PRINCIPLES OF MATHEMATICAL ANALYSIS.

WALTER RUDIN

10. INTEGRATION OF DIFFERENTIAL FORMS

1. Let H be a compact convex set in R* with nonempty interior. Let f € C(H), put
f(x) = 0 in the complement of H, and define [, f as in Definition 10.3.
Prove that [ g/ 1s independent of the order in which the k integrations are carried
out. Hint: Approximate f by functions that are continuous on R* and whose supports
are in H, as was done in Example 10.4.

2. Fori=1,2,3,..., let ¢; € C(R') have support in (277, 2'%), such that [ ; = 1. Put

flz,y) = Z [pi(z) — pir1(x)] pi(y).

=1

Then f has compact support in R? f is continuous except at (0,0), and

/f(:c,y)dxdyzo but /f(x,y)dyd:c:l.

Observe that f is unbounded in every neighbourhood of (0, 0).

3. (a) If F' is as in Theorem 10.7, put A = F’(0), F;(x) = A7'F(x). Then F}(0) = I.
Show that
Fi(x) = G,0G,_10...0G(x)

in some neighbourhood of 0, for certain primitive mappings Gy, ..., G,. This
gives another version of Theorem 10.7:

F(x) = F(0)G,,0G,,_10...0G(x).

(b) Prove that the mapping (x,y) — (y, ) of R? onto R? is not the composition of
any two primitive mappings, in any neighbourhood of the origin. (This shows
that the flips B; cannot be omitted from the statement of Theorem 10.7.)

4. For (z,y) € R?, define
F(x,y) = (e®cosy — 1,e"siny).
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¢ Prove that F = Gy0G1, where

Gi(z,y) = (e"cosy — 1,y)
Ga(u,v) = (u, (1 + u) tanv)

are primitive in some neighbourhood of (0, 0).

G0Gi(7,y) = Ga(e" cosy — 1, y)

. . siny
= (e“cosy—1, (e cosy)cosy

= (e*cosy — 1,e"siny)
=F(x,y).
Gi(z,y) = (g1(z,9),y) and Ga(u,v) = (u, g2(u, v) are clearly primitive.

o Compute the Jacobians of G1, G, F at (0,0).

e*cosy —e’siny
0 1

Ja,(0) = det G(x)

x=0

(z,y)=(0,0)
= e” cos
y (:E,y)Z(O,O)
=1-1=1.
1 0
e (0) = :
tanv (14 u)sec®v (£.4)=(0.0)

= (1+u)sec’v

({L‘,y)Z(O,O)
=1-1>=1.

e*cosy —e’siny

Jr(0) = e’siny e*cosy

(a:,y):(0,0)

= ¥ cos?y + e sin’y

(a:,y):(0,0)
2z 2 2
=e€ Ccos” Yy -+ sin
( y y) (:E,y)Z(O,O)
— 62:1:
({L‘,y)Z(O,O)
=1.
¢ Define
H2(:L‘7 y) = (‘Tv e’ sin y)
and find

H,(u,v) = (h(u,v),v)



Solutions by Erin P. J. Pearse

so that F = HyjoH, in some neighbourhood of (0, 0).
We have

HioHy(z,y) = Hi(z,e"siny)
= (h(x,e"siny), €* siny)
= (e"cosy — 1,€"siny)
for h(u,v) = " cos (arcsin(e *v)) — 1, valid in the neighbourhood R x (—%,%)
of (0,0). Indeed, for (u,v) = (x,e"siny),
e cos (arcsin(e "v)) — 1 = € cos (arcsin(e "e”siny)) — 1
= e" cos (arcsin(siny)) — 1

=e"cosy — 1.

5. Formulate and prove an analogue of Theorem 10.8, in which K is a compact subset
of an arbitrary metric space. (Replace the functions ¢; that occur in the proof of
Theorem 10.8 by functions of the type constructed in Exercise 22 of Chap. 4.)
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6. Strengthen the conclusion of Theorem 10.8 by showing that the functions 1; can be
made differentiable, even smooth (infinitely differentiable). (Use Exercise 1 of Chap.
8 in the construction of the auxiliary functions ¢;.)

7.

(a)

Show that the simplex Q¥ is the smallest convex subset of R¥ that contains the
points 0 = ey, eq, ..., €.

We first show that Q* is the convex hull of the points 0, ey, ..., ey, i.e.,
k k
xeQl@ — XZZQ“% Withogcigl,Zcizl.
i=0 k=0

(=) Consider x = (x1,...,2) € Q. Let ¢; = z; for 1 = 1,...,k and define
co=1-— Zle x;. Then ¢; € [0,1] for i =0,1,...,k and Zf:o ¢; = 1. Moreover,

k k k
Z c;,e; = <1 — Z.QZ'Z) €y + Z C;€;
=0 z;l ;:1
— <1 — Z@) 0+inei = (z1,...,7) = X.
=1 =1

(<) Now given x as a convex combination x = Zf:o ciei, write X = (¢q,. .., ¢x).
Then 0 < ¢; <1 and

k k
ZCZ':]_ — ZCZ‘S]_,
i i=1

so x € QF.
Now if K is a convex set containing the points 0, eq, ..., e, convexity implies it
must also contain all points x = Zf:o c;e;, i.e., it must contain all of Q*.

Show that affine mappings take convex to convex sets.

An affine mapping 7" may always be represented as the composition of a linear
mapping S followed by a translation B. Translations (as congruences) obviously
preserve convexity, so it suffices to show that linear mappings do.

Let S be a linear mapping. If we have a convex set K with u,v € K, then any
point between u, v is (1 — A)u + Av for some A € [0,1], and in the image of S,
the linearity of S gives

S((1—ANu+Av) = (1— N)S(u) + AS(v),

which shows that any point between u and v gets mapped to a point between
S(u) and S(v), i.e., convexity is preserved.



Solutions by Erin P. J. Pearse

8. Let H be the parallelogram in R? whose vertices are (1,1),(3,2), (4,5), (2, 4).
o Find the affine map 7" which sends (0,0) to (1,1), (1,0) to (3,2), and (0,1) to
(2,4).

Since T' = BoS, where S is linear and B is a translation, let B(x) = x + (1,1)
and find S which takes I? to (0,0), (2,1),(3,4), (1, 3). Once we fix a basis (let’s
use the standard basis in R¥), then S corresponds to a unique matrix A. Then
we can define S in terms of its action on the basis of R:

A= ste) stea | = |1 4]

Then S(e;) = S(1,0) = (2,1)7, and S(ey) = S(0,1) = (1,3)7, as you can check.
Now for b = (1, 1) have

. - . 2 1 I 1 o Q.I'l—f—l'g—f-]_
T(X)—BOS(X)—AX‘Fb—[l 3}{:[2]—1-[1}—{%_’_3@_1_1}.
¢ Show that Jp = 5.

Let T)(z1,x2) = 2x1 + 29 + 1 and Ty(x1, 22) = 21 + 322 + 1.

d d
—Ty T

JT: dzll d‘ZlQl :‘? ;"26—1:5
dleQ dzzTQ

o Use T to convert the integral

a:/ e Vdx dy
H

to an integral over I? and thus compute a.

T satisfies all requirements of Thm 10.9, so we have

OéI/ ez—ydy:/ €(2x1+$2+1)—(x1+32:2+1)‘5|dX
H 12

1
/ 17202 (o dy
0

1 1
/ el dx1> </ e~ 222 dxg)
0 0

1

I I
ot ot
TN o—

>

= 5[6901](1) [_%6_%2}0

=5(e' —1)(—z¢ " +3)
=53 -1 -e?)

=5 —1—el+e).
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9. Define (x,y) = T'(r,0) on the rectangle
0<r<a, 0<60<2m
by the equations
xr =rcosb, y =rsinf.

Show that 7" maps this rectangle onto the closed disc D with center at (0,0) and
radius a, that T is one-to-one in the interior of the rectangle, and that Jp(r,6) = r.
If f € C(D), prove the formula for integration in polar coordinates:

/Df(:v,y)dmdy:/Oa/o%f(T(r,H))rdrdG.

Hint: Let Dy be the interior of D, minus the segment from (0,0) to (0,a). As it
stands, Theorem 10.9 applies to continuous functions f whose support lies in Dgy. To
remove this restriction, proceed as in Example 10.4.
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12. Let I* be the unit cube and Q* be the standard simplex in R”; i.e.,
I" ={u=(up,...,up):0<wu; <1,¥i}, and
Q" ={x=(21,...,2):2; >0,>; < 1.}
Define x = T'(u) by

1 = U

T = (1 — 'Lbl)UQ

= (1—up) ... (1 —up_1)ug.

A
T The unit cube The|standard simplex Q*

FIGURE 1. The transform 7', “in slow motion”.

¢ Show that
k

Zx =1- ][] - w).

i=1
This computation is similar to (28)—(30), in Partitions of Unity, p.251.
By induction, we begin with the (given) basis step x; = u;, then assume

ixi =1- ﬁ(l —u;), for some j < k.
i=1 i=1
Using this assumption immediately, we can write
S = Y@+ Ty
- (1 ~I,0 - ui)> n ((1 ). (1— uj_l)uj)
=1-(1—-w)...(1—uy) + (1 —up)...(1—uj)ujp
—1- ((1—u1)...(1—uj)—(1—u1)...(1—uj)uj+1)
=1—-(1—w)...(1—u;)(1 —ujp1)

= 1[I0 —w).
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o Show that 7" maps I* onto QF, that T is 1-1 in the interior of I*, and that its
inverse S is defined in the interior of Q* by u; = z; and
T

U; =
=2y — =2

fori=1,2,...,k.

Note that T" is a continuous map (actually, smooth) because each of its compo-
nent functions is a polynomial.

First, we show that T(0I*) = Q*, so that the boundary of I* is mapped onto
the boundary of Q. Injectivity and surjectivity for the interior will be given by
the existence of the inverse function.

Let u € 9I*. Then for at least one uj, either u; = 0 or u; = 1. u; = 0 implies
z; = 0so that x € E; C 0Q". Meanwhile, u; = 1 implies > z; = 1 -[[(1—w;) =
1 — 0 = 1, which puts x € Ey C 9Q*. Therefore, T(0I*) C 0Q*.

Let x € 0Q*. Then either x; = 0 for some 1 < j < k (because x € F;) or else
Y x; =1 (because x € Ej), or both.

case (i) Let z; =0so x = (z1,...,0,...,2%), and take x. = (21,...,¢6,...,2),
so x. € (Q%)°. We have
-1 _ T2 T3 5 Tj+1 Ti
T (X€> - <l‘1, T—z1) T—z1—x2’ " " "0 T —mmj_1 ) lmmq—mzy " "0 1—$1—"'—$k—1>

=(x z2 z3 € Tjt1 Zk
o Lig T—zy—ae? " l-z1——2j 17 1=y ——2j 1—€’ """ 1—21——Tp_1

e—0 T T2 T3 0 Tj+1 Tk

L Ag ) 1—gy—ag? " 7 L R L e R I

where the last step uses the continuity guaranteed by the Inverse Function
Theorem. Now check that for

u = <3§'1, lf—i‘l’ 1_;13_$27 cee 707 1_z1i]j1_$]._1 [ 1_x1_a.3.1?_xk_1> ’
we do in fact have T'(u) = x:
= <:p1, (1-— xl)lfil, (1 —z)(1— 1f?vl)1fxﬁ37x2’
e m ) — ) (1 ey ma
XTi— xXj
(1 - ‘Tl)(l - 1f2zl) s (1 - 1—x1—]---1—zj_2)1—x1—~~]~—a:]-_1’
(1 - xl)(l - 1?21) s (1 - 1_$1_:?.j._zj_l)1_;;]'_%.1._3;].7
) (- ) (1 - l_mf'f;;H)1_m_?zf_$k_1)
= (.1'1,33'2,.%'3,...333,1,0,(1 — X1 — T — - —xj,l)ﬁ,...,xk)
= (.1'1,33'2, T3, ... Tj-1, O’ijrl, c. ,.fL'k)
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case (i) SF @ = 1.
Then by the previous part, 1 — Hf;l(l —u;) =1, so Hf;l(l —u;) = 0.
This can only happen if one of the factors is 0, i.e., if one of the wu; is 1.
This puts u € 9I*.

For the interior, we have an inverse.

SoT(u) = S(ur, (1 —up)ug, ..., (1 —up)(1 —ug)...ug)
B (u (1 —up)us (1 —up)(1—ug) ... (1 — up_1)us )
=\

1—u 7..-,1_u1_(1_ul)u2_..._(1—u1)(1—u2)...l&k_1

— (Ul,Ug,...,Uk)

where the third equality follows by successive distributions against the last factor:

[(1—u)(1—ug)... (1 —up_2)] (1 —up_1)
= (1 — U,l)(l — Ug) e (]_ — U,k_g) — (]_ — Ul)(]_ — U,Q) e (1 — Uk_g)uk_l.
Injectivity may also be shown directly as follows: let u and v be distinct points
of (I*)°, with T(u) = x and T(v) = y. We want to show x # y. From the

previous part, we have T-1(0Q*) C 1%, so x,y € (Q¥)°. Let the j** coordinate
be the first one in which u differs from v, so that u; = v; for i < j, but u; # v;.

Then
zj=1—w)...(1—uj_1)u,
= (1 — Ul) e (]_ — vj_l)uj
# (L —v)...(1—vi—1)v; =y
Sox #vy.
¢ Show that
Jr(u) = (1 —u)" 11 —ug)* 2. (1 — upy),
and
Js(x)=[1—a)Q—z;—a2)...(01—ag — - —x31)] "
1 0 0 0
—Us9 1—uy 0 0
Jrw)=| —(Q—udus —(1—-wus (1—-w)(l—ug) ... 0
C—wy)wn o (—u). (=)
=1 (]_ — U,l) . (1 — U,l)(l — Ug) """ (]_ — Ul)(]_ — U,Q) e (1 — uk—l)
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1 0 0
T 1
(1795) 2 1—z1 (1)
T3 xr3
Js(U) = (1—z1—xz2)—2 (1—z1—x2) 2 1—z1—x2
(A—z1——zK_1)"2 (Q—z1——2k_1)"2 (I—z1— =) 2
=1.-L . 1 ... -1
l—-x1 1—xz1—2x2 l—z1——xp_1
= [(1—ZE1)(1—£L’1—Ig)...(l—l'l—"'—l'k_l)]i

10

e}

1

l-—z1——mp 1
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13. Let r1,...7 be nonnegative integers, and prove that
rilooory!

/ ' .oaptde = ! k :

O (K+ri+- )l

Hint: Use Exercise 12, Theorems 10.9 and 8.20. Note that the special case r; = --- =
re = 0 shows that the volume of Q* is 1/k!.
Theorem 8.20 gives that for a;, 5 > 0 we have

Yaiy g g, D@T(B)
/Ot R

Theorem 10.9 says when T is a 1-1 mapping of an open set £ C R* into R* with
invertible Jacobian, then

/Rk fly)dy = /Rk f(T(x))|Jr(x)| dx

for any f € C(F). Since we always have fcl( mf= fmt( g /- we can apply this theorem
to the T given in the previous exercise:

/ 2 albdx = / T ()" Ty(w)'™? . . Th(u)* | Jr(u)], du
k Ik

_ /I W T = )] (1 =) (1 = e )™
. [(]_ — Ul)k(l — Ug)k_l e (]_ — uk—l)} du

_ i, r tobrgth—1 gtk —2
_ / W (1 — g )R] et
1

Ce (1 — ukfz)rkflJerJrQ(l — uk,l)r’“ﬂ du

(/uql(l _ ul)r2+~~~+rk+k—1 dlL‘l) (/U/QQ(]_ _ u2)r3+~~~+rk+k—2 dlL‘1>
1 1
(/ w (1 — ugy)w dxk) (/ (T dxk) )
1 1

Now we can use Theorem 8.20 to evaluate each of these, using the respective values
C(j:1—|—7“j,ﬁ:Tj+1+"’—|—7“k—|—]€—j+17

so that, except for the final factor

’I"kJrl 1 1
/“Z’“ day, = |- =—
I T + 1 0 T + 1

the above product of integrals becomes a product of gamma functions:

_ PA+4r)T(rot..rpt+k)  TA+r2)l(r3+..rpth—1) TA+rs)l(rat..rp+k—2) P4 )P (re+2) 1

D147 +rottrptk) T(rotrst—try+k) C(rztrat—drg+k—1)  TA+24r,_1+ry)  re+l

then making liberal use of I'(1 + ;) = r;! from Theorem 8.18(b), we have

_ _rlere!  D(rottrptk)  T(rst-trp+k—1) D(rp+2)
(ri+..rp+k)! T(ro4-+ri+k)  T(ra+-4rp+k—1) """ rg+1 -

11
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Now making use of zI'(z) = I'(z + 1) from Theorem 8.19(a), to simplify the final
factor, we have

P(rp+2) _ Dt D+1) _ (et DE(etl)
re+1 r+1 o r+1 o

(T’k"— 1) = Tk!,

so that the final formula becomes
L.ry!
Note: if we take r; = 0,V}, then this formula becomes

| |
/ Ldx — or...o! :i’
Qk (0+...0+k})! k!

showing that the volume of Q" is 7.

15. If w and X are k- and m-forms, respectively, prove that w A X = (—=1)*" A A w.

Write the given forms as

and
/\:ij1 _____ jk(x)dle/\.../\dxjm:ZJaJd:EJ.

Then we have

w/\/\:Zaf(x)bJ(x)dm/\de and )\/\w:ZaI(x)bJ(x)de/\de,
IJ

I,J
so it suffices to show that for every summand,
dry ANdry = (—1)"dx; A do;.
Making excessive use of anticommutativity (Eq. (46) on p.256),
dry Ndry = dx;, N... Ndx;, Ndxy, N ... Ndxj,

= (=1)*dx;, Ndxiy A ... Adxi, Adxg, A A da,,
(=) dx;, Adzj, Ndxy, A ... Adwi, Ndxg, A A dxj,,

(=)™ dzj, A ... ANdxj, ANdzy, A A d,
(—1)kmdl'J N dl’[.

12
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16. If k > 2 and 0 = [po, P1, - - -, Px) is an oriented affine k-simplex, prove that %0 = 0,
directly from the definition of the boundary operator 9. Deduce from this that
0?W = ( for every chain W.

Denote o; = [po, - - -, Pi—1, Pi+1, - - - , P] and for ¢ < j, let o;; be the (k — 2)-simplex
obtained by deleting p; and p; from o.
Now we use Eq. (85) to compute

k

Jo = Z(—l)jaj.

=0

Now we apply (85) again to the above result and get

k k
&0 =0(0o) =0 (Z(—w‘aj) = Z(—njaaj
=Z(—1)J. (—=1)'oy;
= 1( 1)i+j‘7w

Lemma. For i < j7 O35 = 0j—14-

Proof. These both correspond to removing the same points p;, p;, just in different
orders (because p; is the (j — 1)™ vertex of ;).

0= [pOa -5 Piy "'apja 7p/€] = 05 = [p07 -5 P, 7pk] = 045 = [pOa 7pk]
0= [p07 -y Piy -1, Dy, 7pk] — 0; = [p07 -, Py, 7pk] = 051, = [pOa 7pk]

O
Thus we split the previous sum along the “diagonal”:
k—1 k
o= (-)Moy+ Y (-1)Hoy.
i>j=0 i<j=1

A B
Continuing on with B for a bit, we have
B = (=)o 1, by lemma

- Z Z(_l)ﬂrjo'jfl,i rewriting the sum

= Z Z(_l)iﬂai—u swap dummies ¢ < j

13
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ik
k-1 °
. °
°
2 ° °
1| oee @
0 00—
012 .kl 1

k-1 i
= Z(—l)”jﬂai,j reindex ¢ — i+ 1
i=0 j=0
k=1 k-1
=(-1) (—=1)"*o, see Figure 2
=1 =
= —A.

Whence
Po=A+B=A—-A=0.

In order to see how this works with the actual faces, define F} : Q"1 — Q* for
i=0,...,k—1 to be the affine map F} = (eg,...,€;,...€e;), where & means omit
e;, i.e.,

Fi(e;) = ’ L
€jt1, J =1

Then define the i* face of o to be o; = oo F}\. Then

(0%

FIGURE 3. The mappings F} and o, for k = 2.

0’0 = 9(00) = 0(ag — 01 + 03)
= 0(0g) — (01) + 9(02)

= (p2 — P1) — (P2 — Po) + (P1 — Po)
=0

14
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17. Put J? = 1, + 7, where

T = [0, e|,e; + eg], To = —[0, €9, e + el].
o Explain why it is reasonable to call J? the positively oriented unit square in R?.

Show that 0.J? is the sum of 4 oriented affine 1-simplices. Find these.

71 has pg = 0, p; = €1, p2 = €1 + P2, with arrows pointing toward higher index.
Ty has pg = 0, p; = €1, p2 = €1 + p2, with arrows pointing toward lower index.

€ p,=¢ +¢e, € p,=¢, Pp,=¢+e¢,
7 -7
- _Z
€ ¢ Py p,=¢€ € € Py
FIGURE 4. 71 and —7».
¢, p,=¢, P,=¢€¢+e¢,
T, T, + T,
—_— —_—
€ 1 0

FIGURE 5. 7, and 7 + 7.

So
8(7'1 + Tg) = 8[0, e, e; + eg] — 8[0, €9, €9 + el]

= [el,el + 82] — [0,81 -+ e2] + [0,61] — [82782 -+ el] -+ [0,82 + 81] — [0,62]
= [0,61] + [el,el + eg] + [62 + el,eg] + [6270].

So the image of 71 + 75 is the unit square, and it is oriented counterclockwise,
i.e., positively.

¢ What is 8(7'1 — T2)?
8(7'1 — Tz) = 8[0,61, e + 82] + 8[0, €9, €9 + el]

= [e1,e1 + €] — [0,e; + €] +[0,e1] + [e2,e2 + €1] — [0,e3 + €1] + [0, €3]
= [0,81] + [el,el + eg] — [eg + el,eg] — [0,82] — 2[0,62 + el].

15
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20. State conditions under which the formula

Afdw:/acbfw—[b(df)/\w

is valid, and show that it generalizes the formula for integration by parts.
Hint: d(fw) = (df) Nw + f dw.
By the definition of d, we have
d(fw) =d(f Aw) = (df Aw) + (=1)°(f Adw) = (df) Aw + f dw.
Integrating both sides yields

[ = [@yno+ [ ra

If the conditions of Stokes” Theorem are met, i.e., if ® is a k-chain of class C” in an
open set V' C R™ and w is a (k — 1)-chain of class C' in V/, then we may apply it to

the left side and get
/ fw:/(df)/\w—l—/fdw,
o @ o

which is equivalent to the given formula.

21. Consider the 1-form

rdy —ydr . _,

(a) Show [ 1 =27 # 0 but dn = 0.

Put gg(t) = (rcost,rsint) as in the example. Then
2?2 +y? — r? de — —rsintdt, anddy — rcostdt

and the integral becomes
2m : 2m
t t
/77 = / _rs12n (—rsint)dt + / TCO; (rcost)dt
y 0 r 0 r
2m

— / sin? ¢t + cos? tdt
0

2
:/ ot
0

=21 # 0.

noof
1=1 9z

x dy ydz
dn:d(ﬂﬂﬂﬂ - x2+y2)

x dy ydx
=d —d
(:L“Z +y2> (x2 +y2)

However, using df = > dxy, we compute

16



Solutions by Erin P. J. Pearse

= m <(y2 — 23)dx A dy — 2xy dy A dy

+ 2zy dx A dx — (2 — y*)dy A dm)

= m <(y2 —23)dx A dy + (2 — y?)dz A dy)
= wp W - 2" =y )de N dy
=0dx Ndy = 0.

(b) With «y as in (a), let T be a C” curve in R*\{0}, with T'(0) = I'(27), such that the
intervals [y(¢),T'(t)] do not contain O for any t € [0, 27]. Prove that [.n = 2.

For 0 <t <2m and 0 < u < 1, define the straight-line homotopy between ~ and
I

O(t,u) = (1 — w)D(t) +ury(t), ®0)=TD@), &t 1)=~(t).

Then @ is a 2-surface in R*\{0} whose parameter domain is the rectangle R =
0,27] x [0, 1] and whose image does not contain 0. Now define s(z) : [ — R?
by s(z) = (1 —2)vy(0) + 2I'(z), so s(I) is the segment connecting the base point
of « to the base point of I'. Also, denote the boundary of R by

OR = R+ Ry + R3 + Ry,

17
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where Ry = [0, 27eq], Ry = [2meq, 2me; + €3], R3 = [2me; + €9, €3], Ry = [es,0].
0P = ®(JR)
=®(Ry+ Ry + R3 + Ry)
= O(Ry) + ®(Ry) + ®(R3) + P(Ry)

=I+s+7+s
=I'+s—v—s
::P'_/%

where 7 denotes the reverse of the path «y (i.e., traversed backwards). Then

/n—/nz/ nz/‘n 00 =T — ~
T ¥ '—~ o

/ dn by Stokes
>

LO by (a)
0

oo

(c) Take I'(t) = (acost,bsint) where a,b > 0 are fixed. Use (b) to show

2
ab
dt = 2.
/0 a2 cos?t + b2 sin?t

shows that

We have
x(t) =T1(t) =acost and y(t) =T(t) =bsint

and
dx = %dt = —asintdt and dy= %dt = bcostdt,
S0
vdy —ydr  absin®t+ abcos®t ab
22 +y2  a?cos?t+ b2sin’t  a?cos?t 4+ b2sin’t’

and the integral becomes

27r:/77
r

/27r abcos? t dt + absin® t dt
0 a?cos?t + b2 sin? t
27

/ ab i
o a2cos?t+ b2sin’t

18



Solutions by Erin P. J. Pearse

(d) Show that
n=d (arctan %)

in any convex open set in which x # 0 and that

n=d <— arctan 5)
in any convex open set in which y # 0. Why does this justify the notation
n = df, even though 7 isn’t exact in R*\{0}?
0(x,y) = arctan (¥) is well-defined on
Dt ={(z,y):z > 0}.
On D% we have
df = d (arctan %)
= %dw + g—zdy
0
5 (£) o ()
O )
—yr~%dx N = dy
L+ (1) 1 @)
—ydx xdy
22 + y2 72 + y2 :

So df =n on DT (and similarly on D~ = {(z,y): « < 0}), which is everywhere
0 is defined. If we take

BT ={(z,y):y > 0},

dy

|
] |8

then
~ 1yda (v/y)dy —  ydr L _tdy
L+ (2/y)? 1+ (zfy)? 22+y? 2% +y?
and similarly on B~ = {(z,y) 1y < 0}.
We say 1 = df because 0 gives arg(z,y); if we let vy(t) = (cost,sint) as above,
then this becomes

Y sint
arctan <—> =arctan | — | =1,
T cost

where the inverse is defined, i.e., for 0 <t < 27.
Suppose n were exact: 3\, a 0-form on RZ such that d\ = 7. Then

d (— arctan 2) =
y

dd—d\=dl -\ =0 = 0—-—XN=c
= f=\+c
= =)

19
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but A is continuous and 6 isn’t. Alternatively, if n were exact,

/n:/d)\:/ )\:/)\:0,
ol ol Oy %)

contradicting (b). ;

(e) Show (b) can be derived from (d).

Taking n = df,

2
T I 0

(f) T is a closed C’ curve in R2 implies that

1 1 [P1(t)
— [ p=1Ind() = — dt.
or Jo = A0 = o | R

We use the following basic facts from complex analysis:
logz =log|z| +iargz, so argz= —i(logz—log|z|).

First, fix |I'| = ¢, so I' is one or more circles around the origin in whatever
direction, but of constant radius. Then

[n=[a= [ aweay
=i /abd(log L(t) —log [T(1)])
=i [ atwogr0)
By

Now use (b) for arbitrary T'.

20
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24. Let w = ) a;(x) dz; be a 1-form of class C” in a convex open set £ C R". Assume
dw = 0 and prove that w is exact in FE.

o Fix p € E. Define

f(x):/[ ]w, xec k.

Apply Stokes’ theorem to the 2-form dw = 0 on the affine-oriented 2-simplex
[p,x,y] in E.

By Stokes” Thm,

0= / dw = / w Stokes’ Thm
[p,x,y] dlp,x,y]

_ / o def of 9

[x,y]-[py]+[p,x]
/ w —/ w +/ Rem 10.26, p.267

[x,y] [p,y] [p,x]

_/[ o= )+ 109 def of f
x?y

¢ Deduce that

£ = 100 = Y =) [ (1= ey 1)

for x,y € E. Hence (D, f)(x) = a;(x).

Note that v = [x,y] is the straight-line path from x to y, i.e., y(t) = (1—t)x+ty.
Then the right-hand integral from the last line of the previous derivation becomes

f<y>—f<x>=/[ g

n

- /xy] 121 a;(a) du;

= Z(yz - x@)/o a; (1 —t)x + ty) dt.

Putting y = x + se;, we plug this into the formula for the i*" partial derivative.
Note that all terms other than j = ¢ are constant with respect to z;, and hence
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vanish. This leaves

(Ds f)(x) = lim LXF%€0) = /(%)

s—0 S
1
:nn%W/ a; (1 = t)x + t(x + se;)) dt
S— 0

1
=lim 1. 3/ a; (x +tse;)) dt
0

s—0
1
=lim [ a;(x+tse;))dt

s—0 0

1
:/ lim a; (x + tse;)) dt
0

s—0

= /Olal- (x) dt
= a;(x) /Oldt

= a;(x).

We can pass the limit through the integral using uniform convergence.

27. Let E be an open 3-cell in R3, with edges parallel to the coordinate axes. Suppose
(a,b,c) € E, f; € C'(F) for i =1,2,3

w = fidy Ndz + fodz N dx + fsdz A dy,
and assume that dw = 0 in E. Define
A = gidx + gody

where

z y
gl(:v,y,z):/ fo(z,y, s) ds—/b fa(x,t,c)dt
92(x7y>z) = _/ fl(x7y75> d57

for z,y,z) € E.
¢ Prove that d\ = w in F.

We compute the exterior derivative:

A\ = d(g1dz + gady)
=dgi Ndx + g1 ANd(dx) + dgs N dy + g2 A d(dy)

:d[/:fz(x,yas)ds_/byf:s(x,t,c)dt] /\dx—l—d[_/:fl(x,y,s)ds] A dy

22
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:8%(/:fQ(x,y,s)ds>dy/\dw+%(/:fg(x,y,s)ds>dz/\dx
—8%(/byfg(x,t,c)dt)dyAdx—é(/byfg(a:,t,c)dt)dz/\dm
—a%(/zfl(x,y,s)ds)dx/\dy—%(/Zfl(x,y,s)ds)dz/\dy

(/ filz,y,s dS)dy/\dera (/ fa(z,y, s ds—/fgxtc)dt)dz/\dx

8@ /fgl'tht—/fglL'y, ds)dx/\dy

_ 8% (/ fi(z,y,s) ds) dx N dy

Note that the third integral above is constant with respect to z, and hence vanishes.
= fl(xa Y, Z>dy N dz + fQ(xa Y, Z>d"7’ Ndz + fB(xaya C)dl’ N dy

- / (%f2(xayvs)+%fl(xayvs)> d8:| dl’/\dy
= fi(z,y, 2)dy AN dz + fa(2,y,2)dz A dx

+ fB(xayac) - /Z <%f2(fl’,y,8> + a%[;fl(xayas)> d8:| dx /\dy (101)

Since w is closed,
0 =dw = d(fidy N\ dz) + d(fadz A dz) + d(f3dx A dy)
=dfi Ndy Ndz + fi Nd(dy A dz) + dfy ANdz ANdz + fo ANd(dz A dx)
+dfs Ndx ANdy + f3 ANd(dx A dy)
= & hide Ndy Ndz + L fody Adz A de + - fsdz Ade A dy

_ ((%fl—}-a%fQ—f-%f;;) da A dy A dz
= %f:s = - (a%fl + (%f2> ;
so the last line of the previous derivation, (10.1), becomes
{f;s(x,y,c) + /: (%f:&) dé‘] dx A\ dy
= @y 0+ (hle.y.2) = foley.0)) | dondy

- f3($7 Y, 2) dz A dy
and we finally obtain

A\ = fl(xvyv Z)dy Ndz + f2($7y7 z)dz N dx + f3($7y7 Z)dl’ A dy

= W.
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o Evaluate these integrals when w = ¢ and thus find the form A = —(z/r)n, where

_ zdy—ydzx
n - $2+y2 .

Now the form is
w=(=%@dyNdz+ydz Ndz + zdz N dy),
SO
Yy

xr z
flz_a f2:_7 f3:_3
T

r3
The integrals are

/ f2(l',y, 8) ds = / y(l‘z + y2 + 82)73/2 ds = :L“QJyry2 (f - w/a;2+cy2+02> ’
Yy Yy
/; f3($7 t) C) dt = /bv C(‘/L‘2 + t2 + 62)_3/2 dt = xQJCch (\/xzfszrCQ B \/z2+bb2+62) ’

/c filz,y,s)ds = /c x(xQ +y2 + 52>_3/2 ds = xQ-T-yQ (f B ,/x2+cy2+cz) :

Thus A = gy dz + g2 dy is

S N

_ Yy z _ c _ _c Y _ b
A= mp ( \/z2+y2+c2) v = o (\/x2+y2+02 \/:v2+b2+02> dz
T (z_ __¢
x24y? (1" /a:2+y2+c2) d

_ (_g) _ ydx x dy
- r x2+y2 z2_;’_?/2

+ | =5 - - . - v dx
o2+ \ Vel 1P+ [eigte (22+12) /22 +y2 42

xc y
(x2+y2)\/x2+y2+02

=(=%)n,
due to some magic cancellations at the end.
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28. Fix b > a > 0 and define
O(r,0) = (rcosb, rsind)
for a <r < b,0 <6 < 27. The range of ® is thus an annulus in R2. Put w = 23dy,

and show
/ dw = / w
® o®

by computing each integral separately.

Starting with the left-hand side,
dw = %x:sdx Ady + %xgdy A dy = 3x*dx A dy + 0 = 32°dx A dy,

SO
cos —rsind
sinf rcosf

’ =rcos?f 4 rsin®f =r,

whence
3x%dx A dy = 31*(cos® §) r dr db),

27 b
/ dw = / / 3r3 cos? O dr df
(] 0 a
2 b
= (/ cos? QdQ) (/ 3r3 dr)
0 a

= [%9 + 1 sin 29} zﬂ [%7"4]2

and thus

= (7 + i(sindr — sin0)) - 2 (b* — a?)
=3t —a').
Meanwhile, on the right-hand side, note that
0P =T —»,
as in Example 10.32 or Exercise 21(b). Thus,

/w:/ w:/:pgdy—/x3dy
(i3] I'—y r o7
2

s 2
= / b? cos® O(b cos 0) db) — / a® cos® 0(a cos 0) df
0 0
2T 27
= / cos* 0 df) — a4/ cos* 0 d
0 0

2T
= (64 - a4) / cos? 0 do
0

(g 2
—(b a) 1
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11. LEBESGUE THEORY
1. If f>0and [, fdu=0, prove that f(z) = 0 almost everywhere on E.

First define
E,={f>1} and A::UEnz{f#O}.
We need to show that uA = 0, so suppose not. Then
pA >0 = Z E,>0
= pk, >0 for some n.
But then we’d have

/fduz fdp >~ u(E,) > 0. ;
E En

2. If [ 1 f dp =0 for every measurable subset A of a measurable set E, then f(z) =, 0
on FE.

First, suppose f > 0. Then f =,. 0 on every A C E by the previous exercise. In
particular, £ C E, so f =,. 0 on F.

Now let f # 0. Then f = f* — f~, and each of f*, f~ are 0 on E by the above
remark, so f =,. 0 on E, too.

3. If {f.} is a sequence of measurable functions, prove that the set of points = at which
{fn(x)} converges is measurable.

Define f(x) = lim f,(z), so f is measurable by (11.17) and |f,(z) — f(z)| is mea-
surable by (11.16),(11.18). Then we can write the given set as

{z:¥e >0,IN st. n> N = |f.(z) — f(2)] < &}
={z:VkeN,IN st. n> N = |f.(x) — f(x)] < 1/k}

= ﬂ{szIN st.n>N = |f.(z) — f(z)| < 1/k}

k=1

=N Ufe 1@ = f@)] < 1/k}

k=1n=1
4. If f € L(p) on E and ¢ is bounded and measurable on F, then fg € L(u) on E.
Since g is bounded, 3M such that |g| < M. Then

/Efgdu' SM/EIf\du<oo
by (11.23(d)) and (11.26).
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