A TUBE FORMULA FOR THE KOCH SNOWFLAKE CURVE, WITH
APPLICATIONS TO COMPLEX DIMENSIONS.

MICHEL L. LAPIDUS AND ERIN P.J. PEARSE

Current (i.e., unfinished) draught of the full version is available at
http://math.ucr.edu/ epearse/koch.pdf.
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F1GURE 1. The Koch curve K (left) and the Koch snowflake €2 (right).



Goal: derive a formula for the e-neighbourhood of the
Koch curve (and snowflake).

et

F1GURE 2. The e-neighbourhood of the Koch curve, for two different values of €.

We want to find a formula for

V (e) = area of shaded region
= volo{x € Q : d(x,09) < &}



Q: What use is V' (g)?
A: A precise formula for V' (¢) will help towards extend-
ing the theory of fractal strings into higher dimensions.

A fractal string is any bounded open subset of R
L= {lj};')ila with Z lj < OQ.
j=1

Lh>l>1l3> ...,
or distinctly (with multiplicity):
L >l >13>....
Idea/origin: comes from studying fractal subsets
oL CR.

FIGURE 3. The Cantor Set
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The Cantor String example has lengths
{3—(n+1)}

wg_(n_H) = Qn

with multiplicities

CS = {lllLLLL”.}

310292272 277 277 27
The geometric zeta function of a string
0.@)
— § s __ E S
j=1 l
encodes all this information.

Example:
©.@)

3—3
_ 2713—(714—1)8 — .
Cesls) =2 [—2.3

n=0



Three key things about (,:

(1) Relates to the dimension of 0L.
(2) Connects spectral and geometric properties.
(3) Gives an explicit formula for V (¢).

For (1), recover the Minkowski dimension

Dor =inf{t >0:V(e)=0 (") ase — 0"}
=inf{oc >0 : ((s) < oo}

Generalize and define the complex dimensions:

D ={w e C: (, has apole at w}

Theorem 1 (Structure of Complex Dimensions).
If OL 1s self-similar, then either

(1) D is “periodic” and OL is not measurable, or
(2) D is “quasiperiodic” and OL is measurable.

Here, OL is (Minkowski) measurable iff
M = M(D;dL) = lim V(e)e 1P

e—0+

exists in (0, 00).



For (2), a frequency of L is

feVAT=T

Lj
The spectral zeta function of L is

Gls) =D (k171 waf_

7,k=1

Then
Cu(s) = Ce(s)C(s)

relates spectral and geometric information.

For (3), we have the explicit (distributional) formula

= 3" e (<£<s><26>11w> LR

&Ny
— w%;ﬁ <TGS£%5°_">5;_W) Y L R(e),

We want higher-dimensional analogues of these results.

Computing V (g) for the Koch curve provides

e 2 test of how well the theory holds up for 2 C R?
e intuition about how to extend into R?



First, partition the e-neighbourhood.

triangles
overlapping (from overlap)

rectangles fringe

25 wedges 2l

error rectangles

FIGURE 5. An approximation to the inner e-neighbourhood of the Koch curve.

The level of refinement is based on
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FIGURE 6. Another e-neighbourhood of the Koch curve, for smaller ¢.



Lo tr(ilgngles fap)
overlappin : rom overla
recta%%le% fringe P

ﬁ wedges Jﬁ Smﬂf

error rectangles

o

Count each type of piece:

shape number volume(area)
rectangles | r, = 4" e3™ "

wedges | w, = 3(4" — 1) me? /6
triangles | u, = 2(4" — 1) +2|e2V/3/2
fringe An 9l-n,/3 /160

A preliminary formula is
V(e) = Vi(e) + Va(e) — Vs(e) + Vile),
where A
Vi(e) :=4"-e37"
we?

Vife) = 51— 1) 7=
Vile) = @(4” —1) +2> V3

2
- () (5)




Problem: formula contains a discrete variable.
Need to convert to continuous:

n=nle)=lz] =z —{z} for x=—log(eV3).

5+
4.

3

21— n(e)

1,

11 1 1
27V3 93 3\3 V3

FIGURE 7. The exponent n = n(e), as a function for ¢ — 0.

Now as fn of €, 7 = — logs(ev/3):

) 27v/3 V3 V3
_ 2-Dy—{a) (@} V3 (T _ V3
Vie)=e a0 57 18 6

o [T 2\/§
wc <9+9>
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Convert to Fourier series using

€2mﬁu

W=ty
a = .
a loga + 2mi3

and get

A . 2minx 2minx
V(E) _ 82 D E ( _2TV3 e 4+ V3 e

29 log4/9+42min 8 log4/3+42min
ne

31 \/g 2mine 2 (= 2\/5
+<7—2—8) 3 —c <§+T)-

log 4+2min

Now: collect the error.

_ A>/\<AAAA L

CITOT

FI1GURE 8. Where the error lies - the bold region is not within € of K.
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We decompose an error block:

triangle

w(e)=3"""0

FIGURE 9. w(e) gives the width of the block

Use elementary methods to find the area A;(e):

b=gw(e) Ai(e)

F1cUrRE 10. Finding the height of the central triangle

W W W W 2
A :__2'1(—)——\/1—(—).
1(e) eg —esinT (2] — ey -
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The area of the error in this block is

FiGURE 11. Naming the trianglets

Apply series expansions for sin™!u and v1 — u2,
w(e) = 371 = 3lele/3,

and Fubini Thm, to get

13



= (2m)! w(e)? 1
* Z 24m+1( )2 <235(m +1) 22m+3 _ 9

52 1 w(g) 2m+1
2m 4+ 1 32mtl -2 £ '

How many such error blocks are there?

partial

[

complete

il
\

FIiGURE 12. Error block formation

Some blocks are whole; others form as ¢ — 0.
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We count the error blocks

d(€) = ¢+ puh
= c(e) + ple)h(e)

e D —{x e D —{x
= 47 4 e R () + 2h(e) — 4

where h(e) is some function indicating what portion of
the partial block has formed.

0<hle)=h(z)<n<1

We don’t know h(e) explicitly, but we do know

h(@) _ Zga€2m'ozx

o€l

Total error is

Compute the desired volume formula as
V(e) = V(e) — Ele)

by converting everything into series expansion.
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After 11 pages of calculations ...

V(e) = Gi(e)e® P + Gyle)e?,

where
1 _
G1(€> L= @ <an + Zbygn V) — n inp
nez vel
. L n —mp
GQ (5) . —1Og 3 <On + Z Tyvgn— V) .
nez Ve
are periodic functions of multiplicative period 3, and
o 39/2 33/2 7'('—33/2 lb
Un = 739D 2vinp) " B(D—1tinp) | B(Dtinp) _ 20m
©.@)
_ 3 1/2(2m—2)! (4—32m+1)
by = Z AT (om+1)ml(m—1)! = (32"+1=2)(D—2m—1+ivp)’
m=1
Op, = (%—I—¥) (Sn—Tn,

©9)
m)!37m+1/2 32m+1
Z 24m—2 2m—|—1 ml(m—1)1 ~ (321 2)(—2m—1+ivp)’
=1

The g, are Fourier coeflicients of function which counts
the error blocks (actually, it describes how much has
formed).
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However, the coefficients are not the interesting part.
The formula for V(e) contains all the complex dimen-
sions! We rewrite as

Vie)=> Gs(e)e® "7 4y " Gy(e)e” ™.

nez nez

This gives the possible dimensions

Doqg={D+inp : n € Z}U{inp : n € Z}.

2p¢ o
P« o
Y
—4 -3 -2 -1 0 D 2 3 4
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Notes on h(e):

The least upper bound of h(e) is u = C(e)/B(e):
C(e) -
Be) - . e

FIGURE 13. p is the ratio C(e)/B(¢).

Three essential properties:

(i) h(e) oscillates multiplicatively,
(i) Aler) = lim (e, +9) =0,
—0~

(iii) lim_ ey +9) = p,

—k

w

. Compare to

hie) = pu- {~[z] -z}

1 "
w

where g, =

5

.

h(e)

11 1 11
N3 3v3 V3 93 3V3
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F1GURE 14. The Cantor-like function i and the approximation h.
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