The Laplace Equation ERIN PEARSE

I. INTRODUCTION

Definition 1. Among the most important and ubiquitous of all partial differential equations
is Laplace’s Equation:
Au =0,

where the Laplacian operator A acts on the function v : U — R (U is open in R™) by taking
the sum of the unmixed partial derivatives. For example:

n=1: Au:%:u”:O

In this simple case, the solution u = ax + b is found by integrating twice.
n=2: Au:%—i—%zﬂ

Here u = u(xy, x2) and the solution is already much more difficult to obtain.

_ N _ 0%u . &u Pu _ NN Pu _
n=N: A“—ax§+ax3+~'+ =5 =0

2 i=1 92
A solution to Laplace’s equation is a fun(];cion u satisfying Au=0.
Definition 2. When combined with boundary conditions such as

u =g on OU,
finding a solution to Laplace’s equation is referred to as the Dirichlet Problem.

Definition 3. In general, a C? function u satisfying Au = 0 is called a harmonic function.

Definition 4. The closely related nonhomogeneous case is known as Poisson’s Equation:

—Au=f!

II. PHYSICAL INTERPRETATIONS

Laplace’s equation in 2 and 3 dimensions occurs in time-independent problems involving
potentials (e.g. electrostatic, gravitational) and velocity in fluid mechanics. A solution to
Laplace’s equation can also be interpreted as a steady-state temperature distribution. In a
typical interpretation, v denotes the density or concentration of some quantity in equilibrium:

u denotes chemical concentration:
Fick’s law of diffusion: Au =0

u denotes temperature:
Fourier’s law of heat conduction: Au =0

u denotes electrostatic potential:
Ohm’s law of electrical conduction: Au =0

IThe (-) here is for consistency with notation for higher-order elliptic operators.
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III. THE FUNDAMENTAL SOLUTION TO LAPLACE’S EQUATION

The basic idea for deriving the fundamental solution is to exploit symmetry by observing
that Laplace’s equation is rotation invariant:

Lemma 1. Suppose Au =0 . If A is an orthogonal n x n matrix and we define
v(x) :=u(Azx) for (z € R"), then Av =0.

Proof. Using summation notation, write A = a,; and consider u(y) where y; = a;;x;. Then

0 _ 0 (O
Oz, ~— Oy; \ Oz,

0
By ik

d
= az‘ka—w,

so taking partials again gives

2 0 o
92 — ik y; | dxy,

0

Now that we have established the radial symmetry of Laplace’s equation, we know to look
for solutions which are functions of r = |z|, i.e., of the form

u(z) = v(r),

where r = |z| and v is to be chosen so that Au =0 holds. First, note that we have
r=|z| = (x%—i—:v%—i—...—l—xi)lm

= O = %(x%—i—:c%jk..—i—xi)*lm@xi) =

dz;
fori=1,2,...,n and = # 0. So then from u(z) = v(r) we have
Uy, = V(1) %

7

and using the product rule, we also have

1%“:““”%Y+“W((?%7Wa/
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SO summing over ¢ gives

Au = i <v"(7“)f—§ +0'(r) (% -4

Hence, Au =0 <= v"(r) +v'(r)™
For v’ # 0, this gives v"(r) = v/(r)1=2 — ¥ = 1= Now note that

s v T

1"

o= (log [V])".

Then
(log |v'|) = 1;" = log|v'|=(1—n)logr+c
"Ul| _ e(1771) logrec
’Ul — aelogr(l_”)
v = aqrt—m
v = ot
rin—
Hence

!/

n=2 = v =% = v(r)=blogr+cforr>0.

Note that the assumption (r > 0) is justified because r denotes radius. Similarly,

nz3 = v =1t = u(r)= 5+

r(n_l)

Thus we have obtained

blogr n=2
’U(?“) = { b
pn—2 n>3

for some constants b, c.
At this point, we introduce some convenient “shorthand” notation:

) = ity vol of unit ball in R
)
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Definition 5. Now to normalize on the unit ball (and for the sake of tidy statements of
later results) we define

—o-log |z n=2
@([L‘) = 27"1 1 > 3
n(n—2)a(n) |z|n—2 nz

for x € R™, x # 0 to be the fundamental solution of Laplace’s equation.

IV. SOLVING POISSON’S EQUATION
Now we generalize and extend our solution for Au = 0 to solve Poisson’s equation

—Au = f.

Remark. Note that ®(z) is harmonic by construction for x # 0, so ®(z —y) is harmonic for
x # y. Next, consider that for any f: R" — R, x — ®(z — y) f(y) will also be harmonic for
any y # x, as will any sum of such expressions. This would suggest the following reasoning:

Au(z) =0
= AP (zr—y)=0
= D@ (z—y) f(y) =0

— [ Ay =0

so that we are essentially just slipping the Laplacian inside the integral to obtain as solution
the convolution

ulw) = [ @) ()dy

Unfortunately, the singularity at y = x prevents this simple approach and more care must
be taken.

Theorem 1. Suppose that f € C?(R") and

— Jpelog (e —y|) f (y)dy n=2
ule) = [ @) () dy = {n(né)a(n) b
Then u provides a solution of Poisson’s equation, i.e.,
(i) u € C*(R"), and
(i) —Au = f in R™.

Proof. (i) We have

w@=[ ey fwd= [ 2w fa-v.
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Thus, we make the substitution

u(wthe)—u(@) = [ @) f@the-pdy— [ @)f-y)dy

Rn

:/ncb(y)[f(awrhei—y)—f(x—y)]dy

to obtain the difference quotient

u(z-l—he];-)—u(a:) :/ d (y) |:f($+h€i—z)—f(x_y) dy

so that we may calculate the partial derivative

u : u(x+he;)—u(x
— i o [f(whei—y)—f(xfy)] d
2 W) " y
_ ) li [f(x+hei—y)—f(:v—y)]
/ @ (y)lim " dy

— [ o) @y

5

Note: we can justify moving the limit under the integral sign (third equality in the previous
computation) because f € C%(R™) gives us that f is uniformly continuous, and hence that

this convergence is uniform.

Similarly, f € C?(R") gives us that g—; is uniformly continuous and we can make a nearly

identical repetition of this argument to obtain

Pu_ (1) = Jim 1 (g— (z + hey) — 22 (x))

0x;0x; hoo P
=limd [ @) [Z (0 +he;—y)— 2L (e )| dy
e Rn
— [ ot} (8 @ hey =)~ 2 (-] dy

— [ 2032k -y

Since [, ® () 8228’;], (x — y) dy is continuous in , gi;g = u e C*R").
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Proof. (ii) By part (i) we have

Dufz) = Y 54 (@)

=Y [ e -y

- [ ow)
I/Rnfb(y)Axf(w—y)dy

Now we need to isolate the singularity of ® at 0, so we fix some £ > 0 and split the integral

[owsse-vd=[ cwase-pdr| o owsse-pa.

I Je

s (x — y)] dy

=l

Now denoting B := B(0,¢), we have
/BCP(Z/)Axf(x—y)dy'
</B\‘I>(y)Axf(x—y)!dy
</B|<1><y>|-quf<x—y>||oody
= ||A,f (x —

1AL y>||oo/B|<1><y>|dy

|[€| =

¢ / B ()] dy

- Ce?lloge] n=2

=) Ce? n>3
Thus lir% |I.| = 0. Turning to the other integral and denoting B := R* ~ B(0,¢), J. =
J5® (y) Asf (x — y) dy, so we use integration by parts applying the formula

/uxivdx: —/uvmidx—i—/ uvr'dS
U U oU

with u,, = A, f (r — y) dy and v = @ (y), so that

/D@ yf(g;— )dy—I—/ ® (y) % (z —y)dS (y)

JoB

J/

-~

Le
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Now for L., we see

|L€‘ =

/BB@@)%(:c—y)dw)]
</BB!<I>(y)%(x—y)}dS(y)
</83\<I><y>\-H%@—y)HWdS(y)
N2 (g

— |12 ( y>}>oo/w|<1><y)|ds<y>
— DS / @ lds )

< Cel|loge] n=2
) Ce n >3

Thus lir% |L.| = 0.

Now for K. = — [ D® (y) - Dy f (x — y) dy, we use integration by parts again with u,,

D, f(z —y)dy and v = D®(y), to obtain

&:—/A@(y)f(x—y)dy—/ 9% () f (2 — ) dS (y)

B 0B

Z—AB%%(y)f(w—y)dS(y)

7

where the first integral vanishes because we constructed ® to be harmonic, in the first place
(hence A® = 0 = [A® = 0. More precisely, ®(y) is harmonic for y # 0, but this

integration takes place over the portion of R™ which is at least ¢ from 0, so we are okay.

Now we have by definition that 22 (y) := v - D® (y), so
V=

ﬁ and D®(y) = ﬁ&)@% for y # 0,

which becomes

v=-"2 and DI(y) =L
on the sphere dB(0, ). Putting these together,

R =v Doy =2 (%)

- na(n)ent! (|y‘ =¢condB (078))
1
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We substitute this expression into our formula for K, to obtain

K. = W/ f(y)dS (y).
0B(z,¢)

Now we make the convenient definition

0B(z,r) oB(z,r)

for the average value of f on the sphere 0B (x,r), so that we can rewrite this result as

K.=— ds (y).
]éB(m) f(y)dS (y)
Thus

i i =ty |- F)as)| = -so)
e—0 e—0 9B(z.¢)
Combining all terms,
Au () = lir%(fa—FKa—FLE) =0—f(z)+0=—f(2)
O

Remark. & is constructed to be harmonic away from the origin, i.e., A®(z) = 0 for z #
0, but what is A®(0)? Although this question is perhaps not quite well-formed, we can
provide a fairly precise answer by defining —A®(z) = §y in R”, the Dirac delta “function”
(distribution) in R™. Returning to our previous intuition, we can now make the formal
computation

Bua)= [ A=) f()dy
— [ ~arw

=—f(z)

where dpu, is the measure defined by

dps(E) = {

1 z€eF
0 v¢E

Remark. The previous theorem can be proven under less restrictive conditions. For an
integrable function f on a domain 2 (and ® as above), let u be defined on R" by

u(z) = / Bz — y)f(y)dy.

Then the previous result can be extended as follows: let f be bounded and locally Hélder
continuous (with exponent o < 1) in Q. Then u € C*(Q) and Au = f in Q.



January 25, 2005 The Laplace Equation ERIN PEARSE

V. MEAN-VALUE FORMULAS
Theorem 2. If u € C?(U) satisfies Au =0 for an open set U in R™, then VB(x,7) C U,

u(x) :][ udS:][ udy.
0B(z,r) B(z,r)

Proof. For the first equality, define

o (r) ::]{93( )u (y) dS (y) :][ u(r+rz)dS (2)

9B(0,1)
so that

¢ (1) :]éB(O,l) Du(x+rz)-2zdS(z)

—f  Duw - zis )
0B(z,r)

—f  Dutw)vist)
OB (x,r)

_ ][ % S (1)
OB(z,r)

= ﬁ][ Au(y)dy (/ Guds = / Aud:v)
B(z,r) ou U

=0

Hence ¢ is constant, which implies

¢ (r) =lim¢ () = lim u(y)dS (y) = u ()

For the second equality, using polar coordinates gives

/ udy:/ (/ udS) ds
B(z,r) 0 0B(z,s)

_ /0 " (&) na (n) 8" 'ds

I
S

So

9
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Corollary. u € C*(U) satisfies u (z) :][ udS, VB (z,r) CU == u is harmonic.
OB(z,r)

Proof. If Au = 0, then 3B(x,r) C U such that Au > 0 (or Au < 0) on B(z,r). But then
for ¢ as above,

o:¢'<r>=g/ Budy=0
B(z,r

Theorem 3. U C R" is open and bounded, « € C*(U) N C(U) is harmonic within U.

(i) Suppose U is connected. Then Jzy € U such that u (xy) = maxg{u} = wu is
constant on U.

(i) maxy {u} = maxgy {u}

Proof. (i) Suppose Jxy € U such that u(xg) = M := maxy{u}. Then B(zg,7) C U
whenever 0 < r < dist (xg,0U), so we can apply the mean-value theorem to get

M = u(zg) :][ udy.
B(z,r)

Since M is the maximum of u on the ball, equality can only hold if w = M on the ball;
i.e., it must be that u(y) = M, Yy € B(xo,r). This also shows {u = M} is an open set:

u(rg) =M = uly)=M, Yy € B(xg,r).
Moreover, {u = M} is also relatively closed in U:
{reUiu(r)=M}=u"'({M})

shows that {u = M} is the preimage of a closed set (under a continuous map), and hence is
closed. Thus U connected = U ={z e U :u(x)= M}. O

Proof. (ii) OU C U, so m = maxgy{u} < maxg{u} = M. To see that m > M, note that U
is compact, u attains its maximum at some point xy € U. Then we have

case 1) xg € OU. Then m > M follows immediately.
case ii) x9 € U ~ 9U. Then zy € U = wu is constant on U by (i), so m = M.

Remark. This theorem has an analogous version for minima (proved analogously).
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Remark. Suppose U is connected and for some g > 0, u € C2(U) N C(U) satisfies

Au=0 inU

u=g¢g on dU.

Then g(z) > 0 somewhere on OU implies u(x) > 0 everywhere on U.

The reasoning behind this is as follows: g > 0, so the lowest ming{u} can be is 0, because
the minimum is attained on the boundary oU, where u = g. Then u(z¢) = 0 for g € U
implies w = 0 by (i). But then the assumption that g(x) > 0 for some x € JU gives

0=u=¢g>0 ondU .

The maximum principle also provides an easy proof for the uniqueness of the solution to
Poisson’s equation.

Theorem 4. Suppose g € C(9U), f € C(U). Then there is at most one solution u €
C?*(U) N C(U) to the boundary-value problem

—Au=f inU
u=gq on OU.

Proof. Suppose u, v satisfy —Au = f,u = g and —Av = f,v = ¢g. Then w = u — v and
w’ = v — u are harmonic. Hence w = w’ = g— g =0 on 9U, so

maxw = maxw =minw =0 = u=vo.
U U U

Theorem 5. If u € C(U) satisfies u (x) :][ udS :][ udy, VB (z,r) C U,
OB(z,r) B(z,r)
then u € C*°(U). Consequently, v harmonic = u € C*(U).
Proof. Let n € C*(R™) be the standard mollifier defined by
1
() = Cexp <\:v\2—*1> lz] < 1 |
0 lz] > 1

where the constant C' > 0 is selected such that [,,ndz = 1. Note that spt(n) = B(0,1),
and that 7 is a radial function.
Fix € > 0 and define

e () = 2 (2)
so that n. € C*, [, n.dx =1, and spt (n.) C B(0,¢).
Now set

u®*=mn.xu in Uaz{erfdist(x,aU)>s}

so that u® = [, 7. (x —y)u(y)dy = [ (W) u(z —y)dy for z € U..
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We show u = u® on U,. For x € U,,

u€<x>=/Una<x—y>u<y>dy
z/lja%n(%)'u(y)dy

=/ 1) ('“;‘”) u (y) dy
B(z.e)

Thus u® = w in U, and since u® € C'* by construction, this shows u € C*(U.),Ve > 0.
Thus u € C*(U). O

Remark. Somechow, the algebraic structure of Laplace’s equation Au = Y7 Uy, = 0
leads to the analytic deduction that all the partial derivatives of u exist, even those which
do not appear in the PDE.

Theorem 6. (Estimates on derivatives). u is harmonic in U = |D%u (xp)| < Tncﬁ el L1 (Beo.r) »
VB (z9,7) C U and for every multiindex a with |a| = k. C* is given here by

1 on+lp k)
Lo 2B
a(n)

Theorem 7. (Liouville). Let w : R” — R be harmonic. Then u bounded = u constant.

Proof. Fix g € R™ and r > 0. Now by the previous theorem, u harmonic on B(xzg,r) gives

Cy
| Du (20)] < ) el 21 By
LG

S a(n) ”uHLoo(B(xoﬂ"))

T7—00
0

Thus |Du (zg)| = 0, and hence u is constant. 0
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Theorem 8. Suppose f € C*(R"),n > 3. Then any bounded solution of —Au = f in R"
has the form

ww = [ @e-p Wdy+C @R

for some constant C.

1 1 T—00
0.

. > -
Proof. Forn 23, we have @ (z) = T T

This shows that u (z) = [, ® (x —y) f (y) dy is a bounded solution of —Au = f in R". Now
if v is some other solution, define w := v — u. Then

Avw=Aw—-—u)=Av—-—Au=(—f)—(—=f)=0

shows w is harmonic. Hence by Liouville’s theorem, w is constant. Thus w =v —u=C

— v:u—l—C’:/ Q(x—vy)f(y)dy+C

n

O

Theorem 9. (Analyticity) w« is harmonic in U = wu analytic in U. That is, u may be
represented at xy by the Taylor series

Do : dist(x0,0U
E . % (x — x9)®, which converges for |z — zo| < %7136)

Theorem 10. (Harnack’s Inequality) For each connected open set V- CC U, 3C > 0 such
that supy, v < C'infy u, for all nonnegative harmonic functions v in U.

Proof. Let r = 1dist (V,0U). Choose z,y € V with |z — y| < r. Then

u(zr) = ][ udz

B(z,2r)
% wdz
a(n)(2r) /B(x,Qr)

1 1
2 27 a(n)rn / udz
B(y,r)

=1 udz

2n
B(y,r)
1

= gl (v)

- 2”u(y)>u(w)>2%u(y) if v,y € Vand |[x —y| <.

Since V is connected and V is compact, we can cover V by a chain of finitely many balls
{Bj}j.v:l, each of which has radius 7, and such that B; N By # @, Vi = 1,...N. Then
u() > pheuly), Yo,y € V. 0
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VI. DERIVATION OF GREEN’S FUNCTION

In this section we develop a solution of Poisson’s equation —Au = f in U, subject to the
Dirichlet condition

u=g onJU.

For convenience, we also make the assumption that U C R" is open and bounded, and that

oU is C1.

Start with an arbitrary function u € C?(U). Fix an x € U, and then fix £ > 0 such that
B(z,e) C U. Define V. := U ~ B(x,e). Consider u(y) and ®(y — x) on V.. Recall (one of
many) Green’s formula:

v ov

/uAv—vAudm:/ ue — p2ugg
U U

Applying this formula to u(y) and ®(y — x) on V. gives

/U(y)ND(y—x)dy—/ P (y—z)Au(y)dy (1)

where v denotes the outward unit normal vector on dV..
Next observe that dV. = 90U U 0B (disjoint union), so we may separate the integral over
OV into two pieces accordingly. Now on 0B we have the estimates

—0

[ ot-0% s )] < e ol —=—0

and

[ e o-aise)| = f wwase —=—uw).
oB oB
Therefore, when we let ¢ — 0, the right-hand side of (f)) becomes
| w260 =9 -2 2 0)dS ) +u ),
U
Moreover, A®(y —z) =0 for y # x, so V. = U ~ B(xz, e) implies

/u(y)ACD(y—x)dS(y):/OdS:O, Ve > 0.

€ €
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Thus letting € — 0 transforms (f) from

[ uwse-aya-[ ew-osuma- [ cwio-0-0G-2%0dsE

€ € VE
into the simpler expression

—/U¢><y—x>Au<y>dy:/u<y>z—$<y—x>—@<y—x> (v)dS () + u(x).

oU
Rearranging and substituting, we obtain the following expression for u:

u(a:):/w @ (y x>g“(y)—u<y>§—‘5<y—x>]ds<y>—/U<I><y—x>Au<y>dy
=/8U[@<y—x>%<y>—g<y>g—< )] dS (y) + /U@(y—w)f(y)dy-

This identity is valid Vo € U, Yu € C*(U), so we could solve for u if we knew 2% on

OU. Unfortunately, we don’t know what the normal derivative % is along OU. Therefore,
we introduce (for fixed x) a “corrector function” ¢* = ¢*(y) that solves the boundary value

problem

A¢* =0 in U
¢ =d(y—x) on U
We apply Green’s formula fU uAv —vAudr = faU & 'Ua“dS to ¢* and obtain

/U [u(y) Ad” (y) — ¢° (y) Au (y)] dy = /6 i} [u () 6W( ) — 67 (y) 2 (y)] dS (y).

Now by definition of ¢*, A¢” = 0 in U and ¢* = ®(y — z) on U, so this expression is really

—/wwmu(y)dyzf [ (y) 22 (y) — ® (y — 2) 2 (4)] dS (y)
U oU

= CP(y—w)%(y)dS(y)=/U<b””(y)AU(y)dy+/aUu(y)%(y)dS(y)-

au
With the % term thus isolated, we substitute back into the expression for u(z):

— [ suwdns [ ww % wds)
U oUu
—/ U(y)g—f(y—w)ds(y)—/@(y—w)AU(y)dy
ou U
I/UW (y)—<1>(y—fc)]AU(y)dy+/ u(y) [% (y) — 2y — )] dS (y)

oUu

Definition 6. The Green’s function for the region U is

Gr,y) =2y —2)—9°(y), wyel z#y
Note that G is harmonic for = # y.
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Continuing from above, this terminology yields

U(x)z—/UG(x,y)Au(y)dy—/ u(y) 52 (x,y) dS (y),

ouU
where % (z,y) := D,G(z,y) - 7(y) is the outer normal derivative of G' with respect to y.

We summarize these results to obtain

Theorem 11. Suppose that u € C?(U) solves the boundary value problem
—Au=f inU
u=gq on OU
for given f,g. Then
ww) = [ G- [ 9w @ase)  @eu). e
U

ou

Lemma 2. (Symmetry of Green’s function). Va,y € U,z # y, we have G(y,x) = G(x,y).
Proof. Fix x,y € U,x # y. For z € U, let us denote

v(z) = G(z, 2) and w(z) == G(y, 2).
Then (i) Av(z) =0 for z # y, (ii) Aw(z) =0 for z # y, and (iii) v = w = 0 on OU.
Choose € > 0 so small that 0B (z,e) N IB (y,e) = @. Now apply Green’s Identity on
V:i=U~ (B(z,e) UB(y,¢e)) to get

/aB(x : [%w — g—’;’v] ds (z) = /aB(y : [g—ffu — %w] ds (z)

where v is the inward-pointing unit vector field on 0B (z,¢) N 0B (y,¢) .
Now w is smooth near x, so

/ uydS (z) < Ce™ " sup |v] —=% ..

8B(g}75) 8B($,E)

On the other hand, v(z) = ®(y — ) — ¢*(z) where ¢* is smooth in U, so
lim PwdS (z) = lim 2 (z—y)w(z) dS(z) = w (z),
€0 JoB(z,¢) =0 JoB(z.e)

by calculations as in the derivation of the solution for Poisson’s equation. Now

/ %w ds(z) - / ‘g—zjv ds (z) = / ‘g—zjv ds(z) -— / %w ds (z)
OB(z,¢) OB(z,¢e) OB(y,e) OB(y,e)

! ! l !
w(z) — 0 = v(y) - 0

shows G(y,z) = w(x) = v(y) = G(x,y). O
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VII. GREEN’S FUNCTION FOR A HALF-SPACE

Definition 7. We will use the following notation for the half-space in R™:

RY = {(z1,...,2,) € R" 1 2, > 0}.

It is the goal of this section to produce an explicit expression for Green’s function for
U = R%. Note: Some of the previous results do not directly apply here, as this region is not
bounded. Nevertheless, we will be able to find some solutions using these methods — with
the caveat that we must check their validity afterwards.

Definition 8. If z = (z1,...,2,) € R, then its reflection in the plane OR’, is the point

Ti=(r1,...,—2,) € R},

Intuitively, the idea is to use the corrector function ¢* to “reflect the singularity” out of
the domain R’}. To that end, we define

" (y) =Py —7) = P(y1 — 21,¥2 — T2, -, Yn-1 — Tn—1, Yn + Tn) (z,y € RY).
Then for y € OR", y is equidistant from = and z. Therefore,
y—zl=ly-2 = Py—2)=2y—-2) = Py—2)=9"(y) (yeIRY)
because ® is radial. And since Z ¢ R”,
Ap*(y) = A®(y—2)=0  (y eRY).

Thus we have satisfied the requirements for ¢* and are justified in making the following
definition:

Definition 9. Green’s function for RY is

G(r,y) =@y —2)—-d(y—7) (r,yeRL,z#y)

At this point, we pause to compute

o0d . 1 o 1
oy U =) = 2m2yatm oy (\y—m"*)

2 2 2
:m%[(yl_li) + (g2 —22)" + o (Yo — 20)]

0G _ 0% _ 0% A | Yn—Tn _ YntTn
so that g (z,y) = 5> (y —x) — 5,- (v = T) = 105 [‘y_x‘n ‘y_jln} , and hence
oG oG 2z, 1

a (T y) = ~ Oyn (z,y) = na(n) ly—al™ -
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If u solves the boundary value problem

Au=0 inU
u=g on JU,

we can plug in to the previously derived formula (*) to obtain

—2xn n
u(z) = (S /8R = x|ndy (z eRY).

+

This result is well-known:

Definition 10.

Poisson’s formula for R} ©  wu(x) = ;j(””; faR" = x|n (ZE € Rﬁ) .
Poisson’s kernel for R}y : K (:c,y) = nf(z) F—ie

Now as promised, we must validate these results.

Theorem 12. (Poisson’s formula for R”). For g € C(R"') N L®(R"!) and

_ 2mn 9(y)
U(l’) ~ na(n) /t?R" \y_x‘"dya

"
u solves the Dirichlet problem on R’ :

() w e Cx(RY) UL™(RY)

(ii) Au=0in R7, and

(iil) u () i g (2"), for each 2° € IR}

Proof. (1)&(ii) For fixed z, the mapping y — G(z,y) is harmonic for y # x. Then by
Symmetry Lemma, x — G(z,y) is harmonic for y # z. Thus

2%y 1

o (T Y) = nat o

xl—>—@x

is a harmonic mapping for z € R’} ,y € OR}.
We use the fact that

K(z,y)dy =1
OR™

for each x € R’ (calculation omitted).
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Thus g € L™ = wu bounded, as follows:

u@l< 2 [y
@ |, il

+

S Ta(m /BRn a0y
+

<ol 25 [ ey

+

= [l9llo

Since z — K(z,y) is smooth for z # y,
Bua)= [ MK (09 )dy=0
oR™
shows that u € C*.

Proof. (iii) Fix 2° € OR"! and € > 0. Choose § > 0 small enough that
ly—2° <6 = |g(y)—g(a")|<e, VyeRL.

Then if |z — 2°] < § for x € R",

u@) =g @)= [ K@nowdi— @)

+

/aRn K (x,y) g (y)dy — K (z,y) g (2°) dy

7 oRY}

:/aRnK(a:,y) 9 (y) — g ()| dy

+

/BR"HB< 04 K (2,9)|9(y) = 9 (") | dy

N J/
-~

1

N

+ /(9R1~B(a:0,5) K (z,y) g (y) — g («°)| dy.

(.

~
J

19
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Now for I, |y — 2°| < 6 for y € (OR} N B (2°,4)) gives
I=/ K (2,y) |9 (y) — g («°)| dy
OR" NB(20,5)

<e K (z,y)dy
OR™

= E&.

For J, note that

o =2 <3,

y—xo} >0
= |y —2°| <ly—a|+ 5 <ly—a|+ 5]y -2
— |y — z| 2%@—1‘0}.
Thus
7 <20l [ K (z,5) dy
IR™ —B(20,5)
2", [|gll e

[ s
na (n) OR™ —B(x0,5)

’x—x0}<g = }u(x)—g(xo)}<5.

and therefore
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