, Y1, -, Ys—1]. Then for every monomial m € mingens(M), we have
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pol;(m) € S. The j’th polarization of M is the ideal M,, of S generated by the j'th
polarizations of the minimal monomial generators of M, that is,

Mpor = (pOlj (m) | m € mingens(M)) .
Assume that a; < co. Let ¢ be a primitive a;’th root of unity (e.g., ( = cos [21—’; +
v —1sin i—’;) Let ¢;; be the autormorphism of S given by ¢y;(z;) = z; for i # j,

oj(xj) =z — xj, and ¢y (y;) = & — Cixj + y; for all y;. Set

M" = <f(:c1,...,xn,0,...,0)]fqu(polj(m)) for mEmingens(M)) cs,

and denote by M’ the ideal in S generated by the same generators.

Lemma 3.1.4. We use the notation in Construction 3.1.3. Let rlex be a revlex mono-
mial order in S so that the y-variables are smaller than the x-variables. Suppose that
M is a monomial ideal that satisfies the following conditions:

(1) The minimal monomial generators of the ideal inje,¢(Mpo) are monomials in S.
(2) The ideals M and (inTlezng(Mpol)) N .S have the same Hilbert function.

(3) Both M and M" contain the P-powers.

Then M and (inrlewqﬁ(Mpol)) NS are connected by a sequence of two P-deformations.

Proof: Note that the ideal M’ contains the P-powers by (3).

By (1), it follows that M" and ¢(Mpe) have the same initial ideal with respect to
rlex. Hence, in.jo, M' = (inﬂex (b(Mpol)) NS. By Lemma 3.1.2, it follows that the ideals
M’ and ingje, M’ = (inrlew ng(Mpol)) NS are connected by a P-deformation.

On the other hand, consider a lex order lex on S such that x; >jex ;. By con-
struction, it follows that M C injexM’. By (2) we conclude that M’ and M have the
same Hilbert function. Hence, M = injex M’. Therefore, M and M’ are connected by a
P-deformation by Lemma 3.1.2. U

Applying Lemma 3.1.4 to the results by Mermin and Murai in [MM, Section 3] we
obtain the following result.

Proposition 3.1.5. Let J be a monomial+ P ideal which is not Borel+P. There exists
a Borel+-P ideal B which is lex-closer than J and which is connected to J by a sequence
of P-deformations; in particular, B has the same Hilbert function as J.
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Remark. Mermin and Murai did not state that B is lex-closer than U. However, it
follows from their proof that the construction given in [MM, Section 3| always gives a
monomial+P ideal which is lex-closer than the original ideal.

3.2. Filling gaps in a Borel+P ideal. In the rest of Section 3, all ideals and
monomials live in the polynomial ring S, and B stands for a Borel+P ideal that is not
lex+P.

Construction 3.2.1. If m = z{' ... 25" is amonomial and 1 < j < deg(m) is an integer,
we define the j-th beginning of m to be the monomial begin,(m) = z{* ... z; ' xt', where
1 <p<e; and deg(zft ...z al') = 5.
Set
g = min{h € N | By, is not spanned by a lex-segment+P} .
Furthermore, denote by g the lex-greatest gap in By, and denote by b the lex-greatest

P-free monomial in B, that is lex-smaller than §g. We can write § = dg’ and b=dl,
where d, ¢’, b’ are P-free monomials and either d = 1, or max(d) < min(g’) and max(d) <
min(b’).

Choose the minimal number [ € N so that the set of monomials

C; = {beginj (b)u € mingens(B) |beginj(~)u is a P-free monomial, j > deg(d),
beginj(gj)u ¢ B,
min(u) > max(begin,(g)) if u # 1 }

is not empty. Set C = C;, and b = begin;(b) and g = begin;(g). We form the binomial
ideals

T = <{ bu — gu |bu € C}, mingens(B) \ {bu|bu € C})

N =T+ (xp"

¢ T, 1< h<n),
where b and g are fixed, and u varies. Set J =in_, (N).

The main result in this section is the following proposition.

Proposition 3.2.2. Let B be a Borel+P ideal which is not lex+P. The monomial+ P
ideal J, constructed in 3.2.1, is lex-closer than B and is connected to B by a sequence
of P-deformations. In particular, the ideal J has the same Hilbert function as B.
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The proposition is proved in a series of lemmas and constructions.
Notation introduced in a construction or in the statement of a lemma, will be used
throughout the rest of the section.

3.3. The first gap in B.

Lemma 3.3.1. The P-free monomials § and b, defined in Construction 3.2.1, have the
form

oA (e3P e 3} Qg

g=dzitx? ..oxy

7 _ aiy1—1  aiq2—1 aitp-1—1_2
b=dux; 7 2 o Tigp 1 Ligps

where the following conditions are satisfied:
o d is a P-free monomial, and max(d) <1 if d # 1,
0 1<i<ig<...<i53<n,
op=1,

Bya1,...,as € N\ O,

B+ icncp (@ —1) =301y Ons

B < aitp—1.

o

(e]

(e]

Proof: We can write the monomials § and b in the form

~ [eS P e} (o)
g=duz; z; T
7 _ B1 ,.B2 Br
b= dle Tjy - Jr

where B1,...,0 a1,00,...,as E N0, i # j1, 1 <i<ipg <...<ig<n, 1<j <

Jo < ... < jr <m,and d is a monomial such that either d = 1, or max(d) < i and
max(d) < ji.
Since § >ex B, it follows that ¢ < j;. Hence each of the numbers ji, js,...,Js is

greater or equal to ¢ + 1. Choose p to be the biggest integer for which the difference

di<t<s Oh — Do1<j<p1 (@ipp — 1) is positive. Set

ﬁ: Z Qp — Z (ai—i-f_l)-

1<h<s 1<f<p-1

As b € B is a P-free monomial and the ideal B is Borel+P, it follows that the monomial

i g Qi1 aig2—1 aitp-1—1_p
mi=dz; ) ®ly o r)y Ty, €B.



Note that this monomial is P-free since max(d) < i < i+ 1. Since m is the lex-greatest
P-free monomial in B, that is lex-smaller than g and since ¢ # j;, we conclude that
7 i+1—1 _a;jy2—1 i+p—1—1
b=dzi 7 al T ar xﬁrp
as desired. U

Lemma 3.3.2. We have that either max(h) < max(§), or max(b) = max(g) and 8 < .

).

In the latter case max(——) < max(—Z
Titp Titp

Proof: We have that max(g) = is and max(b) = i + p by Lemma 3.3.1. Suppose that
the inequality i < i+ p holds. Then is_, <i+p—r forevery 0 <r <p—1.

Suppose that either iy, < ¢+ p, or iy = i+ p and 8 > a,. Since b e Band B is
Borel+P, it follows that g € B because a; < ... < a,. This is a contradiction since § is
a gap by assumption. [

Lemma 3.3.3. We have that b € mingens(B).

Proof: Suppose that b is not a minimal monomial generator of B. Therefore, b € Sy B,_1.
As B,_, is spanned by a lex-segment+F,_, it follows that S;58,_ is spanned by a lex-

segment+PF,. As both g and b are P-free monomials and g >lex b, we conclude that
g € S1B;—1. This is a contradiction because g is a gap by assumption. O

Lemma 3.3.4. We have that gz;, € B for every number h < max(g).

Proof: If the monomial gzy is not P-free, then we are done. Suppose that it is P-free.

Th >lex §- Hence
Lmax(g) Tmax(g)

Let h < is be a natural number. We have that rp €B

because g is the lex-greatest (first) gap in B;. Therefore, gz;, € B. [

3.4. A binomial plus P ideal.
Consider § and b introduced in Construction 3.2.1. Recall that

C; = { begin; (b)u € mingens(B) |beginj(5)u is a P-free monomial, j > deg(d),
begin, (5)u ¢ B,
min(u) > max(begin;(g)) if u # 1 }.
Lemma 3.4.1. There exists a j € N such that C; # 0.

Proof: By Lemma 3.3.3 we have that b € C with u = 1 and begin; (b) = b. O
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Lemma 3.4.2. Ifbu € C, then either min(u) > max(g) or u = 1.

Proof: If uw # 1, then we have that min(u) > max(begin;(g)) = max(g) by Construc-
tion 3.2.1.
U

Construction 3.4.3. Choose the minimal number [ € N so that C; # (). Recall by

3.2.1. that C = C;, and b = begin;(b) and g = begin;(g). By Lemma 3.3.1 it follows that
the I-th beginning of b has the form

b = begin, (b) = dx?_ﬁll_l x?jﬁrl ... x?ﬁt"_’ll_laﬁ“
for some 1 <t < p and such that either t =pand 1 <y < fG,ort#pand 1 <~ <
a;1¢ — 1. Furthermore, the [-th beginning of § has the form

(e v
PP

g = begin () =dz" x

where 1 < v < «,. The integers t and r above are defined by the condition that the
beginning monomial should have degree .

v € mingens(B) and min(v) > max(g), then I_yeB.

Lmax(b) Tmax(g)

Lemma 3.4.4. If

Proof: We consider two cases for the form of g.
Let g = doyax(g).- By Construction 3.4.3, it follows that b = dw; ;. Hence, in this

I y=dv=
Tmax(g) Tmax(b)

v € B.

case

v € C. This

Let g # domax(g)- Suppose that v ¢ B. Therefore,

Tmax(g) Tmax(b)

contradicts to the choice in Construction 3.4.3 that bw € C is such that b = begin, (b)

has minimal degree (since one can replace w by v). O
Lemma 3.4.5. For each h < q we have mingens(B);, = mingens(N);, and Bj, = Nj,.
Proof: The lemma holds because there are no gaps in By,. O

Lemma 3.4.6. max(b) < max(g).

Proof: We have that max(g) = ¢, and max(b) = ¢ + t by Construction 3.4.3. The
argument in the proof of Lemma 3.3.2 yields that max(b) < max(g). But max(b) =
max(g) contradicts to the choice in Construction 3.4.3 that bw € C is such that b =
begin, (b) has minimal degree (since one can replace w by Tmax(b)W)- O
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Lemma 3.4.7. We denote by gb(N) the set of generators of N listed in the formulas

in Construction 3.2.1.

(i) If e is a monomial of degree q such that e ., §, then e is divisible by a monomial
in gb(N).

(ii) If gv € B is a P-free monomial with min(v) > max(g), then the monomial gv is
divisible by a monomial in gb(N).

(iii) Let bu € C. If h < max(g), then the monomial x,gu is divisible by a monomial in
gb(N).

Proof: (i) There are no gaps in B, that are lex-greater than §g. Therefore, e € B,. It
follows that there exists a monomial ¢/ € mingens(B) that divides e. If deg(e’) < ¢,
then €’ € mingens(/N) by the previous lemma. If deg(e’) = ¢, then €’ € mingens(V)
because there are no gaps lex-greater than e’.

(ii) Suppose that the monomial gv is not divisible by a monomial in gb(/N). Since
gv € B, we have that gv is divisible by some minimal P-free monomial generator of B.
As this generator is not in gb(NN), it has to be an element in the set C. Thus, there
exists an u, such that bu € C divides gv. By Lemma 3.4.6 it follows that the monomial
b divides g, which is a contradiction.

(iii) Since bu € C, we have that the monomial gu is a gap in B. Therefore, deg(gu) >
q. Hence deg(zpgu) > q. Write z,gu = xpgu’u” so that deg(xpgu’) = ¢ and max(u') <
min(u”). We have that z,gu’ >, §. As g is the lex-greatest gap in B,, we can apply
Lemma 3.4.7(i) and conclude that z,gu’ is divisible by a monomial in gh(/V). Hence,
xpgu is divisible by a monomial in gb(N). O

3.5. Grobner bases of N.

Lemma 3.5.1. Denote by < the degree-reverse-lexicographic order for which x1 < x2 <
... =< Zyp. The initial ideal inL(N) contains B.

Proof: Since g »c. b, we have that gu ., bu for each bu € C. Therefore, bu > gu for
each bu € C. Therefore, inL(N) D B. O

Construction 3.5.2. We will need a description of the first syzygies of B. Consider
the following four types of syzygies.

(Syz 1) If 23" and x;f are minimal monomial generators of B, then there exists a first
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ap

syzygy corresponding to the relation ZL‘(;f Gh gt =

—xy =
(Syz 2) Given a P-free monomial a € mingens(B) and a natural number h < max(a), let
¢ be the pure-lex-greatest minimal monomial generator (of B) dividing z,a. Sometimes

we denote this by ¢ = begin(zpa). Let z be the monomial such that xpa = ze. We have
a first syzygy corresponding to the relation zpa — zc = 0. Note that min(z) > max(c).

(Syz 3) Given a P-free monomial a € mingens(B) and a natural number h < max(a),

such that xj divides a and z}" € mingens(B), let ZL‘,J; be the highest power of x; that

ah_f

divides a. Set z = ﬁ We have a first syzygy corresponding to the relation z," " a —

zaph =0.
(Syz 4) Given a P-free monomial a € mingens(B) and a natural number h, such that

xp, does not divide a and z}" € mingens(B), we have a first syzygy corresponding to the
relation z3"a — az;" = 0.

Lemma 3.5.3. The set of all syzygies of the forms listed in Construction 3.5.2 contains
a minimal system of generators of the first syzygy module of B.

Proof: First, we make a remark about the pure powers contained in B. For each
1 < h < n, denote by a, € N the minimal power such that J}Z}L € B. Clearly ap < ap
since B contains P. It is possible that ;UZ” € C if aj;, < ay. Note that in this case J}Z}L is
a P-free monomial.

The ideal B is a monomial ideal, so Taylor’s resolution provides a possibly non-
minimal free resolution. The first syszygies of B in this resolution correspond to the
relations of the form

/! /
lcm(:z;m )m, B lcm(:,m )m o,
where m,m’ € mingens(B). If both m and m’ are not P-free, then these are the syzygies
of type (Syz 1). If one of m and m’ is P-free and the other is not, then these are the
syzygies of types (Syz 3) and (Syz 4). It remains to consider the case when both m and
m' are P-free. We call such syzygies P-free syzygies, since the multidegree lem(m,m’)
of such a syzygy is P-free.

Denote by B’ the monomial ideal generated by the P-free minimal monomial gen-
erators of B. By [GHP, Theorem 2.2], the minimal free resolution of B’ is the P-free
Eliahou-Kervaire resolution. Therefore, the syzygies of type (Syz 2) form a minimal set
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of generators of the first syzygy module of B’. By [GHP, Theorem 2.1] it follows that
the syzygies of type (Syz 2) generate all P-free first syszygies of B. ]

Lemma 3.5.4. inL(N) = B.

Proof: 'We will prove that the set gh(IN), defined in 3.4.7, is a Grobner basis of the
ideal N, defined in Construction 3.2.1. By [Ei, Theorem 15.8], it suffices to check that if
A,D € gb(N) and oin(A)—7in(D) = 0 is a relation yielding a minimal first syzygy of B
(where o and 7 are monomials), then 0 A—7D can be reduced to zero. By Lemma 3.5.3,
it suffices to consider first syzygies of the four types listed in Construction 3.5.2. The
case when both A and D are monomials is trivial. Suppose that A is a binomial. Then
we have that A = bu — gu for some bu € C. If D is a binomial, then we can write
D = bv — gv for some bv € C, and we get case (1) below. If D is a P-free monomial,
then by Construction 3.5.2 (Syz 2) we can write D = ¢ for some ¢ € gh(N) and we
get either case (2) or case (3) below. Let D = a:Z’L for some 1 < h < n. Then, by
Construction 3.5.2 (Syz3 and Syz4) we get cases (4) and (5).

It follows that we have to check that each of the types of elements described below
can be reduced to zero using elements in gb(N). Below e, ¢, u,v stand for monomials,
and bu € C, bv € C. In particular, bu € mingens(B) and bv € mingens(B). Note that
bu, bv € inL(N).

The five cases are:

(1) e(bu — gu) — zp(bv — gv),

where ebu = zpbv, x), divides bu, h < max(bv), and min(e) > max(bu).
(2) e(bu — gu) — xpe,

where ebu = xc, ¢ € gb(N), z;, divides bu, h < max(c), and min(e) > max(bu);

here bu = begin(zpc).
(3) an(bu — gu) — ec,

where zpbu = ec, ¢ € gb(N), x), divides ¢, h < max(bu), and min(e) > max(c);

here ¢ = begin(zpbu).
(4) :L‘Z’L_f(bu — gu) — zxy",

where h < max(bu) is a natural number such that x;, divides bu, 3" ¢ C, ZL‘{L is the
bu

highest power of xj that divides bu, and z =
(5) " (bu — gu) — buxy",

13



where h is a natural number such that x; does not divide bu and x}" ¢ C.

We consider each case separately.

(1) Consider the element
e(bu — gu) — xp(bv — gv) = —egu + xpgv .

Since ebu = xpbv, it follows that eu = xpv. Hence —egu + xpgv = 0.
(2) Consider the element

e(bu — gu) — xpec = —egu .

We have to show that the monomial egu is divisible by a monomial in gb(N). Suppose
that egu is P-free; otherwise we are done.

If min(e) < max(g), then by Lemma 3.4.7(iii) we have that the monomial egu is
divisible by a monomial in gb(/V). Suppose that min(e) > max(g).

We consider two cases depending on whether x; divides the monomial w.

U
First, we suppose that the variable x; divides the monomial u. Set v = —e. Note
Tn

that min(v) > max(g) because min(e) > max(g) and min(u) > max(g) by Lemma 3.4.3.
We have that bv = ¢ € gb(N). Since bv ¢ C and min(v) > max(g), it follows that
gv € B. By Lemma 3.4.7(ii), we get that the monomial gv is divisible by a monomial
in gb(N). Thus, egu is divisible by a monomial in gb(N).

Now, we suppose that the variable x;, does not divide the monomial u. Therefore,

b
xp divides b. Set v = ue. We have that —v = ¢ € mingens(B). Since the variable xy,
Tp

divides b, we have h < max(b). As iv € B and the ideal B is Borel+P, it follows that
Lh
b

Lmax(b)

v € B.

By Lemmas 3.4.2 and 3.4.6 we have that min(u) > max(g) > max(b). Hence

max(b) < min(v). Therefore, there exists a v" € mingens(B) such that v" divides

Lmax(b)
g
xmax(g)

v and min(v’) = min(v). By Lemma 3.4.4 it follows that v’ € B. Hence gv € B.
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By Lemma 3.4.7(ii), we get that the monomial gv is divisible by a monomial in gb(V).
We conclude that egu is divisible by a monomial in gh(V).
(3) Consider the element

zp(bu — gu) — ec = —zpgu.

We have to show that the monomial xgu is divisible by a monomial in gh(N). Suppose
that xpgu is P-free; otherwise we are done.

If we have the inequality h < max(g), then the monomial z,gu is divisible by a
monomial in gb(/N) by Lemma 3.4.7(iii). Suppose that 2 > max(g) holds.

Since zpbu = ec, we can write ¢ = buxy,, where b divides b and u divides u. Set
v = Gzy. We have that min(v) > max(g). Suppose that b # b. Then bz, = ¢ =
begin(xhbu) implies that A < max(b). By Lemma 3.4.6, we get h < max(g), which is a
contradiction. Therefore, b = b. Then bv = ¢ € gb(N), so bv ¢ C and bv € mingens(B).
Hence gv € B, so gvxy € B, and then we can apply Lemma 3.4.7(ii).

(4) Consider the element

xzh’_f(bu —gu) — zapt = —xzh’_fgu.

We consider two cases depending on whether the variable x;, divides the monomial b.

Suppose that the variable x; divides the monomial b. Then the inequalities h <
max(b) < max(g) hold by Lemma 3.4.6. Since bu € C, we have that bu € mingens(B),
hence z;" does not divide the monomial bu. Therefore, the variable z;, divides the

ap—f
monomial xzh_f. We can write :L’Z’L_fgu = w”z} (xpgu). By Lemma 3.4.7(iii), it follows
that the monomial x,gu is divisible by a monomial in gh(V). Hence, so is xzh_f gu.

Suppose that the variable x; does not divide the monomial b. Therefore, x{l divides

u. Hence z}" € N divides xzh_f gu.
(5) Note that z}" € mingens(B) implies that z;" € gb(N) by Construction 3.4.3.
We have that the element

zp" (bu — gu) — buxp" = —x3" gu
is divisible by the monomial z}" € gb(N).
The proof is finished since we have checked all cases. O
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3.6. Proof of Proposition 3.2.2. Recall by Construction 3.2.1 that J = in<,,  (N).
The following lemma follows from Construction 3.2.1.

Lemma 3.6.1.
(1) The monomial ideal J contains P.
(2) The ideal J is lex-closer than B.

Lemma 3.6.2. The ideals J and B are connected by P-deformations and have the
same Hilbert function.

Proof: By Lemma 3.5.4 and Construction 3.2.1, we have that the ideals J and B are
two different initial ideals of the binomial ideal N, and N D P. O

The proof of Proposition 3.2.2 is complete.
3.7. Proof of Theorem 1.3. Now, we are ready to prove Theorem 1.3.

Theorem 1.3. Every graded ideal in the polynomial ring S that contains the P-powers,
is connected by a sequence of P-deformations to the lex+ P ideal with the same Hilbert
function.

Proof: Let U be a graded ideal and U O P. Fix a monomial order > in S. The initial
ideal J = in<(U) is a monomial+P ideal and is connected to U by a P-deformation.
Iteration step: If the monomial ideal J is not Borel+P, apply Proposition 3.1.5 to J.
We obtain a Borel+P ideal B which is lex-closer than J. If B is not lex+P, apply
Proposition 3.2.2. We obtain a new monomial+ P ideal, which is lex-closer than B.

Apply repeatedly the iteration step above. At each step, we obtain an ideal which is
lex-closer than the original monomial ideal. Since there exist only finitely many different
monomial+ P ideals with a fixed Hilbert function, it follows that the process terminates
after finitely many steps. Therefore, the last ideal is lex+P.

We remark that the fact that there exist only finitely many different monomial+ P
ideals is obvious in the case a,, < oo when the Clements-Lindstrom ring is artinian. If
a, = oo, then the fact follows from the Clements-Lindstrém Theorem [CL] since the
theorem implies the following bound: if L is lex+ P ideal and M is a monomial+ P ideal
with the same Hilbert function, then the maximal degree of a generator in mingens(L)
is an upper bound for the degrees of the generators in mingens(M ). O
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4. Maximal Betti numbers

In this section, we prove Theorem 1.5. The notation used throughout this section is
disjoint from the notation used in Section 3.

First, we introduce special changes of coordinates and polarizations of a Borel4+P
ideal.

For a subset A C {z1,...,2,} and for any monomial m = z7* --- x5, let

pola(m)={ [  (wia-vie,-0) | ] 27,

z;€EA, e;#0 ;€A

where y, , with p,q € N are indeterminates. Let I be a monomial ideal of S. Write

pol 4(I) for the monomial ideal of S = S[yp, : 1 < p < n, 1 < ¢ < t] generated by
{pol4(u) : v € mingens(I)}, where ¢ is a sufficiently large integer. Note that I and
pol 4 (I) have the same graded Betti numbers, and therefore IS and pol 4(I) have the
same Hilbert functions.

Definition 4.1. Denote by M the set of all monomial+ P ideals in S. Let N C M. An
S-route p of N is a map ¢ : N'— M such that there exist a subset A C {x1,...,2,}, a

linear transformation ¢ over S, and a monomial order < on S satisfying that, for each
I € N, one has

(A) mingens(¢()) = mingens(in<(¢(pol 4(1)))),
(B) () is lex-closer than or equal to I.

We simply say that ¢ is an S-route if ' = M. The next proposition plays a crucial role
in the proof of Theorem 1.5.

Proposition 4.2. Let I be a Borel+P ideal of S which is not lex+P. For any finite
set N'C M with I € N, there exists an S-route ¢ of N such that ¢(I) # I.

We will show that it is enough to prove the special case in Lemma 4.3.

Fix a variable x; (here 1 < j < n). Set S(&;) = klz; : ¢ # j] and P(Z;) = ({z}" :
i # j}) C S(z;). We have that a monomial ideal L of S(Z;) is lex+P(&;) if Lq is
lex-segment+P(Z;) for every integer d > 0.

A monomial+P ideal I decomposes (as a k-vector space) into a direct sum [ =
@D fI;, where the sum runs over all monomials f € k[z;]. Each Iy is an ideal of
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S(Z;) containing P(z;). If all the ideals Iy are lex+P(&;) ideals, we say that I is
xj-compressed+P.

We say that a monomial4-P ideal I of S is compressed+P if I is x;-compressed+P
for every variable z;. Note that compressed+P ideals are Borel+P if n > 3.

Lemma 4.3. Suppose that n > 3. Let I be a compressed+P ideal of S which is not
lex+P. For any finite set N C M with I € N, there exists an S-route ¢ of N such that

p(I) # 1.
We first prove Proposition 4.2 by using Lemma 4.3.

Proof of Proposition 4.2: We use induction on n. If n < 2, then Borel4P ideals are
lex+P. Suppose that n > 3. Let I be a monomial+P ideal in S and N a finite subset
of M with I € . If I is compressed+P, then the statement follows from Lemma 4.3.

Suppose that I is not compressed+P. Then there exists a variable x; such that I is
not xj-compressed+P. For any monomial+P ideal J € N, consider the decomposition
J = @ fJy, where f € k[z;] is a monomial and J; is a monomial+P(7;) ideal.
Set NV = {Jp :J € N, f € kl[z;]}. Since sz_ C Jw§+1 for t = 0,1,2,..., the set

{Jg : f € klz;]} is a finite set, and therefore N is a finite set. We claim that, for any
S(&j)-route ¢ of N', the map J =@, fJr — @ fe(Jy) is an S-route of N.

Let S(i;) = S(&;)[yp.q : » # 7] C S. Then there exist A C {z1,...,2,}, a linear
transformation ¢ over S(i;) and a monomial order < on S(;) such that mingens(o(J;))
is equal to mingens(in (¢(pol 4(J¢)))), where pol 4(J;) is an ideal of S(i;). Consider
the linear transformation ¢ over S defined by ¢(z;) = ¢(x;) and ¢(y;.q) = ¢(yiq) if i # j
and gzNS(x]) =z, and <]3(ym) = y;.4- Let <’ be a monomial order on S whose restriction

to S(i;) is the monomial order <. Then in (¢(pol 4(J))) = (D, fo(J¢))S. This fact
shows that €D, f(Jf) is a monomial+P ideal and the map satisfies property (A) of
S-routes. Also, the map satisfies property (B) since each ¢(Jy) is lex-closer than or
equal to Jy.

Since each Iy is Borel+P(Z;), the induction hypothesis guarantees the existence of
an S(Z;)-route ¢ of N’ such that I,,, # ¥ (I,,) for some monomial m € k[x;]. Then, we
have I # @ fy(Iy) as desired. O

If as = 0o then lex+ P ideals are lex ideals in the usual sense. Indeed, in this special
case, Lemma 4.3 follows from the results in [Pa].
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Lemma 4.4. [Pa] Lemma 4.3 holds if a; = - - - = a,, = c0.

We will prove the case as < oo in a series of lemmas and constructions. More

precisely, we show that if as < oo then, for any compressed+P ideal I in S, there exists
an S-route such that ¢(I) # I (we do not need to assume that A is finite).

4.5. Routes on S.

In the rest of this section except for Subsection 4.9, we assume as < oo. We introduce

routes which will be used for the proof of Lemma 4.3.

Construction 4.5.1. Let ( = cos i—’; + +/—1sin i—: Thus ¢ is an as-th primitive root

of unity.
Fix an integer 3 < r < n.
Set

C=Xp+ -+ Ty

Let ¢ be the linear transformation of S defined by

x1—Cc, ifj=1,

Zj, lf] Zra
and
1 — e + gy, ifi=1,
ZL‘l—C_J.TL‘Q + Y25, ifi:2and1§j§a2—2,
P(ij) = xp— e + Yijs if2<i<r—land1l<j<ay—2,
Tl — X4 + Yiai—1, if2<i<r—1andj=a; —1,
xz; + Yi s otherwise.

Set my = ({y;;:1<i<mn, 1<j<t}) cS. Weidentify S and S/my in a natural
way. For any monomial m = z7* - -- z& with e; < a; for each j, let ®(m) be the natural

projection of ¢(poly,, . 3(m)) to S/my ~ S. Thus,
Bt ealr) = D) D)
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and

(21 = (o), if j =1,
(1 — Cz2) [HS _1 (x1 — C_S»”Cz)] , ifj=2 0<es<aog,
221(431—(8%'), if2<j<r—1, ¢ <ao,
(4.0) <I>($ij) - xjj—a2+1 [Haz 1( - :EJ)] if2<j<r—1, as <ej <ay,
2~ [T, (o = Cay). f2<j<r—1, ¢, —aj
( xjj, otherwise.

Let I be a monomial+P ideal in S. We denote by ®(I) the ideal of S generated by
{®(u) : v € mingens(I)}. Fix a monomial order <y on S’ =k[y;; : 1 <i<n, 1 <
j < t]. Let <p be the block monomial order on S defined as follows: for monomials
w/,vv’ € S, where u,v € S and «/,v" € S', one has uu' =g vV’ if U =jep v, OF U =V
and v’ =y v'. Since <., is the homogeneous lexicographic order, we have that

ing,  (®(I)) =ing, (¢(P01{w1,...,zr,1}(1))) ns.

We will prove the following result.
Proposition 4.5.2. The map I — in, ®(I), constructed above, is an S-route.

First, we prove that iny, ®(/) is a monomial+P ideal. Set

ai

s= 1($1 Csc)v lszla

pi =4 ay (" —xl?), if2<j<r—1,
x if 5 > 7.

J Y

Note that the initial monomial of p; is a?;l’ for all j.

Lemma 4.5.3. The ideal ®(P) is generated by the polynomials py, ..., py,. In particu-
lar, ing, ®(P) = P.
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Proof: Clearly, p; = (I)(Zb‘?j) € ®(P) for j = 1,r,r +1,...,n. On the other hand,

@(x;j) = x?j_[” (z7* —2§?) for 2 < j <r — 1. Then the statement follows since

p1 ( 1_2[ (r1 — C%)) =212 — 2 € (P).

s=ai1+1

For a set I’ of P-free monomials of degree d, we set
V(F) = span;, {®(u) : u € F} @& ®(P)q.

Lemma 4.5.4. Let I be a monomial+P ideal of S and Fy the set of P-free monomials
of degree d in I. Then V(Fy) C ®(1)4.

Proof: Since t is a sufficiently large integer, for any P-free monomial m € Fj, one has
that poly,, .. ,3(m) €poly,, . 1(I), and therefore ®(m) € ®(I). Similarly, since

Polyy, w3 (P) Cpoly, . 4(I), we have the inclusion ®(P)q C ®(I). O
For a polynomial f(x1,...,2,) € S and for a linear form 6 € Sy, denote

sub(f;z;,0) = f(x1,...,2j-1,0,2j41,...,Tp).
For an integer £ € N and a monomial m = x7' ---zf with e; < a; for j =1,2,...,n,
define

®(m: () = @2 (") @(afy 1 )

e;j 2 CD(x(il)? lf ] = 17
@(‘T‘j] . C ) e .. ’ ) '
sub(q)(a?jj);xl,g“ c), if j>2.

and

Note that ®(x5 : ¢h = z§if j > .

Lemma 4.5.5. Let f € S and x; — 0 € S; be a linear form. If sub(f;x;,0) = 0 then
fe(x;—0).

Lemma 4.5.6. For every P-free monomial m € S, we have that in<,,, (®(m: (")) =m
for any ¢ € N.

A set L of P-free monomials of degree d is said to be a P-free lex-segment if the
k-vector space span, L &y Py is lex-segment+P.
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Lemma 4.5.7. Let L be a P-free lex-segment set of P-free monomials of degree d.
Then, for every monomial m = z{'---z¢ € L, one has that the following properties
hold.

(i) ®(z5)Sy_e, 1 C V(L).

(i) ®(m: ¢ ) e V(L).
Proof:
Step 1: First, we show that (i) implies (ii). Suppose that (i) holds. By definition,

su‘b(q)(xg2 e xi”);xl,g“elﬂc) =P apn ¢erthy,

Recall that ®(z¢' ™) = ®(2") (21 — ¢“*1'¢). By Lemma 4.5.5, we have
B(z$ s xfr) — B(aF 2 -2l M) € B(2$T) S e, 1.

Since ®(x§* - - - xér) € V(L), we have ®(z5' ---xén : ¢ T1) € V(L) by (i).
Step 2: We prove (i) by using induction on #L. If #L = 0 then there is nothing to
prove. Suppose that #L > 1. Let u = 2" --- 2 be the lex-smallest element in L. Set
L' = L\ {u}. Since V(L) D V(L'), by the induction hypothesis, it is enough to prove the
statement for u. If u = 2¢ then there is nothing to prove. Thus, we may assume that
v # z{. Then, it is enough to show that for any monomial w € Syq_., _1, there exists a
polynomial f,, € V(L) such that

el o e . f'UJ in P.’I)(fw)
(4.1) ® (2 divides f,, and ing,, <<I>(.CL‘(131+1) = -;%1—&-1 =w.

We will consider two cases.

Case 1: Suppose that :L‘?Hw is not a P-free monomial. Then some z}* divides
29w, The following polynomials satisfy (4.1):

M

al x§1+1w . al ot e1+1
o P(z7) € ®(P)g C V(L), if 27" divides 27" w,
1

o ®(zsThp, <%> € ®(P)gCc V(L), ifz®, where t # 1, divides z¢* ™.

t

Case 2: Suppose that x‘ilﬂw is a P-free monomial. Since x W ez U, We have
x‘ilﬂw € L'. Then, by Step 1 (above) and Lemma 4.5.6, it follows that
(25w - ¢ F2) e V() € V(L)

satisfies (4.1). This completes the proof. O

61+1
1
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Corollary 4.5.8. Let L be a P-free lex-segment set of P-free monomials of degree d
and let fi,..., f; be a k-basis of ®(P)g4. Then

(i) ing,  Vi(L) = span;. L &y, Py;
(ii)) {®(u) :w € LY U{f1,..., ft} is a set of k-linearly independent polynomials.

Proof: By the construction of V(L) and Lemma 4.5.3, we have that

and the equality holds if and only if (ii) holds. Hence, it is enough to show that
ing,, V(L) D spankL & Py. We have the inclusion ins, V(L) D P; by Lemma 4.5.3.
On the other hand, for any monomial m = z7' --- 25 € L, it follows from Lemmas 4.5.6
and 4.5.7(ii) that ing,  ®(m: () =m €ing,, V(L). O

Corollary 4.5.9. Let F be a set of P-free monomials of degree d. Then the following
properties hold.
(j) dimk V(F) = #F + dimk Pd.

(ii)) The set of P-free monomials in in,, V(F') is lex-closer than or equal to F'.

Proof: (i) Let L be a P-free lex-segment set of P-free monomials of degree d with
L D F,and let f1,..., fi be a k-basis of ®(P)4. Corollary 4.5.8(ii) implies that the set
{®(u) : w € F}U{f1,..., ft} is a set of k-linearly independent polynomials. By the
construction of V(F'), this fact implies dimy V(F') = #F + dimy, Py.

(ii) We use induction on #F. If #F = 0 then there is nothing to prove. Suppose
that #F > 1. Let u be the lex-smallest P-free monomial in F', and let F’' = F'\ {u}.
Note that, by (i) and Lemma 4.5.3, the number of P-free monomials in in, V(F) is
equal to #F. Consider the monomial w € iny, V(F) )\ inx, V(F'). It is enough to
show that w >je, u. Let L = {v € Sy : v is a P-free monomial with v =, u }. Then
w € ing,, V(F) C ing, V(L) and, by Corollary 4.5.8, the set of all P-free monomials
in iny, V(L) is L. Since w is a P-free monomial, we have that w >, u as desired. O

Lemma 4.5.10. Let I be a monomial+ P ideal of S and Fy the set of P-free monomials
in I of degree d. Set J =in_,, o(polyy, .. o 1)) and J = JNS. Then

(i) Ja=inz, V(Ey).

(ii)) The ideals I and J have the same Hilbert function.

(iii) The ideals J and .J have the same generators.
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Proof: Since V(Fy) C ®(I)g and J =in,  P(I), it follows from Corollary 4.5.9 that
Hilb(J)(d) > dimgV(Fy) = #Fyq + dimy Py = Hilb(I)(d) for all d.
On the other hand, since J O JS, the above inequality implies
Hilb(.J)(d) > Hilb(JS)(d) > Hilb(1S)(d) = Hilb(poly,, ., y(I))(d) = Hilb(.J)(d)

for all d > 0. Thus all of the above Hilbert functions are the same. In particular,
Hilb(J) = Hilb(JS) and Hilb(J) = Hilb(I). Since J O JS, this proves (ii) and (iii).
Finally, since in, V(Fy) C J4 and since

dimy, (in_<leﬂc (V(Fd))) = #Fd + dimy Py = dimgI4 = dikad,

it follows that in.,  V(Fy) = Jg. a
Now, we will show Proposition 4.5.2.

Proof of Proposition 4.5.2: It follows from Lemmas 4.5.3 and 4.5.4 that in, ®([)
contains P. Also, since in,, ®(I) = in<, ¢(poly,, .. ,3(I)) NS, property (A) and
(B) of S-routes follow from Corollary 4.5.9(ii) and Lemma 4.5.10(iii). O

4.6. Proof of Lemma 4.3.
First, we remark the following obvious fact.

Lemma 4.6.1. Let u =z -- -zt and v = " - - - x&» be P-free monomials of the same

degree with u >je, v and v € I. If ¢; = e; for some j then u € I.

We will prove Lemma 4.3 by using the route defined in Construction 4.5.1. Let [
be a compressed+ P ideal which is not lex+P and let ¢ be the smallest integer d such
that I, is not lex-segment+P. Let g be the lex-greatest gap of I, and a; = max{j €

N : 2] divides g}. Let § = x5 --- 2% be the lex-smallest P-free monomial of degree

B

q which is divisible by " and b = /" --- 27" the lex-greatest P-free monomial in I,

which is lex-smaller than g.
Lemma 4.6.2. 1 =a; —1landg ¢ 1.

Proof: Since b <jey g, we have the inequality 61 < «y. However, 81 # ai by
Lemma 4.6.1. Then 6, = a3 — 1 since [ is Borel+P. Furthermore, ¢ ¢ I follows
from Lemma 4.6.1. O
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Let F, be the set of all P-free monomials in /. Set

L={u€S,:uisa P-free monomial with u >, §}

and
G=F,UL.

Lemma 4.6.3. If g € ing,, V(G), then ing, V(F,) # 1,.

Proof: Let t = #{u € F}, : wuis not divisible by z{"*}. By the assumption and Corollary
4.5.8, in<,. V(G) contains all monomials of degree ¢ which is divisible by z{*. Hence

#{u €ing, V(G): wuis not divisible by 7'} =t — 1.
As V(F,) C V(G), we have that
#{u € iny, V(F,): u is not divisible by z{*} <t —1.

Hence in,, V(Fy) # 1,. O

Recall that what we need to prove is that there exists an r for which in, ®(I) # I.
Also, in,  ®(I), is equal to in,  V(F}) by Lemma 4.5.10(i). By Lemma 4.6.3 it follows
that the next lemma completes the proof of Lemma 4.3.

Lemma 4.6.4. There exists an 2 < r <n so that § € in5,  V(G).

The proof of Lemma 4.6.4 consists of considering two cases: when n = 3 and when
n > 3. These cases are considered in Subsections 4.7 and 4.8 respectively.

4.7. Proof of Lemma 4.6.4 when n =3
Throughout this subsection, we suppose that n = 3 and r = 3. We will show that

g € in<zezv(G)’

a1 02 (3

Let g = x5 x5® and b = x‘f‘l_lxgzxgs. Note that § € G, b € G, az < [o,
as > B3 and ¢ = 3. Since 2232233 € L € G, by Lemma 4.5.7(i), we have

(4.2) (xS, 0,1 CV(G).
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Fort=0,1,...,8; — 2, let

¢ B—2
o =®(5)al (21— Cas) [H(l’l - C_Sﬂ72)] [ H (¢ oy — (ay)

s=1 s=t+1

Lemma 4.7.1. f, € V(G) fort =0,1,...,02 — 2.
Proof: Since [ is Borel+ P, the monomial x‘f‘lxgz_lxg:“ € L. Then, by Lemma 4.5.7(ii),

we have @(x?lxgz_lxg?’ : ¢*1t1) € Y(G). On the other hand, for t = 0,1,2..., 32 — 2,
one has

sub (i, € ) = @l hafe e

Then, by Lemma 4.5.5,
fr—@(araP Tl (0t € () (w1 — ¢ M w3) Sy 0y 1 = (a7 T) S0, 1.

Thus, by (4.2), we have f; € V(G) for t =0,1,...,082 — 2. O
Fort=0,1,...,08: — 1, let

t B2—2
he = By’ (w1 — Cao) [H(fﬁl - C_sxz)] [H (¢ g — (o)

s=1 s=t

Lemma 4.7.2. h; € V(G) fort =0,1,...,0; — 1.
Proof: Fort=1,2,...,02 — 1, one has

71 [B2—-2 7

he = foo1 = (@Dl (w1 — Cao) | [[ (a1 = ¢Com) | | [] (€ has = (o)
Ls=1 1 L s=t i
X (21— "ty — 21 + (M)
rt—1 1 B2 "
= 022 (11— o) [[J (w1 = ¢owa) | | [T (€ as = ¢ o)
Ls=1 1 L s=t i
X CTH¢ ey — ¢ )
= (T heq.
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Since each f; is in V(G) and hg, 1 = ®(b) € V(G), the above equality implies that
ht € V(G) for t =0,1,...,02 — 1. O

Now, since (z1 — (z2) = (z1 — (“'x3) + ((“'z3 — (x2), it follows that hg € V(G)
can be written in the form

B2—2
(4.3) ho = ®(25) 25" [ I €t tas = ¢ o) | + £,
s=0
where ins,, (f) = 2822l <., §. Let
Ba—2—t
hy = @(at‘l’“l)x§3+t+1 [ H (¢otly, — C_ng)] fort=0,1,...,a3 — O3 — 1.
s=1

Since inx,. (has—g,—1) = §, the next lemma completes the proof of Lemma 4.6.4.

Lemma 4.7.3. There exists a number § € k\ {0} such that 0ha, p,_1 + f € V(G).
Proof: For t = 0,1,...,a3 — 3 — 1, we have z{"z} fa=1= t:c§3+t >lex §, and therefore

xf :1:52 -t /33+t € L. Thus, by Lemma 4.5.7(ii), we get @(a?‘fl;png 1-t /33+t Lot g
V(G) for t = O7 1,...,a3 — B3 — 1. Then we have

(¢ = Dho + 1 € V(@)

by using (4.3) and the following computation:

B2—2
(" )ag? [H (¢™ s — c—%)] — ¢ ey g (Y
s=0
B2—2
= B(at )k’ [ H (¢ s — C_5372)] {¢ ey — 2y — CTHC oy — (o) }
s=1
= (™ (¢ — Dho.

If ag — B3 — 1 = 0, then this completes the proof.
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If a3 — B3 — 1 > 0, then the statement follows from the next computation. For
t=0,1,...,a3 — B3 — 2, we get

¢ B2ttt 5 (2 xgz 1-(t+1) ,83+t+1 <a1+1)
B2 —2—(t+1)
t+1 _
= o)zt T e - )
s=1

% {Ca1+15173 _ C—52+2+tx2 _ C—/32+1+t(<a1+1x3 _ @72)}

— Cal+1(1 o CH_l_BQ)INlt—H-

Note that ¢(*t1702 £ 1 since 1 — o <t +1— By < g — 3 — P2 — 1 = —as — 2 and since
—(12<1—52§—042—2<0. ]

4.8. Proof of Lemma 4.6.4 when n > 4
In this subsection we consider the case n > 4.
By the definition of § and b, the monomials § and b can be written in the form

- —1 _ .
g=aPagrattt T aprT!l with2 <p<n and ap >0

n

and
b= 1_11‘32 L. x?‘; 1 ! f’z with 2</<n and 8 <a, — 1.

~1
For convenience, we will write b = 25" :1:52 R A

Lemma 4.8.1.

(i) p > 3.
(ii) The monomial b satisfies one of the following conditions:

(1) b=a b ... :cgp and 0 < B, < ap;
2 B_ ap—1 [32 .. Pp Bp+1 d0< -1
(2) b=a1"""my TP T Bp > ap and 0 < Bpyy < apyr — 1.

Proof: Statement (ii) easily follows from Lemma 4.6.1. Suppose that p = 2. Then

g = x?lxgma?g‘” Loog@n=1 Since n > 4, we get deg § > a3 —1+ag — 1+ az — 1.
Therefore, b is divisible by R T 1:1:g3 ! In particular 33 = a3 — 1. By Lemma
4.6.1, it follows that g € I, which is a contradiction. O
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Let

D, if b is a monomial of the form (1),
r =
p+ 1, if b is a monomial of the form (2).

Our goal is to prove g € ing,, . (V(G)).

Lemma 4.8.2.
(i) ez apr™! ¢Sy —ai—a,—1 C V(G) and ®(x x; : (1) S, o, -1 C V(G) for
j=12....p—1;
(ii)) ®(z7"22)Sq—a,—1 C V(G).

Proof: (i) Let uj = «{"z; for j =1,2,...,p— 1 and u, = x?lxg”H. Let d; = degu;.

Since Zﬂ € L and L is P-free lex-segment, it follows from Lemma 4.5.7(i) that ®(u; :
¢S, o1 = (@S, 1 C V(G). Fix a2 < j < p. In the same way as in
the proof of Lemma 4.5.7, it is enough to show that, for every monomial w € S;_q;,
there exists a polynomial f,, € V(G) such that

fuw)

(4.4) P(u, - ¢***1) divides f,, and M = w.
L]

We will consider two cases.
Case 1: Suppose that u;w is not a P-free monomial. Then one of the following

polynomials satisfies (4.4):

1 Zy
(b) @(x7)p; ( gf:aj> € ®(P),, where 27 divides ujw,
1%y
(¢) pe®(u;: ¢ <%> € ®(P),, where z7* divides u;w and t # 1, j.

Note that ®(u; : ¢***1) divides the polynomial (b) since

as
pj = x;‘f‘“z{(gaﬁlc)“? — ZL‘;IJ = x?j_az [H(CO‘I'HC — Csxj)] .

s=1
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Case 2: Suppose that ujw = z{' .-z is a P-free monomial. If e; > «;, then
since (i) holds for j = 1, we get that

®(ujzy : () <£> € (xS0, 1 CV(G)

x1

satisfies (4.4). Suppose e; = a;. Then ujw € L since UjW >jeg §- Then it follows from
Lemmas 4.5.6 and 4.5.7 that ®(ujw : (***1) € V(G) satisfies (4.4). We proved (i).

(ii) Since p > 3, we have the inclusions ®(z{*zo : (*T1)S,_»,—1 C V(G) and
(x5S0, —1 C V(G). The statement follows since ®(x" xg) = ®(z{ @y : 1+ +
(251, O

Lemma 4.8.3. There exists a polynomial f' such that in., (f') =b and
@(x?l)q)(:vgp . --;Ufz” : §°‘1)c’82+"'+’8p‘1_1 + 1 e V(G).

Proof: Let
Baft o )
(C*c— x9)

o (b
sub %;x17<alc :Pa
(27" w2)

it follows from Lemma 4.5.5 that

r=

Since

B(B) — D@ aa)T € B an) (01 — (1) Syt = D01 22)Symay1.

Then ® (2~ 'zo)I' € V(G) by Lemma 4.8.2(ii). As ®(z5"  xg) = ®(a9) + (20 1y
¢*), we have

(4.5) Oz 4 d(25 g : ¢ € V(G).
Let
fr = (20D (alt - afn s o)t Ol for =34, p.
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Note that ®(z{z; : (** ) = (((* ¢ — z;)P(2{") for j = 2,...,p — 1. By (4.0), there
exists a number d5 € k \ {0} such that

sub(T; 9, (") = 520/32_1@(37?3 N a?g" 2 ).
Then, by Lemmas 4.5.5 and 4.8.2(i), we obtain
(46) <I>(;v‘f‘1)I‘ — 52f3 € @(.1‘?1152 : <a1+1)Sq_al_1 C V(G)

Similarly, for t = 3,4, ...,p—1, it follows from (4.0) that there exists a number §; € k\{0}
such that

sub(@(xtﬁt xﬁ" : C“l);xt,calc) = 5tcﬁf<1>(xtﬁfll ce xﬁ" 2 (YY),
Therefore,
(4.7) ft = 0ifrn1 € ®(a - ¢S, 0,1 CV(G) fort=3,4,...,p— 1.
Now, (4.5), (4.6) and (4.7) imply that
(69 0p_1)fp + (a1 : ¢ € V(G).

The lemma follows since (6z---6, 1) € k\ {0} and in,  (®(z{" 'zy @ ¢ON)) =

ar—1,_.062 Bn _ T
T ay? sz = b, U

Lemma 4.8.4. There exists a polynomial h such that inx,. (h) <, § and

(p(x?lxar—l . Cal‘i‘l)xfrcq_al—arfl_ﬁr +he V(G),

r—1

where a,._1 = 0 if r = p.
Proof: Recall that, for all £,e € N, @(xj :(H = z$if j > If b is a monomial of the

form (1), then the statement is exactly Lemma 4.8.3. Suppose b is a monomial of the
form (2). By Lemma 4.8.3, there exists a polynomial f’ with in., (f’) = b such that

(4.8) B2 )D(xlr 1 (oMYl Im PPy 1 e V(Q).
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Note that 0 < o, < 3. Let
(D(x;‘p‘*‘l . <a1+1)
o (Coatle —(xp)

We will need the following:

Claim.
(i) 7 divides ® (2 : ().

(ii) There exist a number § € k\ {0} and f” € S, such that in-, (f") = ngp—ll‘p+1
and
T =06®(xpr ¢corthy 4 7.

We will prove the above claim. Using ¢(***lc — (itlx, = (((“c — (Ix,), statement (i)

follows from a straightforward computation. We will show (ii). Let

,_ O(zp” 1 ()
(Cal—‘rlc_ Cxp)

Then 7 can be written either in the form 7 = ((“ e — (*»T1z,)7’" or 7 = 2,7. Recall
that » = p 4+ 1. In the former case,

= Cap{(gal—i—lc o Cxp) o Ca1+lc+ Cal—ap+lc}7_/

= (T (g s (M) (1= ¢ )er”
satisfies the desired conditions. In the latter case,
7= (M e = Cxp) — ¢ e} = (T B (apr (M) - (er’
satisfies the desired conditions. The proof of the claim is complete.

Now, it follows from (4.0) that there exists a number v € k\ {0} such that

B
@ p . aq
" ( = C—);xpycmc> = el

T
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Then, by Claim (i) and Lemma 4.5.5, the polynomial ®(z{ ){@(xﬁp : () — yrePrr})

is divisible by ®(x7")7(z, — (*'c) = —C_l@(x‘f‘lxgpﬂ : (1), By Lemma 4.8.2(i), we
obtain
D2 )y et BB L@ (afr (1) — yrcPrmn) € V(Q).

Hence, by (4.8),

v O (2]t )xﬁﬁlcq a=w=letir L e P(G).

Furthermore, by Claim (ii), there exists a f” with ing, (f") = xgp_lpo and such
that

(4.9) ’7<I>( o1 z‘p CO‘I'H) ﬁpﬂcq ap—ap— /8p+1+f +’7<I>( ) gi‘*l‘lcq a1 —ay— ﬁp+1f//

is contained in V(G). Since r = p+ 1 and

in,,, (@(af)a,yi et v 1) = gfigee gl T 4 g,
the polynomial (4.9) satisfies the desired conditions. O
Lemma 4.8.5. For every monomial w € k[z,,...,z,] of degree ¢ — a; — c,—1 with

o ~
x{tx,"'w # g, we have that

O(ap 27yt (T w € V(G).

Proof: If z{* aT'Elw is not a P-free monomial, then some zy* with ¢ > r divides w.
Then ®(z{' 207" @ (T )w € V(G) is clear since z§* € ®(P) if t > r. Suppose that

x,.”
(128w is a P-free monomial. Then x5z *w € L since it is lex-greater than §.
Thus, by Lemma 4.5.7(ii), we have

B(raly w () = (et ¢ w € V(E) C V(G),

as desired. O

Now, we are in the position to prove Lemma 4.6.4. Recall that ¢c =z, + --- + z,,.
By Lemma 4.8.4, there exists a polynomial h such that in~,,  (h) <, § and

B afy s (I afrtm e € V(G),

r—1
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It follows from Lemma 4.8.1(ii) and the definition of r that the monomial 2§z 27

_ 9
@y, Xr—1
L1 Tr_q

be written in the form

divides g and € k[z,,...,z,]. This fact implies that zfrci—1=ar—1=Fr can

xfrcq_al_ar—l_ﬁr — xfr (x’l‘ + e _|_ xn)q_al_ar—l_ﬁr — 5 < g ) + ?l,

ey
where § € k\ {0} and where h is a k-linear combination of monomials of k[z,., ..., z,]
which is not ——5— . Furthermore, since Lemma 4.8.5 implies ® (2" z," 7" : ¢ o tl)p e
L1 Tpq

V(G), it follows that

Q)(x?leiil : Cal_l) <%> +h e V(G)

T Ty
The initial monomial of the above polynomial is g. O

4.9. Proof of Theorem 1.5. First, we recall the definition of consecutive cancellation,
which we will use. Given a sequence of numbers {¢; ;}, we obtain a new sequence by a
cancellation as follows: fix a 7, and choose 7 and i’ so that one of the numbers is odd and
the other is even; then replace c; ; by ¢; ; — 1, and replace ¢;s j by ¢; ;j —1. We have a
consecutive cancellation when ¢/ =i+ 1. The term “consecutive” is justified by the fact
that we consider cancellations in Betti numbers of consecutive homological degrees. The
following result is proved in [Pe]: if @ is a graded ideal in S and L is the lex ideal with
the same Hilbert function, then the graded Betti numbers ij(s /Q) can be obtained

from the graded Betti numbers Bf ;(S/L) by a sequence of consecutive cancellations.
In order to prove Theorem 1.5 we need the following lemmas.

Lemma 4.9.1. Let I be a monomial+P ideal in S and A C {z1,...,z,}. Let I' =
pol4(I) and P" = pol ,(P). We have equalities of Betti numbers

ﬂg‘/Pl(S/I/) =3°/P(S/I)  foralli,j>0.

)

Lemma 4.9.2. [GHoP, Proposition 2.6] Let A be a homogeneous ideal in S, and let
B D A be another homogeneous ideal in S. Let < be a monomial order in S. The
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graded Betti numbers of S/in4(B) over the quotient ring S/inL(A) are greater than or
equal to those of S/B over the ring S/A. Furthermore, the graded Betti numbers of
S/B can be obtained from those of S/in~(B) by a sequence of consecutive cancellations.

Applying the above two lemmas, we obtain the following result.

Lemma 4.9.3. Let I and J be monomial+ P ideals of S. Suppose that there exist an
A C {x1,...,z,}, a linear transformation ¢ over S and a monomial order < on S such
that mingens(.J) = mingens(in (¢(pol 4(1)))) and in-(¢(pol 4(P))) = PS. Then

BS/P(8/1) < BS/F(S10)  foralliyj>0.

Furthermore, the Betti numbers ﬁf./P(S/I) can be obtained from the Betti numbers

ﬁs/ P(S/.J) by a sequence of consecutive cancellations.

Proof: By Lemma 4.9.1, we get

S/P(S/I) S/P01A(P) (S'/polA(I)) /BS/¢(p01A(P))(S/¢(p01 ( )))

for all 4,7 > 0. Then we apply Lemma 4.9.2 and get

8,/ 2®4 ) (316 (pol (1)) < /™= PN (S /in_ (4 (pol(1))))

=5/ (5/(79))

1J

=3./7(8/J)

for all 4,5 > 0. Also, the second statement follows from Lemma 4.9.2 since the inequality
only appears in the first line of the above computation. O]

Lemma 4.9.4. Let I be a monomial+P ideal of S which is not lex+P. Then there
exists a monomial+ P ideal J of S which has the following properties:
(i) J has the same Hilbert function as I.

(ii) J is lex-closer than I.

(i) /7 (S/1) < B)/7(S)T)  foralli,j>0.
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(iv) The Betti numbers ﬁfj/P(S/I) can be obtained from the Betti numbers ﬁisj/P(S/J)
by a sequence of consecutive cancellations.

Proof: If I is not Borel+P, apply Lemma 4.9.3 to the construction in [MM, Section 3].
On the other hand, if I is Borel+ P then the statement follows from Proposition 4.2 and
Lemma 4.9.3. U

We are ready to prove Theorem 1.5 and its refinement Theorem 4.9.5.

Theorem 1.5. Every lex ideal in W attains maximal Betti numbers among all graded
ideals with the same Hilbert function.

Theorem 4.9.5. If V is a graded ideal in W and L is the lex ideal with the same
Hilbert function, then the graded Betti numbers BZM;(W/V) can be obtained from the

graded Betti numbers ﬁg";(W/ L) by a sequence of consecutive cancellations.

We prove the above two theorems simultaneously.
Proof: Let I be a graded ideal in S and I O P. Let L be the lex+P ideal having the

same Hilbert function as I. It is enough to compare the Betti numbers ﬂisj/ P(S /I) and

ﬁfj/ P(S /L). Clearly the initial ideal of I (with respect to any monomial order) contains
P. Thus, by Lemma 4.9.2, we may assume that I is a monomial ideal.

Iteration step: If the monomial ideal I is not lex+P, by Lemma 4.9.4, there exists a
monomial+ P ideal J satisfying conditions (i), (ii), (iii) and (iv) of Lemma 4.9.4. Replace
I by J.

Apply repeatedly the iteration step above. At each step, we obtain a monomial+ P
ideal which is lex-closer than the original monomial ideal. Since there exist only finitely
many different monomial+P ideals with a fixed Hilbert function, it follows that the
process terminates after finitely many steps. Therefore, the last ideal is lex+P. O
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