MOTIVATIONS

BRANCHING MODEL FOR PROLIFERATING

PARASITES IN DIVIDING CELLS.

To model cell division with parasite infection (more generally multiplication

and sharing of cells’ biological content such as proteins, mitochondrias).

Vincent Bansaye . . . . .
4 To take into account unequal sharing of parasites, observed in experiments

LPMA. Université Paris 6. for bacteriophage lysogen in E-Coli (TaMaRa's laboratory-Hopital Necker,

Paris).

4th Cornell Probability Summer School.
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EXAMPLE OF MODEL FOR CELL DIVISION WITH EXAMPLE OF MODEL FOR CELL DIVISION WITH

PARASITE INFECTION PARASITE INFECTION

Binomial sharing of parasites. Binomial sharing of parasites.
Let p €]0,1[ and Z random variable € N. Let p €]0,1[ and Z random variable € N.
Every parasite gives birth independently to Z parasites.

Then every parasite goes into the first daughter cell with probability p
(and into the second one with probablity 1 — p)
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EXAMPLE OF MODEL FOR CELL DIVISION WITH MODEL

PARASITE INFECTION

genaratian 0

Binomial sharing of parasites.
Let p €]0,1[ and Z random variable € N.

L S . TN
Every parasite gives birth independently to Z parasites. \
Then every parasite goes into the first daughter cell with probability p
(and into the second one with probablity 1 — p) —

parasite

Equal sharing : p=1/2.
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MoDEL

The genealogical tree of cells is the binary tree Ujen{0,1}".
Z; = number of parasites of the cell i € {0,1}".
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The genealogical tree of cells is the binary tree U;en{0,1}".
Z; = number of parasites of the cell i € {0,1}".

Conditionally on Z = x, the numbers of parasites of the daughter cells
(Zo, Zi1) are distributed as

X

>z, zM),

k=1

where ((Z,EO),Z,El)))kzl are iid and distributed as (Z(®, z(1).
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The genealogical tree of cells is the binary tree U;en{0,1}".
Z; = number of parasites of the cell i € {0,1}".

Conditionally on Z = x, the numbers of parasites of the daughter cells
(Zo, Zi1) are distributed as

X

>z 2"
k=1
where ((Z,EO),Z,EI)))kzl are iid and distributed as (Z(®, z(1)).
my = E(Z), my == E(ZW).

mg (resp. my) is the mean size of the offspring of a parasite which goes in
the first (resp. second) daughter cell
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PREVIOUSLY...

o Kimmel has considered the continuous version of this model (cells’ life
time is exponential) in the case

(2@, z0) Lz 7Oy E(ZO)) = m, €]1/2,1].

He proved asymptotic results about the ratio of the means.
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PREVIOUSLY...

o Kimmel has considered the continuous version of this model (cells’ life
time is exponential) in the case

(2@, z0y Lz 7)) E(ZO) = my €]1/2,1].

He proved asymptotic results about the ratio of the means.

@ Markov chain indexed by a tree in the case. Limit theorems in the
symmetric independent case with an additional hypothesis
(irreducibility). E.g. Benjamini, Lyons, Pemantle ...
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PREVIOUSLY...

o Kimmel has considered the continuous version of this model (cells’ life
time is exponential) in the case

(2@, z0y Lz z0)  E(ZO) = my €]1/2,1].

He proved asymptotic results about the ratio of the means.

@ Markov chain indexed by a tree in the case. Limit theorems in the
symmetric independent case with an additional hypothesis
(irreducibility). E.g. Benjamini, Lyons, Pemantle ...

@ Guyon allows asymmetry and dependence but hypothesis and
statements are different here.
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TOTAL NUMBER OF PARASITES.

The number of parasites in generation n € N follows a Galton Watson
process with reproduction law Z(®) + 7(1),
Rate of growth of parasites : mg + my = E(Z©)) + E(Zz(1).
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TOTAL NUMBER OF PARASITES.

The number of parasites in generation n € N follows a Galton Watson
process with reproduction law Z(©) 4+ z(1),
Rate of growth of parasites : mg + my = E(Z(®)) + E(Z("1).
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GALTON WATSON IN RANDOM ENVIRONMENT

@ This describes the growth of a population in a random environment.
For every generation, conditionally on the environment being equal to
&, every individual in this generation reproduces independently with
the same reproduction law Z¢.
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GALTON WATSON IN RANDOM ENVIRONMENT

GALTON WATSON IN RANDOM ENVIRONMENT

@ This describes the growth of a population in a random environment.
For every generation, conditionally on the environment being equal to
&, every individual in this generation reproduces independently with
the same reproduction law Z¢.

o Example :
Population : flowers. Random environment : moisture, temperature ...
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@ This describes the growth of a population in a random environment.
For every generation, conditionally on the environment being equal to
&, every individual in this generation reproduces independently with
the same reproduction law Z¢.

o Example :
Population : flowers. Random environment : moisture, temperature ...

o Here :
Population of parasites in a random cell line. Two equiprobable
environments with resp. reproduction law Z(© and Z(1),
= Criteria for a.s. extinction of the number of parasites along a
random cell line : mgmy; < 1.

VINCENT BANSAYE (PARIS 6) BRANCHING MODEL FOR PROLIFERATING PAR CORNELL

RECOVERY OF THE ORGANISM

Recovery= The proportion of infected cells tends to 0 as the generation
tends to oo.
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RECOVERY OF THE ORGANISM

Recovery= The proportion of infected cells tends to 0 as the generation
tends to oo.

With positive probability,
the organism does not
recover.

Extincion of
Recovery =

12 parasites
\
' S
\\.‘
The organism
a2 recovers ——
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ol | -
o N, ~ 2"

NB : N, ~ ¢, means that N,/c, converges in probability to a finite
positive random variable.
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ASYMPTOTIC PROPORTION OF INFECTED CELLS
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ASYMPTOTIC PROPORTION OF INFECTED CELLS

Conditionally on non extinction of parasites,
Proportion of infected cells with k parasites "= P(T = k).
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ASYMPTOTIC PROPORTION OF INFECTED CELLS

Conditionally on non extinction of parasites,

SEPARATION OF DESCENDANCES OF PARASITES.

Proportion of infected cells with k parasites —> P(T = k). .

The convergence holds in probability. AN
T is the quasi stationary Yaglom distribution of the number of parasites in
a random cell line Z, (that it the limit distribution of Z, conditioned to be
positive).
Its probability generating function G is characterized by

G(fo(s)) + G(fi(s)) = (mo + m1)G(s) + (2 — (mo + my)).
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SEPARATION OF DESCENDANCES OF PARASITES.
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SEPARATION OF DESCENDANCES OF PARASITES.




ASYMPTOTIC PROPORTION OF INFECTED CELLS
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CELL DIVISION WITH CONTAMINATION

We add now random contamination of cells by parasites which do not

belong to the cell population, which depends on whether the cell is already

infected or not.
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CELL DIVISION WITH CONTAMINATION

generation 0
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CELL DIVISION WITH CONTAMINATION
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CELL DIVISION WITH CONTAMINATION
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CELL DIVISION WITH CONTAMINATION
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CELL DIVISION WITH CONTAMINATION

The law of the number of parasites which contaminate a cell depends on
whether the cell is already infected or not.

Yo= Number of parasites which contaminate a non-infected cell.
Y1 = Number of parasites which contaminate an infected cell.
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CELL DIVISION WITH CONTAMINATION

The law of the number of parasites which contaminate a cell depends on
whether the cell is already infected or not.

Yo= Number of parasites which contaminate a non-infected cell.

Y1 = Number of parasites which contaminate an infected cell.

The number of parasites along a random cell line is a Branching Process in
Random Environment with immigration.
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CELL DIVISION WITH CONTAMINATION

The law of the number of parasites which contaminate a cell depends on
whether the cell is already infected or not.

Yo= Number of parasites which contaminate a non-infected cell.
Y1 = Number of parasites which contaminate an infected cell.

The number of parasites along a random cell line is a Branching Process in
Random Environment with immigration.

Fi(n) =Proportions of cells with k parasites in generation n.

If momy < 1 and max(E(log™(Y;)) : i =0,1) < oo,
then for every k € N, Fy(n) converges in probability to a deterministic
number fi as n — oo, such that Y 2, fx = 1.

VINCENT BANSAYE (PARIS 6)

BRANCHING MODEL FOR PROLIFERATING PAR CORNELL

CELL DIVISION WITH CONTAMINATION

The law of the number of parasites which contaminate a cell depends on
whether the cell is already infected or not.

Yo= Number of parasites which contaminate a non-infected cell.
Y1 = Number of parasites which contaminate an infected cell.

The number of parasites along a random cell line is a Branching Process in
Random Environment with immigration.

Fi(n) =Proportions of cells with k parasites in generation n.

If momy < 1 and max(E(log™(Y;)) : i = 0,1) < oo,
then for every k € N, Fy(n) converges in probability to a deterministic
number fi, as n — oo, such that Ziozo fr = 1.

Otherwise, for every k € N, Fi(n) converges in probability to 0 as n — oc.
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