ON ~-VECTORS SATISFYING KRUSKAL-KATONA
INEQUALITIES
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ABSTRACT. We present examples of flag homology spheres whose ~-
vectors satisfy the Kruskal-Katona inequalities. This includes several
families of well-studied simplicial complexes, including Coxeter com-
plexes and the simplicial complexes dual to the associahedron and to the
cyclohedron. In another direction, we show that if a flag (d — 1)-sphere
has at most 2d + 2 vertices its y-vector satisfies the Kruskal-Katona in-
equalities. We conjecture that if A is a flag homology sphere then v(A)
satisfies the Kruskal-Katona inequalities. This conjecture is a signifi-
cant refinement of Gal’s conjecture, which asserts that such ~-vectors
are nonnegative.

1. INTRODUCTION

In [3] Gal gave counterexamples to the real-root conjecture for flag spheres
and conjectured a weaker statement which still implies the Charney-Dayvis
conjecture. The conjecture is phrased in terms of the so-called ~y-vector.

Conjecture 1.1 (Gal). [3, Conjecture 2.1.7] If A is a flag homology sphere
then v(A) is nonnegative.

This conjecture is known to hold for the order complex of a Gorenstein*
poset [5], all Coxeter complexes (see [13], and references therein), and for
the (dual simplicial complexes of the) “chordal nestohedra” of [9]—a class
containing the associahedron, permutahedron, and other well-studied poly-
topes.

If A has a nonnegative y-vector, one may ask what these nonnegative inte-
gers count. In certain cases (the type A Coxeter complex, say), the y-vector
has a very explicit combinatorial description. We will exploit such descrip-
tions to show that not only are these numbers nonnegative, but they satisfy
certain non-trivial inequalities known as the Kruskal-Katona inequalities.
Put another way, such a «-vector is the f-vector of a simplicial complex.
Our main result is the following.

Theorem 1.2. The ~y-vector of A satisfies Kruskal-Katona inequalities for
each of the following classes of flag spheres:

(a) A is a Coxeter complex.

(b) A is the simplicial complex dual to an associahedron.
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(¢) A is the simplicial complex dual to a cyclohedron (type B associahe-
dron).

Note that the type A Coxeter complex is the dual simplicial complex to
the permutahedron and the type B Coxeter complex is dual to the type B
permutahedron.

We prove Theorem 1.2 by imposing a particular poset structure on the
combinatorial objects enumerated by v(A). The Kruskal-Katona inequali-
ties then follow from a result of Wegner [14].

In a different direction, we are also able to show that if A is a flag sphere
with few vertices relative to its dimension, then its y-vector satisfies the
Kruskal-Katona inequalities.

Theorem 1.3. Let A be a (d — 1)-dimensional flag sphere with at most
2d+2 vertices, i.e., with y1(A) < 2. Then v(A) satisfies the Kruskal-Katona
inequalities. Moreover, all possible v-polynomials, i.e., 1,1 +t,1 4 2t, and
1+ 2t + 12 occur as y(A;t) for some flag sphere A.

Theorem 1.3 is proved by characterizing the structure of such flag spheres.
Computer evidence suggests that Theorems 1.2 and 1.3 may be enlarged
significantly. We make the following strengthening of Gal’s conjecture.

Conjecture 1.4. If A is a flag homology sphere then v(A) satisfies the
Kruskal-Katona inequalities.

This conjecture is true for flag homology 3- (or 4-) spheres. Indeed, Gal
showed that 72(A) < v1(A)?/4 must hold for flag homology 3- (or 4-) spheres
[3], which implies the Kruskal-Katona inequality y2(A) < (7 (QA)) for the case
71 (A) > 2. The case y1(A) < 1 follows from Theorem 1.3.

In Section 2 we review some definitions and known results. Section 3 is
devoted to the proof of Theorem 1.2, while Section 4 is given to Theorem
1.3.

2. TERMINOLOGY

A simplicial complex A on a vertex set V is a collection of subsets F' of
V', called faces, which contains all the singletons and such that if FF € A
and G C F, then G € A. The dimension of a face F' is dim F' = |F| — 1,
in particular dim@ = —1. The dimension of A, denoted by dim A, is the
maximum of the dimensions of its faces. For A C V, A[A] is the induced
subcomplex of A on A, consisting of all faces F' of A such that FF C A. The
antistar ast(v) of a vertex v € V is the induced subcomplex A[V —{v}]. We
say that A is flag if all the minimal subsets of V' which are not in A have
size 2; equivalently F' € A if and only if all the two element subsets of F' are
in A.

We say that A is a sphere if its geometric realization is homeomorphic to
a sphere. The link 1k(F') = 1ka(F) of a face F' of A is the set of all G € A
such that FUG € A and FNG = (). We say that A is a homology sphere if
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for every face F' € A, Ik(F') is homologous to the (dim A — |F'|)-dimensional
sphere. In particular, if A is a sphere then A is a homology sphere.

The f-polynomial of a (d — 1)-dimensional simplicial complex A is the
generating function for the dimensions of the faces of the complex:

FAG) =Y R = N (A

FeA 0<i<d
The f-vector
f(A) = (fo, f1,-- -, fa)

is the sequence of coefficients of the f-polynomial.
The h-polynomial of A is a transformation of the f-polynomial:

WA 1) o= (1= ) f(Ast/(1—1) = Y hi(A),

0<i<d
and the h-vector is the corresponding sequence of coefficients,
h(A) = (h‘Oa h17 ERR) hd)

Though they contain the same information, often the h-polynomial is easier
to work with than the f-polynomial. For instance, if A is a homology
sphere, then the Dehn-Sommerville relations guarantee that the h-vector is
symmetric, i.e., h; = hqg_; for all 0 <7 < d.

When referring to the f- or h-polynomial of a simple polytope P, we mean
the f- or h-polynomial of the boundary complex of its dual, denoted by Ap.
So, for instance, we refer to the h-vector of the type A Coxeter complex and
the permutahedron interchangably.

Whenever a polynomial of degree d has symmetric integer coefficients, it
has an expansion in the basis {t/(1 + )% : 0 <4 < d/2}. Specifically, if
A is a (d — 1)-dimensional homology sphere then there exist integers ~;(A)
such that

WAt = > (A L+
0<i<d/2

We refer to the sequence y(A) := (v0,71,...) as the y-vector of A, and
the corresponding generating function y(A;t) = 3 ;t? is the y-polynomial.
Our goal is to show that under the hypotheses of Theorems 1.2 and 1.3 the
~v-vector for A is seen to be the f-vector for some other simplicial complex.

A result of Schiitzenberger, Kruskal and Katona (all independently), char-
acterizes the f-vectors of simplicial complexes as follows. (See [12, Ch.
I1.2].) By convention we call the conditions characterizing these f-vectors
the Kruskal-Katona inequalities.

Given a pair of integers a and ¢ there is a unique expansion:

o= (1) (1) ++ (2),
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where a; > a;—1 > --- > a; > j. With this in mind, define

a® = (a"fr1>+<ai?1+1>+---+<aj4.r1>, 0 = 0.
) 1—1 J

Theorem 2.1 (Katona, Kruskal, Schiitzenberger). An integer vector (fo, f1--.)
is the f-vector of a simplicial complez if and only if:

(a) fo=1,
(b) fi =0,
(c) fir1 < fz-(i) fori=1,2....

We will use the Kruskal-Katona inequalities directly for Theorem 1.3 and
for checking the Coxeter complexes of exceptional type in part (a) of The-
orem 1.2. For the remainder of Theorem 1.2 we appeal to a sufficiency
condition given by Wegner [14], which we now describe. Recall that a meet
semilattice is a poset for which any two elements have a unique greatest
lower bound. A ranked poset P, with rank function p, has the diamond
property if on any interval [a, b] with p(b) — p(a) = 2, there are at least two
distinct elements ¢ and d such that ¢ < ¢ < b and a < d < b. Wegner’s
theorem [14] is the following.

Theorem 2.2 (Wegner). If P is a finite meet semilattice with the diamond
property and rank generating function ZpEP tP®) = Syt then (0,71, - - -)
satisfies the Kruskal-Katona inequalities.

3. APPLICATIONS OF WEGNER’'S THEOREM

We begin this section by describing a poset structure on the combina-
torial objects enumerated by the y-vector of the type A Coxeter complex,
or equivalently, the permutahedron. (For the reader looking for more back-
ground on the Coxeter complex itself, we refer to [4, Section 1.15]; for the
permutahedron see [15, Example 0.10].)

Recall that a descent of a permutation w = wyws - - - w, € &, is a position
i € [n — 1] such that w; > w;t+1. A peak is a position i € [2,n — 1] such
that w;—1 < w; > w;y+1. We let des(w) denote the number of descents of w,
and we let peak(w) denote the number of peaks. It is well known that the
h-polynomial of the type A,,_1 Coxeter complex is expressed as:

Mg git) = Y s,

wEGn

Foata and Schiitzenberger were the first to demonstrate the yv-nonnegativity
of this polynomial (better known as the FEulerian polynomial), showing
h(An_1;t) = S ti(1 + )" 172 where v; = the number of equivalence
classes of permutations of n with i + 1 peaks [2]. (Two permutations are in
the same equivalence class if they have the same sequence of values at their
peaks and valleys.) See also Shapiro, Woan, and Getu [10] and, in a broader
context, Brandén [1] and Stembridge [13].
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Following Postnikov, Reiner, and Williams [9], we choose the following
set of representatives for these classes:
én ={w € &, : wy_1 < wy, and if w;—1 > w; then w; < w41}

~

In other words, &, is the set of permutations w with no double descents
and no final descent, or those for which des(w) = peak(0w0) — 1. We now
phrase the y-nonnegativity of the type A Coxeter complex in this language.

Theorem 3.1 (Foata-Schiitzenberger). The h-polynomial of the type A,_1
Cozeter complex can be expressed as follows:

h(An_l;t) — Z 75des(w)(1 + t)n—1—2des(w)'
wed,
We now can state precisely that the type A,_1 Coxeter complex has
W(Anfl) = (’707 RATERR arYL”T_IJ% where

Yi(An_1) = [{w € &, : des(w) = i}|.

We impose a partial ordgr < on én so that it is ranked by descent number.
We will then show that &,, is a meet semilattice with the diamond property.
Hence Wegner’s theorem applies and we will conclude that vy(A,_1) satisfies
the Kruskal-Katona inequalities.

To more easily see the poset structure, we insert bars just after the de-
scents in elements of w € @n For example, we write

w = 1369|25(478.

Thus we can think of these permutations as ordered lists of maximal in-
creasing runs. Notice that the definition of &,, means we can have no blocks
of size 1 except possibly the first one. We order @n by refinement of blocks.
Thus, v covers u if we can obtain u from v by removing a bar between two
blocks and reordering the numbers within. For example, 1369|25[478 covers
precisely two other elements: 123569|478 and 1369|24578.

The following theorem along with Theorem 2.2 implies part (a) of Theo-
rem 1.2 for type A Coxeter complexes.

Theorem 3.2. The poset (@n, <) is a meet semilattice with the diamond
property.

Corollary 3.3. The vy-vector of the type A,_1 Cozeter complex (permuta-
hedron) satisfies the Kruskal-Katona inequalities.

Proof of Theorem 3.2. To see that &,, is a meet semilattice, consider two
permutations in &,,
w=wi|ws| - |wxg and v =wvi|ve| |y

Their greatest lower bound w is easily computed as follows. Let i, (resp.
iv) be the position of leftmost bar in w (resp. v) where U;;<;, w; =
U1<j<iv vj. Let u; be this common set, and proceed by induction on
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w = wi,+1] - Jwg and v = v, 11|+ |y to form wuy, and so on. As an

example with n = 9 let w = 3|1247|68|59 and v = 124|37|58|69. Then
u = 12347]5689.

To exhibit the diamond property of @n, suppose u < v with [u,v] of
length two. This means that we obtain u from v by removing exactly two
bars from v. But the order in which these bars are removed is unimportant,
hence there are two paths down from v to w. ([l

The permutahedron is an example of a chordal nestohedron. Following
[9], a chordal nestohedron Pg is characterized by its building set, B. Each
building set B on [n] has associated to it a set of B-permutations, &, (B) C
S,, and we similarly define &,(B) = &,(B) N &,,. See [9] for details. The
following is a main result of Postnikov, Reiner, and Williams [9)].

Theorem 3.4 (Postnikov, Reiner, Williams). [9, Theorem 11.6] If B is a
connected chordal building set on [n], then

h(PB; t) — Z 75des(w)(1 + t)n—1—2 des(w).
weS,(B)

Recall that @ is a lower ideal of a poset P if: 1) @ is a subposet of P and
2)ify e @ and y > x € P, then x € Q. It is obvious that any lower ideal
of a meet semilattice with the diamond property is itself a meet semilattice
with the diamond property. Thus, we can generalize Theorem 3.2 in the
following manner.

Lemma 3.5. If B is a connected chordal building set on [n] such that &, (B)

s a lower ideal in @n, then the ~y-vector of the chordal nestohedron Pp
satisfies the Kruskal-Katona inequalities.

As a key application of Lemma 3.5, consider the associahedron, Assoc,.
This is a well studied object, whose h-vector is given by the Narayana num-
bers. The Narayana numbers in turn have a combinatorial interpretation
given by noncrossing partitions. Simion and Ullmann [11] give a particular
decomposition of the lattice of noncrossing partitions that may be used to
describe «y(Assocy,), and show that it is Kruskal-Katona. Here we prefer
to follow [9, Section 10.2], and observe that the associahedron is a chordal
nestohedron whose B-permutations are precisely the 312-avoiding permuta-
tions. Let 6,,(312) denote the set of all w € &,, such that there is no triple
i < j < k with w; < wy < w;. By Theorem 3.4, we have

h(Assocy;t) = Z pdes(w) (1 4 yn—1-2des(w),
weS, (312)

where @n(312) = G,(312) N S,,. We know that én(312) is a lower ideal in

~

Gy, for if w € &(312) is 312-avoiding, clearly any coarsening of w is also
312-avoiding. Thus we can conclude part (b) of Theorem 1.2.
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Corollary 3.6. The ~y-vector of the associahedron satisfies the Kruskal-
Katona inequalities.

Remark 3.7. There are many examples of connected chordal building sets
B for which the hypotheses of Lemma 3.5 do not apply, and yet we still
believe that the ~-vectors of the related nestohedra satisfy the Kruskal-
Katona inequalities. For example, let B be the building set induced by the
graph (V, E) = ([5], {13, 14, 23,25, 34,35,45}). Then 4[13|25 € @n(B), but
41235 is not. Hence S, (B) is not a lower ideal in S,. However, its y-vector
is (1,17,10), which satisfies the Kruskal-Katona inequalities.

We now turn our attention to the type B Coxeter complex. The framework
of [9] no longer applies, so we must discuss a new, if similar, combinatorial
model.

In type B, the y-vector is given by 7; = 4° times the number of permuta-
tions w of &,, such that peak(0w) = i. See Petersen [8] and Stembridge [13].
We define the set of decorated permutations Dec, as follows. A decorated
permutation w € Dec, is a permutation w € &,, with bars following the
peak positions (with wy = 0, w41 = n + 1). Moreover these bars come
in four colors: {| = 1% %], *}. Thus for each w € &, we have 4Peak(0w)
decorated permutations in Dec,,. For example, Dec,, includes elements such
as

4|238|176519, 4[3238|°76519, 25/137|169|?84.

Let peak(w) = peak(Ow) denote the number of bars in w. In this context
we have the following result.

Theorem 3.8 (Petersen). [8, Proposition 4.15] The h-polynomial of the
type By, Cozxeter complex can be expressed as follows:

W(Bust) = 3 Peok(W)(1 y gyn-2peak(w),

weDecy,

To give Dec,, the proper poset structure, we let < be the order given by
refinement, but with the caveat that a block cannot be refined if it is not in
increasing order. So, for example, w = 34|12156 is maximal in Dec,,, whereas
the second block of v = 34/|11256 can be refined further, e.g., v < 34|116]52.
The following theorem implies part (a) of Theorem 1.2 for type B Coxeter
complexes.

Theorem 3.9. The poset (Decy, <) is a meet semilattice with the diamond
property.

Corollary 3.10. The v-vector of the type B, Cozeter complex satisfies the
Kruskal-Katona inequalities.

Proof of Theorem 3.9. The arguments here are very similar to the case of
&,. The diamond property is clear. Computing the meet requires only
slightly more care.
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The meet of two decorated permutations w = wq|“ws|® - - - |%~1wy and
v = vy|Dug|® ... |%-1y;, is the decorated permutation u = wuq|® ug|®? - -
computed as follows. Let i,, (resp. i,) be the position of leftmost bar in w
(resp. v) where both

e Uigj<i, wi = Uigj<i, 05, and

e the colors of the bars agree: ¢;, = d;, .
Let up = Ulgjgz'w w; as a set, ey = ¢;,,. We write u; as a sequence in

strictly increasing order unless w; = v as words and 4, = i, = 1, in which

case u is this word. After uy and e; are computed, proceed by induction

on w = w;, 41|t - |%1wy and v/ = v;, 1|%et1 - |41y to determine
ug, ez and so on. As an example with n = 9 let w = 13|?247/1689|5 and
v = 13|247|1569|38. Then u = 12347|15689. O

The approach of Theorem 3.9 admits an obvious generalization to any
number of colors, though we have no examples of simplicial complexes whose
~v-vectors would be modeled by such decorated permutations. Also, notice
that @n is a lower ideal in Dec,,, and thus Theorem 3.2 follows from Theorem
3.9.

We now describe how to view the elements enumerated by the ~v-vector of
the type D Coxeter complex in terms of a subset of decorated permutations.
Define a subset Decfl) C Dec,, as follows:

Decgz{w:wl...‘clwil...r

2... € Dec, such that w; < ws < ws, or,
max{wi, ws, w3} # w3 and ¢; € {0,1}}.

In other words, we remove from Dec,, all elements whose underlying permu-
tations have we < wy < ws, then for what remains we dictate that bars in
the first or second positions can only come in one of two colors. Stembridge
[13] gives an expression for the h-polynomial of the type D Coxeter complex,
which we now phrase in the following manner.

Theorem 3.11 (Stembridge). [13, Corollary A.5]. The h-polynomial of the
type D, Cozeter complex can be expressed as follows:

h(Dpit) = Y reak(W)(q 4 gyn—2peaklw),

weDec?

It is easy to verify that the induced subposet (Dec?, <) C (Dec,, <) is
a lower ideal (when coarsening an element of Dec”, we never result in an
element with wy < w; < ws), and so we obtain the following corollary of
Theorem 3.9. This corollary, along with explicit verification of the Kruskal-
Katona inequalities for the «-vectors in Table 1, completes the proof of part

(a) of Theorem 1.2.

Corollary 3.12. The ~-vector of the type D, Cozeter complex satisfies the
Kruskal-Katona inequalities.
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W | (W)
Eg (1, 1266, 7104, 3104)
Er (1,17628, 221808, 282176)
FEg (1,881744, 23045856, 63613184, 17111296)
2 (1,232, 208)
G2 (17 8)
Hs (L, 56)
, (1, 2632, 3856)
Ir(m) (1,2m —4)

TABLE 1. The v-vectors for finite Coxeter complexes of ex-
ceptional type

The cyclohedron Cyc,,, or type B associahedron, is a nestohedron, though
not a chordal nestohedron. Its «-vector can be explicitly computed from
its h-vector as described in [9, Proposition 11.15]. We have v;(Cyc,) =
(zzn 21) Define

P, ={(L,R) C[n] x [n]:|L|=|R|,LNR=10}.
For o € P,, let p(o) = |L| = |R\ Then we can write
M(Cyenit) = 3 111 12000,
O’EPn

Define a partial order on P, as follows. For o = (L, R) with p(o) = k, write
o as a k x 2 array with the elements of L written in increasing order in the
first column, the elements of R in increasing order in the second column.
That is, if L ={l; <--- <lp}and R={r; <--- <1y}, we write

L ™

bk T
We define 0 < 7 if and only if the set of rows of o (i.e., the set of pairs

(I;,7;)) is contained in the set of rows of 7. The following theorem gives part
(c) of Theorem 1.2, completing its proof.

Theorem 3.13. The poset (P,, <) is a meet semilattice with the diamond
property.

Corollary 3.14. The ~-vector of the cyclohedron satisfies the Kruskal-
Katona inequalities.

Proof of Theorem 3.13. As the partial order is simply containment order,
we see that the diamond property is clear (every interval of length two
contains precisely four elements) and the meet of two elements is given by
the intersection of their row-sets. O
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4. FLAG SPHERES WITH FEW VERTICES

We now describe a different class of flag spheres whose y-vectors satisfy
the Kruskal-Katona inequalities: those with few vertices relative to their
dimension. Our starting point is the following lemma, see [6] and [3, Lemma
2.1.14]. (Recall that the boundary of the d-dimensional cross-polytope is the
d-fold join of the zero-dimensional sphere, called also octahedral sphere.)

Lemma 4.1 (Meshulam, Gal). If A is a flag homology sphere then:

(a) 11(A) =0,
(b) if v1(A) =0, then A is an octahedral sphere.

By definition, if A is a (d — 1)-dimensional flag homology sphere, we have
fi(A) = 2d + v1(A). For Theorem 1.3 we will classify ~y-vectors of those
A for which 0 < 71(A) < 2, or equivalently 2d < fi1(A) < 2d + 2. Notice
that an octahedral sphere (of any dimension) has v = (1,0,0,...), and so
we only need to consider the cases v = 1 and v, = 2.

If A is a flag homology d-sphere, F' € A and |F| = k, then 1k(F) is a
flag homology (d — k)-sphere (for flagness see Lemma 4.2(b) below). The
contraction of the edge {u,v} in A is the complex A" = {F € A : u ¢
FYU{(F\{u})U{v}: F € Aju € F}. By [7, Theorem 1.4] A’ is a sphere if
A is a sphere, but it is not necessarily flag. We have the following relation
of ~v-polynomials:

(1) Y(A;1) = (A5 t) + ty(k({u, v}); 1)
Also, the suspension susp(A) = AU{{a}UF,{b} UF : F € A} (for vertices

a and b not in the vertex set of A), of a flag sphere A has the same -
polynomial as A:

Y(susp(A);t) = v(Ast).
In the following lemma we collect some known facts and some simple obser-
vations which will be used frequently in what follows.

Lemma 4.2. Let A be a flag complex on vertex set V. Then the following
holds:

(a) If A CV then A[A] is flag.

(b) If F € A then 1k(F) is an induced subcomplex of A, hence flag.

(c) Let A" be obtained from A by contracting an edge {u,v}. If A’ is not
flag then {u,v} is contained in an induced 4-cycle in A.

Let K be a simplicial complex on vertex set U and I' a subcompler of K
on verter set A. Then:

(d) If T' = K[A] then K — T deformation retracts on K[U — A].

(e) If K and T' are spheres then K — I is homological to a sphere of
dimension dim K —dim " — 1. In particular, if dim K = dim I then K =T".

Proof. Part (a) is obvious. For (b), Let v be a vertex of A. If all proper
subsets of a face T' € A are in lk(v), then by flagness T'U {v} € A, hence
T € 1k(v) so lk(v) is an induced subcomplex. If F' = T U {v} in A where
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v ¢ T, then lka (F') = lkyi(,) (T'), and by induction on the number of vertices
in F' we conclude that lk(F") is an induced subcomplex. By part (a) it is
flag, concluding (b).

To prove (c), suppose A’ is not flag and let F' be a minimal set such that
all proper subsets of F are in A’ but F' ¢ A’. Then by flagness of A there
must exist two vertices v # «’ in F such that {v,v'} ¢ A and {u,u'} ¢ A.
Then (v, u,v’ ') is an induced 4-cycle in A, proving (c).

Part (d) is easy and well known, and (e) is a consequence of Alexander
duality. ([

Proposition 4.3. If A is a (d— 1)-dimensional flag sphere with v1(A) = 1,
then y(A;t) =1+ t.

Proof. We will proceed by induction on dimension. As a base case d = 2,
observe that for A the boundary of an n-gon one has f(A;t) = 1+ nt + nt?,
h(A;t) =1+ (n—2)t+ 2, and hence y(A;t) =1+ (n —4)t and v1(A) =1
only for the pentagon.

Now suppose A is a (d — 1)-dimensional flag sphere with 2d + 1 vertices.
If A is a suspension, it is a suspension of a (d — 2) sphere with 2d — 1 =
2(d — 1) + 1 vertices and we are finished by induction. Otherwise, the link
of any vertex v is a (d — 2)-sphere with precisely 2d — 2 vertices, i.e., an
octahedral sphere.

Consider in the latter case a vertex a and the two vertices b,c in the
interior of its antistar. If {b,c} is not an edge in A, the (d — 2)-sphere
lk(b) must be contained in the induced subcomplex lk(a) and by Alexander
duality we get lk(b) = lk(a). Deleting ¢ gives a proper subcomplex of A
that is itself a (d — 1)-sphere (the suspension over lk(a)), an impossibility.
Thus we conclude {b, ¢} must be an edge in A. Now if we contract {b, c} to
obtain A’ we see that A’ is nothing but the suspension of lk(a) by a and c.
As lk(a) is an octahedral sphere, we know ~y(lk(a);t) = y(A';t) =1

Now we show that 1k({b, c}) is an octahedral sphere as well. Note that the
(d — 3)-sphere 1k({b, c}) is a subcomplex of codimension 1 in the octahedral
sphere lk(a). Thus, lk({b,c}) misses at least one pair of antipodal vertices
in lk(a), and by Alexander duality lk({b, c}) is an octahedral sphere of the
form lk(a)[U — {u,u'}] where U is the vertex set of 1k(a) and {u,u'} C U is
a pair of antipodal vertices.

Thus we conclude from Equation (1) that

V(Ast) = y(A") + ty(Ik({b, c});t) = 1 + .
U

Proposition 4.4. If A is a (d— 1)-dimensional flag sphere with v (A) = 2,
then v(A;t) € {1+ 2t,1+ 2t + 2}

Proof. Again we proceed by induction on dimension. For base case d = 2,
as we observed beforehand ~;(A) = 2 only for the boundary of a hexagon,
in which case y(A;t) = 1+ 2¢t. Assume d > 2.
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We now analyze the structure of A according to the number of vertices
in the interior of the antistar of a vertex v € A, denoted by i(v). Always
i(v) > 0 as A is flag with nontrivial top homology (use Lemma 4.2(b) with
F = {v}).

If there is a vertex v € A with i(v) = 1, then A is the suspension over
lIk(v), and we are done by induction on dimension.

If there is a vertex v € A with i(v) = 2, let b and ¢ denote the vertices in
the interior of its antistar. We conclude as in the proof of Proposition 4.3
that {b,c} € A. Let A’ be obtained from A by contracting the edge {b, c}.
Then A’ is also a flag sphere (it is the suspension over lk(v)), v(A’) = 1+t by
Proposition 4.3, and v1(1k({b,c})) € {0,1,2} by the induction hypothesis.
We now show that v (Ik({b, c})) = 2 is impossible.

Assume by contradiction that 1 (lk({b,c})) = 2. Then there are exactly
4 vertices in A which are not in lk({b,c}), and they include v,b,c. Call
the fourth vertex e. By Lemma 4.2(b) 1k({b, c}) is an induced subcomplex
of codimension 1 in lk(v), and by 4.2(e) lk(v) — 1k({b, ¢}) is homologous to
the zero dimensional sphere. On the other hand, by 4.2(d) lk(v) —1k({b, c})
deformation retracts onto e in lk(v), a contradiction. Thus v(lk({b,c}) €
{1,1+¢}. By (1), v(A) € {1 +2¢t,1+ 2t + t*} in this case.

The last case to consider is when i(v) = 3 for every vertex v € A. In this
case, any lk(v) is an octahedral sphere. Let a € A and I(a) = {b,c,e} be
the set of interior vertices in ast(a).

Suppose there exists an edge in A with both ends in I(a) such that its
contraction results in a flag complex. Now we can contract an edge, say
{b, ¢}, so that the result is a flag complex A’. By [7, Theorem 1.4] A’ is a
sphere, and by Proposition 4.3 v(A’") =1+ ¢. As lk{b, ¢} is octahedral, by
(1) we get v(A) =~(A")+t =1+ 2t.

To conclude the proof, we will show there always exists such an edge.
First we see that A[b,c,e] can appear in only one of two forms. By 4.2(d)
and (e) the induced subcomplex Ala, b, ¢, €] is homotopic to A — lk(a) and
hence homologous to the zero dimensional sphere. Thus, as A[b, ¢, €] is flag,
it is either a triangle or a 3-path, say (b,c,e). To obtain a contradiction,
suppose the contraction of no edge contained in I(a) yields a flag complex.
Then by 4.2(c) any edge contained in I(a) belongs to some induced 4-cycle
C in A. First we show that C' cannot contain I(a): if this is the case then
Alb,c,e] is a 3-path and C = (b,¢c,e,z) for some x € lk(a). As lk(a) is
an octahedral sphere, the interior of the antistar of x in A contains only 2
vertices (¢ and one vertex from lk(a)), a contradiction as i(x) = 3. Now
assume without loss of generality that C' = (b, ¢, z,y) with z,y € lk(a). By
the argument above, e belongs to the interior of the antistars both of z and
y. On the other hand, the edge {x,y} is contained in a facet with a vertex
from the interior of the antistar of a, a contradiction. O

Note that if A is the join of the boundaries of two pentagons then y(A;t) =
142t +t2.
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This completes the proof of Theorem 1.3.
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