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Branching particle systems intuitively

What is a branching particle system?

A set of particles of some types, distributed somehow,
somewhere, moving somehow and branching from time to time
in a particular manner...

Piotr Miłoś Occupation time fluctuations...

Branching particle systems
Our Results

General definition and motivations
Branching system a bit more precisely
Related concepts

Settings of the system

Particles - many types of particles (eg. dust particles)
Space - most often R

d or Z
d , generally a Polish space

Time - discrete or continuous
Evolution - particles evolve independently according to a
time homogeneous Markov process (eg. Lévy process)
Branching - after some time (exponential/geometric) a
particle splits producing random number of offspring
Immigration - new particles appear in the system in
random fashion
System as a whole is usually a measure-valued stochastic
process
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Related concepts ...

(Functional) limit theorems, superprocesses
Occupation time and its fluctuations
Interplay with the PDE’s via a renewal argument and the
Feynman-Kac formula

C([0, 1], X ) D([0, 1], X )
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General definition and motivations
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Related concepts

Related concepts ...

(Functional) limit theorems, superprocesses
Occupation time and its fluctuations
Interplay with the PDE’s via a renewal argument and the
Feynman-Kac formula

Xt =

∫ t

0
Nsds

[
−

∫ t

0
ENsds

]
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General definition and motivations
Branching system a bit more precisely
Related concepts

Related concepts ...

(Functional) limit theorems, superprocesses
Occupation time and its fluctuations
Interplay with the PDE’s via a renewal argument and the
Feynman-Kac formula

∂h
∂t

= (A− 1)h + F (h)
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Settings

Description of the system - critical branching

particles evolve according to a symmetric α-stable Lévy
motion
branching after exponential time
branching law critical, binary
starting distribution homogeneous Poisson random field
immigration according to homogeneous Poisson random
field in space-time

F (s) =
1
2

s2 +
1
2
.
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Settings

Description of the system - critical branching

particles evolve according to a symmetric α-stable Lévy
motion
branching after exponential time
branching law critical, binary
starting distribution homogeneous Poisson random field
immigration according to homogeneous Poisson random
field in space-time

Investigated object: functional limit (under rescaling of time and
space) for the occupation time fluctuations process
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A functional limit theorem I - critical case

Theorem
Assumptions

space R
d , FT = T (4+d/α)/2 and 0 < d < 2α

then
rescaled occupation time fluctuations process converges in
C (

[0, τ ] ,S ′ (
R

d))
XT →c λη, as T → +∞,

where η is centered Gaussian process with covariance

cη
h = sh+1 + th+1 −

1

4
(s + t)h+1 −

1

4
(t − s)h [3t + (2h − 1)s],

h = (3 −
d

α
)/2.

Piotr Miłoś Occupation time fluctuations...

Branching particle systems
Our Results

Critical system
Theorems
Subcritical system

A functional limit theorem II - critical case

Theorem
Assumptions

space R
d , FT = T and 2α < d

then
rescaled occupation time fluctuations process converges in
C (

[0, τ ] ,S ′ (
R

d))
to S ′(Rd)-valued process with covariance

functional

Cov (〈Xs, ϕ1〉 , 〈Xt , ϕ2〉) =

(s ∧ t)2

2(2π)d

∫
Rd

(
2

|z|α +
V

|z|2α

)
ϕ̂1(z)ϕ̂2(z)dz.
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Settings

Description of the system - subcritical branching

particles evolve according to a Markov process (under mild
assumptions)
branching after exponential time
branching law subcritical, binary
starting distribution homogeneous Poisson random field
immigration according to homogeneous Poisson random
field in space-time

F (s) = qs2 + (1 − q), q < 1/2.
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A limit theorem III - subcritical case

Theorem
Assumptions

space R
d , FT = T 1/2

then
rescaled occupation time fluctuations process converges to
S ′(Rd)-valued process with covariance

Cov (〈Xs, ϕ1〉 , 〈Xt , ϕ2〉) = (s ∧ t)
∫

Rd
T (ϕ1, ϕ2)dx .

where

T (ϕ) := UQ
“

ϕ(x)UQ
ϕ(x)

”
+

Z +∞

0
UQ(T Q

t ϕ(x)T Q
t UQ

ϕ(x))dt,

T (ϕ1, ϕ2) =
1

2
(T (ϕ1 + ϕ2) − T (ϕ1) − T (ϕ2)) .
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The end

Thank you!
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