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The Convergence of an Euler Approximation 
of an Initial Value Problem Is Not Always 

Obvious 
John H. Hubbard, Samer S. Habre, and Beverly H. West 

1. INTRODUCTION. Consider the initial value problem 

dx 
dt = ,~x(t)I, withx(-2) =-1. (1) 

Some solutions are shown in Figure 1, and some Euler approximate solutions are 
shown in Figure 2. 

t2 

t ~~~~~~~~~~~~0.618033989 

-3 - - 1 -1 - 

-2 _____________-2 

Figure 1. Five correct solutions for x' = vi-- Figure 2. Euler approximate solutions to (1) for 
starting at to = -02, x = -1. various stepsizes. 

Analytically, the solutions of (1) are exactly the functions (shown in Figure 3) 

t2 for t < 0 
Vb (t)t 0 forO <t <b (2) 

t - b)2 forb < t. 

There is one solution for each b E [0, oo). In particular, there are infinitely many solu- 
tions Vb with the same initial condition x (-2) = -1. 

Since a3...Fxi/ax is unbounded in any region containing the t-axis, it is not surpris- 
ing that uniqueness of the initial value problem (1) does not hold after the solution hits 
the t-axis. 

Let Uh (t) denote the Euler approximation of (1) with stepsize h satisfying Uh (-2) = 
-1. We investigate what happens as h -* 0. Our main theorem is: 
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Figure 3. The solution Vb leaves the t-axis at b. This solution is a Cl function, even at b. 

Theorem 1.1. For every b > 0, there exists a sequence of stepsizes {hn > 01 tending 
to 0 with the property that Uhn (t) approaches Vb(t) as n -* oo. 

2. A PARAMETER-SPACE PICTURE. Figure 2 illustrates how, for some values 
of h, Uh (2) may approach values other than 1. But to produce this picture, we selected 
our step-lengths very carefully, and used the information in Figure 4 to do so. When the 
stepsize does not land precisely on the terminal value t = 2, the final step is shortened 
appropriately. 

Pictures that draw one or several graphs of solutions are inadequate to understand 
how the solutions vary as a function of h. A movie would be much better, but a substi- 
tute is to draw the graph of the function h H-F Uh (2), as shown in Figure 4. 

Uhl2) 
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0 0.2 0.4 0.6 0.8 1 0.61803 0.618034 0.618038 
0.618032 0.618036 0.61804 

Figure 4. Left: the graph of f -+ Uh (2). The cusps do not seem to reach down to zero only because the cusps 
are very sharp and fall between pixels, as illustrated by the blow-up on the right. It is very difficult even with 
extremely high precision to obtain good approximations to the cusp values. 
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In fact, a graph of Uh (2) (as a function of the stepsize h) shows that Uh (2) varies con- 
tinuously with repeated cusp values at zero and peaks greater than one; see Figure 4. 
The remainder of this article is devoted to proving that these features really occur; they 
are not artifacts of the computer picture. 

3. WHAT REMAINS OF THE CONVERGENCE THEOREM. One (good) way 
to prove existence and uniqueness for solutions of differential equations is to show 
that as the step-length tends to 0, Euler approximations to solutions converge. In [1, 
Section 4.5], the authors prove 

Theorem 3.1. If f (t, x) is definedfor t E [a, b], x E [c, d] and satisfies the Lipschitz 
condition 

If(t, xl) -f (t, x2)I < KIxl- x21 for t E [a, b], X1, X2 E [c, d], 

and if Un: [a, b] -> [c, d] is a sequence of Euler approximations for the differential 
equation x' = f (t, x) with step-lengths tending to 0, and if limn un(to) = c exists 
for some to E [a, b], then 

u (t) = lim un (t) 
n--~oo 

exists for t E [a, b], and is the unique solution to x' = f (t, x) with u(to) = c. 

Of course this uses the Lipschitz nature of the differential equation; Theorem 3.1 
is not true for the differential equation (1) when x = 0, i.e., when the solution crosses 
the t-axis. But Euler approximations do converge where the equation is Lipschitz: if 
a sequence of Euler approximations un (t), defined for t E [a, b], all satisfy un (t) > e 

or Un (t) < -e for some e > 0, then Theorem 3.1 does apply, and the Un converge to a 
solution if they converge at a single point. 

We sharpen this in Proposition 3.2. 

Proposition 3.2. Let hk > 0 be a sequence of step-lengths tending to 0, and let Uk be 
a sequence of Euler approximations with step-length hk. 

(a) If there exists to such that ck = uk (t) converges to c with c > 0, then the 
sequence Uk(t) converges for each t > to - 2VF = b to the function v(t) = 

(t - b)2/4. 
(b) If there exists to such that ck = uk (t) converges to c with c < 0, then the se- 

quence Uk(t) converges for each t < to + 2 =-c = b to the function v(t) = 
-(t- b)2/4. 

The proof depends on the Fundamental Inequality [1, Theorem 4.4.1] without which 
it is essentially impossible to prove anything about differential equations. We restate it 
here as Theorem 3.3. 

Theorem 3.3. Let f (t, x) be definedfort E [a, b], x E [c, d] and satisfy the Lipschitz 
condition 

If (t, x) - f (t, X2)I < K Ix - X21 for t E [a, b], X1, X2 E [c, d]. 

Suppose u1, U2: [a, b] -> [c, d] are continuous, piecewise continuously differentiable 
functions satisfying 
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at all points t E [a, b] where the functions u1 and u2 are differentiable, and 

lui(to) - u2(to)I <_, 

for some e1, E2, 6 > 0. Then 

IUl(t) - U2(t)I < SeKItt01 + E + E2 (eKIttoI - 1) (3) K 

One may think of the E's as slope errors, which measure to what extent the functions 
ul and u2 fail to have the proper slope in order to be solutions of x' = f (t, x), and of 
S as the error in the initial condition. 

Proof of Proposition 3.2. The proofs of the two parts are almost identical; we prove 
only the first. It is enough to show that Uk converges for b < t < to, and we may assume 
that all Ck satisfy Ck < 2c, so that Uk (t) < 2c for all t < to. 

Choose e > 0, set r1 = e2/16, and suppose that c > 2ir. Since v(t) = (t -b)2/4, 
we have v (b + E) = 4ir. In the region x > ij, the differential equation (1) is Lipschitz 
with constant 

1 2 K =sup E(4) 

So long as Uk(t) > r1 we have 

Iu k(t)-ItI < 2hk 2c, (5) 

and the fundamental inequality ensures that 

I Uk (t) - -t) I _/ + 2hk 2C (e2t-tol/e - (6) 

If we choose k large enough that 

hk < and lCk -c| < 1 (7) 
k< 2c(e/c/E - ) IkC< 2v/c-/E~ 

then 

Uk (t)- V(t) I < 4 5e2it-tollE + 4 x (e 2it-tollE 1) < 2il. (8) 4eLVC/E e + 2c(e2V1c/E - 1)(8 

We have to deal with the condition Uk(t) > ir. This is true for t = to, so if it fails, 
there is a largest t1 for which it fails, and (8) is true for t = tl. If t1 > b + E, this gives 

Uk(tl) > v(tl) -2r > 4r - 2r > ir. 

Thus (8) is true for t E [b + E, to] for all sufficiently large k. Since e is arbitrary, this 
proves the first part of Proposition 3.2. e 

Corollary 3.4. If Uk is a sequence of Euler approximations for the differential equa- 
tion (1), with step-lengths hk -* 0, and if there exist to, t1 such that the Uk(to) converge 
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to co < 0 and the Uk(tl) converge to cl > 0, then Uk(t) converges for every t to va,b (t), 
where 

-(t-a)2/4 t < a 
a = to +2/ -c, b = t -211, and Va,b(t) = 0 a < t < b 

I(t-b)2/4 t > b. 

Proof Choose E > 0, and break up [to, t1] into the three subintervals 

[to,a-el, [a-e,b+,E, and [b+e,tl]. 

We just saw that the sequence Uk converges to Va,b on the first and the last; in fact, for 
k sufficiently large we have 

uk(a-E) > -e and uk(b+E) < E2. (9) 

But all the Uk are non-decreasing functions, and thus the middle segment take values 
in [_62, E2] for k sufficiently large, and hence the Uk converge to 0 there. U 

4. SOME RESULTS ABOUT FENCES. Our proofs require fences, an elementary 
way of dealing with differential inequalities, featured in [1, Sections 1.3 and 4.4]. 

Definition 4.1. Suppose x' = f (t, x) is a differential equation defined for t E [a, b], 
x E [c, d]. A continuous and piecewise continuously differentiable function 13 
[a, b] -* [c, d] is called an upperfence if f (t, ,8(t)) < f'(t) for all t E [a, b]. 

If f (t, P(t)) < 3'(t), then ,B is called a strong upperfence; otherwise 1B is called a 
weak upperfence. 

Figure 5 shows some examples of upper fences (dashed) in a slope field. 

? f (t,f3(t))f(t:t) 
\ slopes , f(tffP(slp 

~(t)- (t) 

Figure 5. Upper fences f (t, p (t)) < f'(t) . 

The pictures in Figure 5 convey the proper idea that an upper fence pushes solutions 
down; once a solution crosses a strong upper fence, the solution cannot get back across 
the fence. 

Theorem 4.2. If ,8(t) is a strong upperfencefor the differential equation x'-f (t, x), 
then whenever a solution x = u(t) satisfies u(to) < ,B(to), then u(t) < ,B(t) for all 
t > to in [a, b] where u(t) is defined. 

To get a similar result for a weak upper fence, the differential equation must satisfy 
a Lipschitz condition. 
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Theorem 4.3. If 1 (t) is a weak upper fence for the differential equation x' = f (t, x) 
and the differential equation is locally Lipschitz, then whenever a solution x = u(t) 
satisfies u(to) < ,B(to), then u(t) < pf(t) for all t > to in [a, b] where u(t) is defined. 

This article provides excellent examples that this conclusion is not true without the 
Lipschitz hypothesis. 

5. PROOF OF THE MAIN RESULT. For the remainder of the article, Uh (t) denotes 
the Euler approximation to solutions of (1), with Uh(-2) = -1. It is the piecewise 
linear function joining the "control points" (-2 + nh, Xn(h)), where Xn(h) is defined 
recursively by the formulas 

x0 = Uh(-2) = -1, xn+l(h) =Xn(h)+ hIx(`h)I. (10) 

Lemma 5.1. 

a) For each integer n > O, xn(h) is a continuous function of h for h > 0. 
b) For each integer n > O, Xn(0) = -1, and when n > 1, xn(h) > Ofor h > 1. 

Proof. Lemma 5.1 is immediate by induction on n. U 

Proposition 5.2. There exists a sequence of stepsizes {hn} tending to 0 such that 
xn(hn) = 0. Furthermore, 

1 2 
-hn <_ n n+1 

Proof. By the intermediate value theorem, there exists for each n a smallest hn > 0 
such that xn (ha) = 0; see Figure 6 for graphs of xn versus h. 

Next we show that l/n < hn < 2/(n + 1); it follows that hn tends to zero as n -- 
ox. The left-hand inequality is more or less obvious: in -1 < x < 0 we have x < 1, 
so the solutions Uhn have slope less than one in this region, and hence take time more 
than 1 to get from x = -1 to x = 0. This means that nhn > 1. 

The right-hand inequality is less obvious. 
Observe that for every h > 0, in the interval where Uh (t) < 0, Uh (t) is a weak upper 

fence for the differential equation x' = -Wtxf. In particular, Uh (t) > _t2/4 when t < 0; 
see Figure 7. 

We must have Xn-1 (hn) = -h2, since 

xn-I (hn) + hn lXn-1 (hn)I = 0 

The function _t2/4 takes on the value -h2 when t = -2hn, and hence uh must take 
on this value earlier. This means that 

-2 + (n- 1)h, < -2h_nq 

which gives the desired inequality. U 
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x,,(h)A X4 

x2 

Figure 6. Control points x,n (h) for n = 0, 1,...,5, for Euler approximations. We have marked the points hn 
where xn~ (h) first vanishes, the points hn where xn~ (h) = -h2/4, and the points h% , which come between them, 
by Lemma 5.3. 

Lemma 5.3. There exists a sequence of stepsizes {hn} such that xn(hn) =-h24 

~~~~~~~~~~~L h 

These satisfy hn?i < hn < h; in particular, they tend to 0 as n tends to infinity, and 

Proof: As h decreases from hn to 0, x,,(h) decreases monotonically from 0 to -1, 
whereas -h2/4 increases from -h/4 to 0; this is illustrated in Figure 6. Again by the 
intermediate value theorem, for each n there must exist a unique hn < hn such that 

x (h*) - )2 

h h h1 h1 h1X 

32.2 2 1 /,2 

Figure 7. Left: the graph of uj is above the graph of -t2/4 in the region -2 < t < 0, so nhn < -hn 
Right: since t is decreasing in the region x < 0, all Euler approximations are upper fences there. 
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However, 

n.-- + h Xn+l(h*) = +h( )= nX1) n 4 44' 

so xn+1 vanishes for the first time before hW. 
Now-2 + (n + l)h* < O follows from hn < hn and-2 + (n +l)hn < O- U 

We now aim at Proposition 5.4. 

Proposition 5.4. We have 

I'm Uh*(t) = vo,o(t). IM Uh* 

This requires two more intermediate lemmas. 

Lemma 5.5. For h > 0, Uh (t) is a strong upper fence for the differential equation 

dx 1 34 dx = l (x (0))4 dt 2 

in the region R: h2/4 < x < 1 

Proof. We want to show that (Uh(t))314 < U (t). Since the slope of an Euler ap- 
proximation is a constant between any two consecutive points, and since I (x (t))312 
increases, it is enough to check the result at the point (t + h, x + h%fx-). Thus it is 
enough to show that 

a/ > 1 (x + h X)3/4 (t)> > Q) 

Indeed, 

(x + h X) / ] = 
3 

6 (x + h) = 1 (1 + 

But x > h2/4 X ax > h/2 or h/lJx < 2. Therefore, since x < 2 

2722~~~ 

X3( + h)< 27X3< c x 272< x2X 

Corollary 5.6. For any n and for t > 0, we have Uh* (t) > inf{(t/8)4, 1 }. 

Proof. The function x(t) = (t/8)4 is a solution to x'(t) = 2(x(t))3/4 satisfying x(0) = 
0. We have 

Uh* (-2 + (n + 1)h*) = xn+1 (h*)-p- > 0 
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by ( 1), and -2 + (n + l)h* < 0 by Lemma 5.3. Since Uh* is non-decreasing, we have 
Uh* (0) > (h*)2/4. Thus Theorem 4.2 ensures that 

Uh* (t) > 

for all t > 0 for which Uh* (t) < 1/2. U n 

Proof of Proposition 5.4. We can extract a subsequence of Uh* such that Uh*(2) con- 
verges; Corollary 5.6 implies that the limit is greater than 1/256. Now Corollary 3.4 
shows that the subsequence converges to Va,b for some a < b. 

Corollary 5.6 again implies that Va,b(t) > 0 when t > 0, so that b < 0. On the other 
hand, Va,b(-2) = -1, which implies that a = 0. Thus a = b = 0. 

We now invoke the fact that if a sequence and a number a are such that every 
subsequence has a subsubsequence that converges to a, then the sequence converges 
to a. This is just what we have proved about Uh* (t) for each t. 

Proof of Theorem 1.]. By Proposition 5.4, there exists a sequence of stepsizes {h*} 
with the property that limh*o Uh* (2) = 1, and by Proposition 5.2, there exists a se- 
quence of stepsizes hn tending to zero for which Uj& (2) = 0. 

By the continuity of Uh(2), the intermediate value theorem implies that for every 
c E (0, 1), there exists a sequence of stepsizes h,n satisfying lim Uhi (2) = a. 

Apply Corollary 3.4 to the sequence Uhc,n; the limit is VO,b where (2 - b)2/4 = c, 
i.e., b = 2(1 -). Thus b can take any value between 0 and 2. U 

6. OTHER NUMERICAL METHODS. Is the pathology described by Theorem 1.1 
special to Euler's method, or does it persist for other numerical methods? It appears 
that it not only persists, but it can get worse. For example, the analog of Figure 6 for 
mid-point Euler is illustrated in Figure 8. 

xn(h) 

Figure 8. Compared with Euler's method (Figure 6), the control points for mid-point Euler approximations 
behave in even wilder ways as functions of the step-length. 
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We observe at least one new phenomenon: there are two kinds of cusps where an 
approximation to a solution remains bounded: as for Euler's method, this occurs if 
some control point x,(h) satisfies x,(h) = 0, but it also happens if some x, satisfies 
Xn(h) = -h2/4. 

It seems likely, therefore, that for the differential equation (1), all fixed step-length 
numerical methods fail to converge as the step-length goes to 0. If a variable-step 
length method is devised to slow down when the Lipschitz constant becomes large, it 
presumably grinds to a standstill, and never makes it past t = 0. This is the case for 
every such method that we have tested. 

ACKNOWLEDGMENTS. We thank Prof. Paul Donato of the Universit6 de Provence for writing the Maple 
program that drew the pictures for Figure 4. The other Figures were created with [2] and [3], which are very 
good for experimenting. 
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