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This paper derives inequalities for multiple integrals from which sharp
inequalities for ratios of heat kernels and integrals of heat kernels of certain
Schrodinger operators follow. Such ratio inequalities imply sharp inequalities
for spectral gaps. The multiple integral inequalities, although very different,
are motivated by the now classical Brascamp-Lieb-Luttinger rearrangement
inequalities.  © 2000 Academic Press
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1. INTRODUCTION AND STATEMENT OF RESULTS

Let D be a bounded domain in R” and let V" be a nonnegative bounded
potential in D. It is well known that the eigenvalues of the Dirichlet
problem

—Ap+ Vo =74, in D
p=0 on 0D

are discrete and satisfy 0 <Ay , <1} , <A} ... When the potential is
identically zero we will just write /4, , for these eigenvalues. The quantity
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XZ D—/l{/’ p 1s called the spectral gap. Motivated by problems in mathe-
matical physics concerning the behavior of free Boson gases, M. van den
Berg [ 8] made the following conjecture (see also [1,2]):

Conjecture 1. Suppose D < R” is convex of diameter d;, and that V is
a nonnegative convex potential in D. Then

3n?
’IZD*)“KD>dT’ (1)
D

with the lower bound approached when V=0 and the domain becomes a
thin rectangular box.

It is easy to see, by considering a domain in the shape of a barbell, that
the convexity is needed even when V'=0. The first partial result on this
conjecture was obtained by 1. M. Singer et al. [20] who proved that

n? nn®  4(M—m)

4d?)<)“ZD_AKD<€+T’ (2)

where M =sup,, V, m=inf, V, and rp is the supremum of the radii of all
the disks contained in D. This quantity is called the inner radius of D.
Their method, based on the maximum principle applied to an appropriately
constructed “P-functional” (a la L. Payne) was also used by Yu and Zhong
[23] to improve the lower bound in (2) by a factor of 4 and by Ling [16]
to obtain the strict inequality

71'2

A=Al >
2,D 1,D dﬁ)

When the domain D consists of an interval in R and ¥V is a symmetric
single-well potential, M. Ashbaugh and R. Benguria [1,2] proved the
lower bound in (1). The full conjecture for intervals on the real line and for
arbitrary nonnegative convex potentials was proved by R. Lavine [13].
The proofs in [1,2] are based on variational characterizations and
appropriately chosen tests functions. The proof in [13] is based on a
similar approach and on analysis of the spectrum associated with a family
of one-parameter continuous potentials derived from the potential V.

In [21, 227, R. Smits took a different approach. The spectral gap A, , — 41, p
is the first eigenvalue of the operator associated with the Brownian motion
conditioned to remain forever in the domain D. In a smooth convex
domain the behavior of this diffusion near the boundary is very similar to
the behavior of the reflected Brownian motion as can be seen from the
gradient estimates for the first Dirichlet eigenfunction proved in
R. Baniuelos and M. Pang [5]. Motivated by this, and in part also by the
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study of intrinsic ultracontractivity and rates to equilibrium for the
Brownian motion conditioned to remain forever in D, Smits [21] was able
to modify the classical proof of Payne and Weinberger [ 3, p. 155] for the
lower bound of the first nontrivial Neumann eigenvalue in terms of the
diameter of the domain to give a new proof of Ling’s lower bound. His
arguments also improves the upper bound in (2). For the connection to
intrinsic ultracontractivity and rates to equilibrium, as well as a reformula-
tion of Conjecture 1 in terms of these quantities, we refer the reader to
Baifiuelos [4].

The purpose of this paper is to prove various ratio inequalities for heat
kernels and integrals of heat kernels from which sharp spectral gap
inequalities immediately follow. We believe these ratio inequalities and
their proofs are of independent interest. To do this we restrict ourselves to
a class of domains which are symmetric with respect to both axes as well
as convex in both axes. These domains, however, do not have to be convex.

Let D be a bounded domain in R? which is symmetric with respect to the
y-axis. We say that D is convex in x (respectively y) if every line parallel
to the x-axis (respectively the y-axis) which intersect D cuts dD in at most
two points. Note that a domain can be convex in x and y without being
convex. Let C be the smallest rectangle containing D. Translating D, if
necessary, we can suppose that

C=(—b,b)x(—a,a).
Set
D*=Dn{(x,y)eR*: x>0}, Ct=(0,b)x(—a,a).
We use B, to denote two dimensional Brownian motion and for any
Borel set A we will write 7, for the first exit time of the Brownian motion

from 4. For 0 <x, ¥ <b and y e (—a, a) consider

P(x, y)(TC+ > Z)
P y)(rc>t)

By independence we have
P p(ter >1) =P (105> 1) P (T(_y0y> 1),
and

P();’ y)(TC>l):P)~c(T(—b,b)>l) Py(T(—a,a)>l)'
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Thus

Pl y(Ter > [): P (t0,5>1)
P p(te>1)  Pel(t_pp>1)

For the rest of the paper we will assume that V(x, y) is a positive bounded,
continuous potential which is symmetric in the y-axis and increasing as a
function of x. That is,

V(x, y)=V(—=x, y),
for all (x, y)eR? and V(-, y) is increasing in R+ for y fixed. Let
+=1{(x, »)eR?:y>0, y<x},

and

A_={(x,y)eR*:y>0, y< —x}.
For z=(x, y)e A, UA_, define

o [z =(y,x) if y<x

Z:{z_:(—y,—x) if y<—x
Note that z* and z~ are the reflections of z with respect to the lines y = x

and y = —Xx, respectively. With this notation we have

THEOREM 1. Suppose D is a bounded domain in R* which is symmetric
with respect to the y-axis and convex in x. Let D*, C, C* and V be as
above. Suppose (wy,v)eD™, (W, v,)€D, (Wy,v,)eC™T, and (W,, v,)eC
are such that

o ifz=(W,,w)eAd, VA_, then 2= (W, w,), and
o ifz=(W,,w)¢A, VA_, then W,=W, and w,=w,.
Then for all t >0,

E,,. optexp( — (o V(B,) ds), T p+ >t}
E(val) exp( fo ), Tp>1}
P(wz,vz)(TC"' > l) _ Pw2(7~'(o, py>1)

= P, 0)(Tc>1) _sz(f(—b,b)> 1)
In particular for all (x,0)e D* and all t >0,

E(, olexp(—[§ VI ds TD+>I}< (T, 5> 1)
E(x,O){eXP fo s), Tp> 1} P (t_pp>1)




The motivation for these results arises from probabilistic considerations
but, of course, both inequalities (3) and (4) can be stated without reference
to Brownian motion in terms of integrals of heat kernels. More precisely,
let P2(t, z, w) and P27 (t, z, w) be the Dirichlet heat kernels of the operator
—14+Vin D and D, respectively. Denote the Dirichlet heat kernel for
the intervals (—b, b) and (0, b) with zero potentials by P{=%2)(¢, x, y) and
PO (¢, x, y), respectively. Then (4) is equivalent to

[+ PP (1 (x, 0), w)dw _ 5 POt, x, ) dy
§p PP, (x,0), w)dw ~[°, P21, x, y)dy’

for all (x,0)e D™ and all #> 0. Inequality (3) has a similar formulation.
The following corollaries, as we shall see below, are immediate conse-
quences of the inequality (4).

COROLLARY 1. Suppose V=0 and let D be a bounded domain in R>
which is symmetric with respect to both coordinate axes and convex in both
axes. Let |=2b be the length of its major axis and set I =(—b, b). Then

3n?
1 D]
/L2,D*)v1,o 2/0,1*/11,1: 2

COROLLARY 2. Let I=(—b,b) and let V be a nonnegative potential
which satisfies V(x)= V(—x) and is increasing on (0, b). Then
3n?
NER

Vv Vv —
)”2,1_/11,12}'2,1_}'1,1_

In [9], B.Davis proves inequalities for ratios of heat kernels (not
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The paper is organized as follows. In Section 2, we prove an inequality
for multiple integrals. This inequality, although very different, is inspired by
the inequalities of H. J. Brascamp et al. [ 7]. This inequality also has conse-
quences for other Markov processes whose transition probabilities are
radially symmetric and decreasing such as the symmetric stable processes.
(See Corollaries 3 and 4 below.) In Section 3, we use this inequality to
prove Theorem 1 and in Section 4, we show how Corollaries 1 and 2 follow
from (3) or (4). This section also contains a result (Corollary 6) concerning
the location of the nodal line and the multiplicity of the second eigenfunc-
tion for symmetric convex domains which are “long enough.” In Section 5
we present an example of a potential in a disk which satisfies the
hypothesis of Theorem 1 for which the nodal line is a circle and the first
Dirichlet eigenvalue of D™ is strictly larger than the second Dirichlet eigen-
value of D. We end with Section 6 which contains a version of Theorem 1
for ratios of heat kernels. These results follow from inequalities on multiple
integrals and the representation of the heat kernel in terms of the Brownian
bridge.

2. AN INEQUALITY FOR MULTIPLE INTEGRALS

In this section we derive an inequality for multiple integrals of radially
symmetric decreasing functions from which we will obtain Theorem 1. This
inequality has other interesting consequences as we shall see below. We
begin with the following simple geometric lemma which is fundamental in
the proof of Theorem 2 below. The quantities 4,, 4_, and Z are as
defined in the introduction.

LemmA 1. IfzyeA, and z, € A_, then

A

121 = 2,1 <|zy = 25| <z — 2o,
and
121 =2, <21 — 2] <z — 2l
If zy,z,eA, orz;,z,€A_, then
121 =25l =121 — 2] < |z1 = S| = |2, — 22|
Proof. We will denote the dot product of two points z and w by z - w.

Let z; =(xy, y;) and z,=(x,, y,). Suppose that x; >y, >0 and —x,>
¥, 20. Then
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—Xy(X1 = Y1) Z YY1 —X1) S =X X — Y1 V2= — Y1Xp— X1 )
< —z152 -z -5
©|21—22|2>|21+_22|2, (6)
—Xo(X1F Y1) Z X1+ Y1) S = YiXp = X1 V2 2 V1V F XX,
< —zf o,z -z} zy
=z —nP>lzf -2z |2 (7)
On the other hand, we casily see that
lzZi—z5 |2z =z [ X1 2+ 12 Y1 Y2+ XX,
lzZ1—z| Z 21—z [ =X X — y1 V2 2 X Y2+ ViXs,

which are equivalent to (6) and (7), respectively. Suppose now that x, > y,
and x, > y,. Then

X{(X2=p2) Z Vi(Xa = Y2) = =X ) — Y1 X2 = — X1 X — Y1 )
©|21_22+|>|21_22-
In addition, it is clear that
|21*Z2|:|Z1+*Zz+|a |Z1+*22|:|21*22+|~

Note that the case z;, z, € A_ follows from the last two identities by a
reflection with respect to the y-axis. This completes the proof. ||

We now fix >0 and define for any 0 <a < f,
(a) :=(—=p, f)x (0, a), and Cla) := (—a, ) x (0, B).

THEOREM 2. Let oy, ..., o, be such that 0 <o, <pf for 1 <i<m and p,(z)
be radially symmetric nonincreasing functions in R? for 1<i<m. Let
Vix, y), Vix, ), 1 <i<m, be positive real functions with the property that

® Vi(x7 J’)_ V(—X J’) and IA/’z'(-xa J/): I71'(_xa y),for all (X, y)ERza
o Viz)=Vi2) and Vi(z)=V,(2) for all ze A, UA_,

o« Vi(2)=V,%) forallze A, UA_

Define the functions

Y’”(ZO)ZJQ )J ﬂ [pi(zi—zi_y) e V] dzy - dz,,,
*

Clay,) =1
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and

Tf”‘(z")ZL L ﬁ [pi(zi—zi_y) e ] dz, ---dz,,.

o) ey =1
Then for zye A, VA_,
Y ,(20) < T (%) (8)
Y,(20) < T,(2), 9)
and
Ym(ZO) + Ym(ZAO) < Ym(zo) + ?m(ZAO) (10)

Let us recall that a nonnegative radially symmetric nonincreasing func-
tion 4 can be written in the form

W) = | Lo () du(r)

where x is a measure on (0, o ]. Therefore we may assume that p; = I,
for some ;> 0. We shall now proceed by induction on m. The next lemma
is the case of m=1.

LEMMA 2. Fixzoe A, VA_. Then

e~ ViCD gz, <j e~ P gz, (11)

JB(ZO, r) 0 C(ay) B(%y, r) n C(o)

e ) dzl<j e~ gz | (12)

L(QO, ) Cay) B(%y,7) 0 C(oy)

and

[ e~V gz, 4 e~ gz,
B(zy, r) n C(oy) B(Zy, )N C(ay)

< e T gz, + | P dzy, (13)

IB(zo, r) e &(ay) B(%y,7) 0 C(oy)

for every r>0.

Proof. Since C(«,) and ~C(ocl) are s~ymmetric with respect to the y-axis,
Vilx, y)=Vi(—x, y) and V{(x, y)=V,(—x, p), it is enough to prove the
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lemma for zo € 4, . Consider the functions G(z;) =e~"1*’, and G(z)) =
e ") Let zyed, UA_. Since Vi(z;)=V,(Z,) and V1(2)) < V(Z,), we
have that
G(z;)=G(¢,) and  G(£,)<G(Z)). (14)
On the other hand, 171(21) = V,(Z,) and hence
G(z)) + G(£))=G(z,) + G(2)). (15)

Consider the six regions

Ay = (g, f)x (0, aq), 211 =(0, ay) x (a1, ),
Ap=(=p, —a;) x (0, 07), 212:(—0‘190)X(0‘1,ﬂ),
A3=1(0, 01) x (0, o), A= (—0y,0)x(0, ay).

It is clear that C(o,)=A,; VA, UA;;UA, and Cloy)=A,, VA, U
Az U Ay, We note that the reflection of 4,; with respect to the line x =y
is A,, and that the reflection of A4,, with respect to the line y= —x is 4,,.
We now begin the proof of (11) breaking it into several cases according to
this decomposition of the regions C(«,) and C(a,). Let p,(2) =150, (2).

Case (~11-i). Let z,eA4,,. From Lemmal and (14) we know that
G(z,)=G(z{) and that p,(z, —z¢) = pi(z{ —z5). Thus

[ =20 G =] puzi —2) Gzt ) dz.
Ay Ay
Making the substitution w; =z;" in the right hand side we obtain
|, pzi—zo) Gz da= [ piwi—z) Gow) dwy.
11 11

Case (11-ii). Let z; €A4,,. Again by Lemmal and (14) we have
G(z,)=G(zy) and pi(zy—zo) <pi(zy —z5 ). Integrating over A, and
making the substitution w, =z; in the second integral we obtain

| pei—z0) Gy d <[ piler —2) i) dzy
Ayp Ayp

:L P1lwy —Z(;L) G(Wl) dw,.
Ap
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Case (11-ii1). Let z; € 4,3 n A, . We claim that

Pi(z1—29) G(z1) + pi(z{ —z0) G(z{")
<pi(zy—z¢) G(Zl)‘f‘Pl(Zfr_Zgr) G(ZfL) (16)

Since p, is an indicator function, p, =1 or p, =0, and by Lemma 1,
Pz —z)=piz1 =25 ) <pi(z1 = 20) = palz] — 24 ).

Thus it suffices to consider two cases:

o If pi(zif —z¢) =1, then py(z; —zy) =1 and (16) follows from (15).
o If pi(z;—z¢) =1 and p,(z{ —z,) =0, then (16) follows from (14).

Integrating (16) gives

| pE—w)GEdn | i) G dy
BNAy

Apnd,

<[ pi—s ) Gendn [ puE =2 G e
Apndy

Apndy

Since

and

Apnd, A\,

we conclude that
| pi—z0) G dn< | pizi—zd) Gz de,.
A A

Case (11-iv). Let z; € 4,4 n A_. We claim that

Pi(z1—20) G(zy) + pi(zy —zo) G(z1)
<pilzy—zq) 6(21)+P1(2f —zq) G(Ztl) (17)

By Lemma 1,

Pi(z1—20) Spi(zy —zo) Spilzy —29),
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and
Pi(z1—20) <pi(z1—zg ) <palzy — 24 ).
As before, we have two cases to consider.

o If pi(zy—2z¢) =1, then py(z] —z¢) = pi(z1 —z5 ) =pi(z] —z9) =1,
and (17) follows from (15).

e If pi(zy—29)=0 and p,(z; —zy) =1, then (17) follows from (14).

Integrating (17) over 4,4, N A_ and repeating the argument of the pre-
vious case we conclude that

j Pl(zl_ZO)G(zl)d21<J pl(ZI_ZJ)G(Zl)dZI'
Ay Ay

Putting Cases (11-1)—(11-iv) together, we see that (11) follows.
The proof of (12) is very similar. We again break the region of integra-
tion into pieces and as before consider four cases.

Case (12-1). Let z; € Ay;. By (14) and Lemma 1 we know that
G(Z1):G(Zl+)a pi(zi—zg ) <pi(z{ —z¢ ).

Integrating over A;; we find that

| piai—z5) Genda < pizi—zd) Gz dey.

1 Ay
Case (12-ii). Let z; € Ay,. By (14) and Lemma 1 we know that
G(zl)zé(zf), pizi =z ) <pilzy —z9 )

Integrating over 4,, we have that

| pzi—z) Gy d< | pizi—28) Gz dzy.
Ay Ay

Case (12-iii). Let z; € 4,35 n A, . We claim that
pilz1—29) G(z1) + pi(z) —25) G(z{")
<pi(zy—28) G(zy) + pylzf —zg) Gz1). (18)
Recall that

pi(zi—z¢ ) <pilz{ —z¢).
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Thus it suffices to consider two cases.

o Ifpi(zy—z5)=1, then p\(z;f —z5) =1 and (18) follows from (15).
o If pi(zft —z&)=1and p,(z; —z4 ) =0, then (18) follows from (14).

Arguing as in Case (11-iii) we conclude that

o]

| =z G d <] piei— =) Gz dzy.
Ay A3

Case (12-iv). Let z; € A4, n A_. We claim that
pi(z1—zq ) G(zy) + pi(zy —z5) G(zy)
<pi(zi—28) Gz) + polzr —28) Gzp). (19)
By Lemma 1,
pi(zi—z9)<palzy —20),
and again two cases arise.

o If py(z;—z4) =1, then (19) follows from (15).
o Ifp(z;7 —z&)=1and p,(z; —z7 ) =0, then (19) follows from (14).

We conclude that

| piai—z) Genda <] pilai—zd) Gz dey.

14 Ay
Cases (12-1)—(12-iv) prove (12).
It remains to prove (13). The proof is similar.

Case (13-1). Let z; € Ay;. From Lemma 1,
Pi(z1—20) + pi(zy —z¢ ) = pilzf —20) + Pz —24).

Since G(z;) = G(z;"), we have that
L [Pi(z1—z0) + pi(z1— 24 )] G(zy) dz,
11
=£} [P1(z1—20) + Pi(z1— 24 )] Gl(zy) dz,.

Case (13-ii). Let z; € 4;,. By Lemma 1,

Pi(z1 =23 )+ iz —20) <pi(z] — 24 ) + pilzy —2).



380 BANUELOS AND MENDEZ-HERNANDEZ

From (14) we conclude that
| Dpizi==) 4 pilz1—20)1 Glz1)
12

= Ina—z3) 4 pilz =201 Gz dy

Case (13-iii). Let z; € 4,3 n A, . We claim that

[Pi(z1—20) + Pi(z1 —25)] G(z)) + [ pi(z —20) + pi(2] — 24 )] G(z])
< [Pl(Zl_ZoH'Pl(Zl—Z(T)] G(Zl)
+pi(zf —zo)+ a2y —24)1 Gz 1), (20)

It follows from Lemma 1 that
P12 —2o) + pi(z{ =z ) = pi(z1 — 24 ) + palz1 — 29).

Thus (20) follows from (15) and integrating over 4,3 N A, we conclude
that

| Tpiz—z) +piz =20 Gl dz,

<J [Pi(z1—2¢ )+ pi(z1—20)] Gl(zy) dz,.

A

Case (13-iv). Let z; € 4,4, 0 A_. We claim that

[P1(z1—20) + P1(z1—25)]1 G(z0) + [ pi(z1 —20) + pi(z7 —24 )] G(z1)
<[pilz1—20) + pi(z1— 24 )] G(zy)
+[pi(zr —zo)+ pilzy —24 )1 Glz1). (21)

By Lemma 1,

pi(zi—z0) Spilzy —zo) Spalzy — 20 ),
and

Pi(zi—zo) <pi(zi—z9 ) <pilzy —z0),

and we have the corresponding cases.
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e If pi(zy —2z¢) =1, then (21) follows from (15).

o If pi(z1—20)=0 and py(zy —zo) =pi(z1—z5 ) =pi(zy —2z5) =1,
then (21) follows from (14) and (15).

o If pi(zy—2¢)=pi(z;7 —29)=0 and p,(z;—z5)=1, then (21)
follows from (15).

o If pi(z;—z¢) =pi(z;, —z5 ) =0, then (21) follows from (14).
Therefore

J [Pi(z1—2¢ )+ pi(z1—20)] G(z,) dz,

Ay

<J [Pi(z1—2¢ )+ pi(z1—20)] G(Zl)dzl-

Ay

It is clear that putting Cases (13-i)—(13-iv) together proves (13) and
completes the proof of the Lemma 2. |

Proof of Theorem 2. We proceed by induction. Lemma 1 is the case
m=1. Now suppose that the result is true for m — 1 and let

We)=[ | Tl Ipdei—zio) e 0 dey oo d,,
o) Clay,) j=2

Meo=[ | Tl pdei—zio) e 0] dzy oo d,.
C(ay) Ca,) i=2

Consider the functions

G(21)=h(21)e—V1(21) and G(zl)zﬁ(zl)e—f/l(zl)’

and let z; in 4, UA_. Then h(z,) <h(Z,), e "1 =e= T () <h(Z))
and e ") e~ "), Therefore

G(z,)<G(¢,) and  G(2)<G(%)), (22)
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and hence
e MOV R(2,) — e (zy) = e~ TELR(Z)) — h(z)]
> e ME[R(Z,)—h(z)]
>e G h(Z,)—h(z,)]
=e (2 — e TE]y(z)),
Therefore
G(z,) + G(£)) < G(z)) + G()), (23)

for every z; e A, uA_. Following the argument of Lemma 2 one easily
sees that, for z, € A, , Theorem 2 follows from (22), (23) and Lemma 1. We
obtain Theorem 2 for z,eA4_ by means of the change of variables
w;=(—x;, y;) where z;=(x;, y;), I <i<m. |

3. PROOF OF THEOREM 1: INEQUALITIES FOR INTEGRALS
OF HEAT KERNELS

In this section we will use our multiple integral inequalities from the
previous section to prove Theorem 1. Recall that B, is two dimensional
Brownian motion and let

PR (z, w)= %e |z —wi/2t
tn

z, weR?, be its transition density function. In one dimension we simply
write

1

o~ PP
2t

Pt(xa y):

for x, yeR.
By the continuity of the Brownian paths

t
E(nglil) {exp <_J; V(BS) dS>, TD> t}
t
=E,, v {exp < —J V(B,) dS>; B;eD,V0<s< t}
0

t m
= 11m Eg o {exp( P Z ,,/m> BymeD,i=1,. }

m— .
l
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By the Markov property we see that

t = .
E,. o) {exp < % Z V(Biyjm > BymeD,i=1, .., m}
:j e~ WM EiL, V) n Pt/m —z;_4)dzy - dz,,
o i=1
where z,= (W, vy).
Let us now write the domain as D= {(x, y)eR*:ye(—a,a), —f(y) <

x<f(y)} for some function f so that b =sup,, ,.p |x|, where @ and b are
as in the introduction. By Fubini’s theorem,

t
Ew, o) {exp < —L V(B,) ds>, Tp> z}

is equal to

hm L qj(wla Vi s ym) d/um, v](yb weey ym)a

—a,a)”

where @(xq, ¥4, ..., ¥,,,) 18 the function given by

m>

(1) S
PO [ S s B By, )iy
—f(yl) —f(ym) i=1

and i, (V15 s V) is the probability measure with density

n Pt/m(yi_ Vic1)

i=1

Define the function @, (xq, 1, .r Vsm) DY

S f(y,,,
f j —(/m) S V(x 3) n Ppl(i— X;_y) doxy -+ dx,,
0 0 i=1

and set

b b
Txg.bom)= [ oo [ [T Pyl =) d -+,
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and

b
Iy (xgrbomy= [ o [ T] Pyl xim0) dvy -+
=1

With this notation we see that

t
Eu,, 0 {exp < —Jo V(B,) ds>, Tp+ > t}

= hm L - ¢+(M}1a yla (3%} ym) dlum, vl(yla (3t ym)a

and similarly,

PWZ{T(—b,b)> t} = lim F(W2, b, m),

m — o0
and

P, {t0n>1t}) = lim I, (w,,b,m).

m — oo

Therefore it is enough to prove that

F(WZ’ b: I’}’l) L - ¢+(W1’ V1o ees ym) d:um, vl(yl’ oo ym)
<1—'+(WZa b= m) L - QB(WID yl) () ym) d:um, vl(ylﬂ () ym)

We shall prove that
F(}T}Za bs m) ¢+(W15 V1o s ym) < F+(w23 b; m) ds(wl’ V1o s ym)s (24)

for all y,e(—a, a) and for all i=1, 2, ..., m. Let ;= f(y;) and observe that
o; < b by definition. Set

t
Vi(xs y):%

V(y’ yi)a

and

t
V,-(X, J’) :; V(X, J’z)
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Let zo=(W,, wy), Zo=(W;, w,), then proving (24) is equivalent to
proving that

J j z 1 I(Z) 1_[ Pt/m i —1)d21 ...dZm
Clay) C(a,, ) ie1
gL L = Az)ﬂpt/m i) dEy - dE
(1) (o ) i=1
Clearly Pt/m(z) is a radially symmetric nonincreasing function, and by

definition V,(z)=V,(¢) and V,(%)="V,z) for all zeAd, UA_. Since
V(-,y) is nondecreasing in R* we know that V,(%)>V,%) for all
ze A, U A_. The desired inequality then follows from Theorem 2 applied
with f=5b and «,= f(y;). This completes the proof of Theorem 1.

The following is a direct corollary to the above proof.

COROLLARY 3. Let B, be two dimensional Brownian motion and let
O<ty<ty,< .-+ <t,,. Suppose 0 <o;<p for all i=1, .., m. Then

P o{B, €Clay), B, € C(ay), .., B, €C(a,,)}
<P, o{B, €Clay), B, € C(ay), ... B, €C(a,)}.
In particular, for all 0 <x <a<f and all t >0 we have

Pl Taw >t S P mltew > 1 (25)

where T,y and Tg, denote the exit times of B, from the regions C(a) and
C(a), respectively. By independence, (25) is equivalent to

Piton>1t  Pdropn>1)
Pt an>t) Pt _pp>1}

(26)

Since Theorem 2 holds for any sequence of radially symmetric decreasing
functions, this corollary not only holds for Brownian motion but also for
any other Markov right continuous processes whose transition functions
have these properties. In particular we have

COROLLARY 4. Let Z, be a two dimensional symmetric stable processes
and let 0 <t <t,< .-+ <t,,. Suppose 0 <o;<p for all i=1, .., m. Then

P(x, x){Ztl € C(Ocl)a th € C(OCZ)’ seey Ztm € C(O(m)}

<P o{Z, eCn), Z, eC(xy), ... Z, €C(a,,)}.
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In particular, for all 0 <x <o < pf and all t >0 we have

Potllcw >t <P olnew >},

where 1 ¢,y and 1 gy denote the exit times of Z, from the regions C(a) and
C(a), respectively.

This time, however, we cannot state the analogue of (26) since the
coordinates are not independent.

4. PROOFS OF COROLLARIES 1 AND 2 AND CONSEQUENCES
FOR NODAL LINES

It follows from the eigenfunction expansion of the heat kernel that for
any bounded domain D and any z€ D,

tlirroloélog <E {exp < —jo V(B,) ds>, Tp> z}) — Y, Q)

where f{ , is the first Dirichlet eigenvalue for the operator —34 + ¥ in D.
This in fact is just the famous representation of the eigenvalue given by
M. Kac. We refer the reader to B. Simon [19]. Set I=(—b, b), IT =(0, b)
and recall that the first Dirichlet eigenvalues of the Laplacian for these
intervals are denoted by 4, ; and A, ;+, respectively, and that the second
eigenvalue of I is denoted by 4, ;. From Theorem 1 and (27) we have

COROLLARY 5. Suppose D, V, and [ are as in Corollary 1. Then

v v ) 3n
1L.D+ _)“I,DZ/LI,I*' — A =lo 1= A= 2

We shall now see that Corollary 1 follows from Corollary 5. By the
Courant nodal domain theorem, a nodal curve, which is the set of all
points in the domain where an eigenfunction with eigenvalue 4, ,, vanishes,
divides the domain into two subdomains. These subdomains are called
nodal domains. The second Dirichlet eigenvalue of 4 in D is the first
Dirichlet eigenvalue of 4 in either of these two nodal domains. The study
of the geometry of nodal curves has been of interest for many years but
surprisingly very little is known for general domains. However, in the case
of planar domains which are symmetric with respect to both coordinate
axes and convex in both axes, L. Payne [17] proved that there are no
closed nodal curves and that there exists an eigenfunction whose nodal
curve (nodal line in this case) is the intersection of the domain with one of
the coordinate axes. Assume now that V=0 and that D satisfies the



HEAT KERNELS OF SCHRODINGER OPERATORS 387

hypothesis of Corollary 1. In this case 2b is just the length of the inter-
section of the x-axis with the domain and 2a is just the length of the
intersection of the y-axis with the domain. Recall that we assumed that the
length of the major axes is 2b. That is, b >a. If the nodal line is on the
y-axis then D™ is a nodal domain, 4, ,+ =4, p, and Corollary 1 follows
from Corollary 5. If the nodal line is on the x-axes, we rotate the domain
and represent it by D={(x,y)eR*:ye(—b,b), —f(y)<x<f(y)}.
Interchanging the roles of @ and b in Theorem 1 we have that

3n?
hip =03 s
and as above this implies that
3712
/12, /11 D/4 2"

Notice, however, that this time the result is even better since we assumed
a < b and hence 4a® < 4b” = [%. With this, Corollary 1 is proved.

We now prove Corollary 2. Letting ¢ —» 0 we obtain from Corollary 5
that

3n?
11+ ’111/’“1,I+_)“1,1:’12,1_’11,I: 2

It remains to verify that under the assumptions of Corollary 2,
;\,KI+ = )»,ZI

Let ¢ be an eigenfunction with eigenvalue AZ ; and set w(x)=gp(x)+
¢@(—x). Since V is an even function we have that w is an even eigenfunction
with eigenvalue A} ;. Let N(w)={xel:w(x)=0}. It is clear that if
xeN(w) then —xe N(w). Then, by the Courant nodal domain theorem,

= {0} unless w=0. But N(w)={0} implies that w does not change
51gn on I, which contradicts the fact that w is orthogonal to the first eigen-
function. Thus ¢ is odd and /* is a nodal domain. Hence, 4{ ;» =4} ; and
Corollary 2 follows.

We end this section with some consequences of the above arguments for
the location of the nodal line and the multiplicity of the second eigenvalue
for convex domains which are symmetric and “long enough.” More
precisely we have

COROLLARY 6. Let D<R? be a bounded convex domain which is sym-
metric with respect to both coordinate axes. Let dp, be its diameter and rp,
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be its inner radius. There is an absolute constant C such that whenever
dp/rp> C, then the multiplicity of the second eigenvalue is one and the nodal
line lies on the y-axis.

Proof. Smits [21] has proved that for any convex domain in the plane
there is an absolute constant C; such that

¢
}vz,o—;»l,Dgw- (28)
Suppose now that in addition D is symmetric with respect to both coor-
dinate axes. By Payne’s result [17] one of the two axis of symmetry is a
nodal line for a second eigenfunction. Let a be as in the proof of
Corollary 1. It follows from the proof of Corollary 1 that if there is a nodal
line on the x-axis then

3n?
/12,1)—/11,13?@- (29)

A simple geometric argument shows that a/2ﬁ<rD<a. This and the
inequalities (28) and (29) give that

b (316"
3n? '

Fp
Hence if
d 8.2 C\*?
D>< \/21> (30)
p 3n

there is no nodal line on the x-axis.
We shall now prove that under (30) the multiplicity of A, , is one.
Towards this end, let ¢ be any eigenfunction with eigenvalue 4, 5. Set

u(x, y)=o(x, y) + ¢(—x, ).

Then u is a second eigenfunction with eigenvalue 4, ,, and it satisfies the
property that for all (x, y) e D, u(x, y) =u(—x, y). Suppose u is not identi-
cally zero. Consider the new eigenfunction with eigenvalue 4, ,

U(X, y) = u(xa y) + M(X, _y)
This eigenfunction satisfies

v(x, y)=v(—x, y)=uv(x, —y)
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for all (x, y) e D. It follows from this that unless v is identically zero, it has
a closed nodal curve which is a contradiction to L. Payne’s result [17].
Therefore the function v is identically zero. Hence u(x, —y)= —u(x, y) and
thus its nodal line is on the x-axis. However, by what we have already
proved if the inequality (30) is satisfied there is no second eigenfunction
with its nodal line along the x-axis. Thus the function # must also be iden-
tically zero. That is, under (30) we must have that

p(x, y)=—p(—x, )

for any eigenfunction corresponding to A, 5. Thus every second eigenfunc-
tion must have its nodal line along the y-axis and hence the multiplicity
of the second eigenvalue is one by [18, Lemma 1]. This completes the
proof. 1

Remark 1. 1t is known (see C.S. Lin [14]) that for any bounded
smooth convex domain in R? the multiplicity of the second eigenvalue is at
most two. Also, the above Corollary 6 should be compared with the corre-
sponding result for the Neumann eigenfunctions proved in Bafiuelos and
Burdzy [ 6, Proposition 2.4].

5. A SCHRODINGER OPERATOR WITH A CLOSED NODAL LINE

In the previous section we showed how Corollary 1 follows from
Corollary 5 by showing that for our domains, 4, ,+ =24, p. Corollary 5
would immediately imply a version of Corollary 1 for nonzero potentials if
it were true that A{ ,+ =1, ,,. Unfortunately, this last assertion is false for
our class of potentials even when the domain D is a disk. We shall now
proceed to give an example.

Let D, = B(0, r) = R? the open disk of radius r centered at the origin 0.
In [15], Lin and Ni prove that there exist functions £, 72 and V, and a real
number r >0, with the following properties:

(1) f:R—- R is a smooth convex function with f(x)> 0 for x >0 and
J10)=7"(0)=0.

(i) @eC*D,) is a positive solution to the problem

Au+ f(u)=0, in D,
u=0, on 0D,.
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(ili) Let V= —f'(), then any second eigenfunction of the problem
—Ap + Vo= in D
¢+ Vo=21p, m D, (32)

p=0, on 0D,

1s radial.

Note that V= —f"(i?) is a bounded potential in D,, since f is smooth in
R and # is continuous in D,. Thus the spectrum of —A4 4V on D,
discrete (see [ 10, Lemmas 1.6.5 and 1.6.8]).

Let ¢, be any second eigenfunction of (32) and /1; D, be its eigenvalue.
It follows from (iii) that its nodal curve N(¢,) is a circle. If N(¢p,)=0B,,
[ <r, then by the Courant nodal domain theorem )2 p, is the first eigen-
value of the operator —A4 + V on D,. Hence [ is unlquely determine by
223 p,» and any two second eigenfunctions must have the same nodal line.
By [18, Lemma 1] we conclude that the multiplicity of Ag p, Is one.

It was proved in [11] that any solution of (31) is radially decreasing.
Thus we have

or

Let

and consider
V=V, +V.

Then V' is bounded, nonnegative, and radially increasing, hence it satisfies
the conditions of Theorem 1

It is easy to prove that 4, p,= /l,f p, T V.., and that an eigenfunction of
eigenvalue 1, p,1s an e1genfunct10n of eigenvalue 7, p,- Therefore the nodal
line of any elgenfunctlon of eigenvalue 1) apisa c1rcle Moreover, if ¢, is
the eigenfunction of eigenvalue }.K p+» 1t 1S easy to prove that ¢(x, y)=
@1(x, ) I(x=0)—@(—x, y) I(x <0) satisfies

—Adp+Vo=2{ p+o, in D,
@ =0, on 0D,.
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Thus there exists k> 1 such that A{ p* = Ar p,- Note that the nodal line of
@ is the intersection of the y-axis with the domain D,. Since the eigenfunc-
tion of eigenvalue A{ p, does not vanish in D,, and the nodal line of any
eigenfunction of eigenvalue /12 p, is a circle, we have that k> 2, and hence
g D+ > 2y p,- We summarize "the above discussion in the following
theorem.

THEOREM 3. There exist r >0 and a nonnegative bounded potential V on
D, = B(0, r) which is radial and increasing, hence satisfying the hypothesis of
Theorem 1, for which the second Dirichlet eigenvalue 23 , of —A+V in D,
is simple and the nodal line of its corresponding eigenﬁ;nction is a circle.
Furthermore, 1.} D >3 D,

We close this section by showing that under additional assumptions,
in particular convexity, the nodal line is on one of the coordinate axes.

Let W be a radial potential on D, = B(0, r) such that [pW(p)]" =0 for
0 < p <r. Since any radial convex potential in D, is radially increasing, this
class of operators contains all the radial convex potentials in D,. Recall
that in polar coordinates —4 + W is given by

0? n—12 1
- W) —— A g,
op>  p op pr s

where 4,1 is the Laplace-Beltrami operator in rS"~' and p=

(24 -~ +3)Y2 1t is well known that the eigenvalues of —A .- are
{i(i+n—2)} 2, Let {y,}, be the corresponding set of eigenfunctions,
that is the sequences is such that

—A,gn Y, =i(i+n—2) ¢ in rS"!
V=0, on arS"~ L

Then any eigenfunction of —4 + W in D, is of the form f(p) y;(&), where
f(r) is an eigenfunction of the operator

2 n—120 i(i4+n—2)
EPe Wir)+———5—,

H.=
p 0p p

13

in R*. Consequently, if ;7 is the set of eigenvalues of the operator H; in
R™, then {471}, ,_, are the eigenvalues of —4+ W in D,.

It is clear that Af'<Af*' for i>0 and k>1. On the other hand,
Theorem 3.2 in [1] states that if [pW(p)]”"=0 for all 0<p<r, then
A< At | for all i>0 and k > 1. Therefore

w1 H; w o _ 1 H
AI,D,_A‘I b )"2,0,_/11 H
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and any second eigenfunction of —A4 + W is of the form f(r) y,(£), where
¥, 1s a second eigenfunction of —4,5.-1 and f{(r) is the first eigenfunction
of H,. Since f(r) >0 and the nodal line of y,(&) is contained in one of the
coordinates axis; we conclude that any nodal curve of a second eigenfunc-
tion of —4 + W is contained in one of the coordinate axis.

Therefore if V' is the potential of Theorem 3, there exists p e (0, r) such
that [pV(p)]” <O0. In particular V' is nonconvex.

6. POINTWISE INEQUALITIES FOR HEAT KERNELS

Let us recall that P2(z,z,w) and P2"(t,z, w) are the Dirichlet heat
kernels of the operator —3A+V in D and D¥, respectively. Let
PC(t, z, w), P€"(t, z, w), P*28)(1, x, y), and P®?(t, x, y) be the Dirichlet
heat kernels of the Laplacian (i.e., zero potentials) in C, C*, (—b, b) and
(0, b), respectively.

THEOREM 4. Suppose D and V are as in Theorem 1. Let (wy,v),
(vla UO) GD (ﬁ}l! U), (519 UO) GD (“}29 5)9 (02’ 50) € C and VT} N)
(D, 0g) € C. Suppose z=(W,, wy) and zo=(0,, v,) are such that Zo= (01, v,)
and

o ifzeAd, UA_, then z= (W, w,) and
o ifz¢ A, UA_, then Wy=Ww, and w,=w.
Then for all t >0,
PID/+(Z, (wy, ), (vy, vg)) <PC+(f, (wy, D), (05, D))
PID/(ZS (ﬂ}la U)a (ﬁla UO)) Pc(t» ("T}Za ﬁ)a (ﬁ2= ﬁ0))
— P(O’ b)(t9 W, UZ) (33)
_P(_b’ b)(t7 ﬂ}27 52) '
In particular, for all z, we D* and all t >0,
P2 (1, z, w) - P (t,z, w) (34)
Pt z,w) — POt z,w)
and
P2 (1, z, w) - PC(t,z, w) (35)

P2(t, z, w*) = PC(t, z, w*)’

where w* is the reflection of w with respect to the y-axis.
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An immediate corollary of (34) and (35) is

COROLLARY 7. Suppose D and V are as in Theorem 1. For all (z, w) €
D" and all t >0,

P2 (t,z, w) - PC(t,z, w)
P2(t, z, w) + P2(t, z, w*) = P(1, z, w) + PC(¢, , z, w*)’

This corollary gives Davis’ inequality (5) upon taking V'=0.
The proof of Theorem 3 is very similar to the proof of Theorem 1. By the
Feynman—Kac formula (see Simon [19]) the solutions of the equation

ou 1 .
EZE Au— Vu, mn D
u(t,-)=0 on 0D
u(0, z)= f(2) in D

have the representation (for suitable f’s)
u(t,z) = E, {f(B,) exp < - jt V(B,) ds>, > z}
0
_E, [f(B,) E. {exp < fjt V(B,) ds>, S BtH
0

:J P®(z,w) f(w) E, {exp < fjt V(B,) ds>, tp>1t|B,= w} dw.
0

D

Thus

t
P5(1,z,w)=P®(z, w) E, {exp < —J V(B,) ds), Tp,>t|B,= w},
0

with a similar representation for P27(t,z,w), PC(t,z, w), PC'(t,z,w),
P8¢ x, y) and P®?(¢, x, y). As in the proof of Theorem 1 we have

E, {exp < —ft V(By) ds), Tp>t|B,= w}
0

t
—E. {exp<—f V(B,) ds>;BseD, VO<S<Z|B,2W}
0

1

z

. r "
= lim E, {exp <_m V(B,.,/m)>; BymeD,i=1,.,m—1|B,= w}.
m=® i=1
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Let 0=t,<t;< --- <t,<t, then the conditional finite-dimensional dis-
tribution

P.{B, €dz,,..,B, edz,| B,=w},

is given by

PR, (20 W) ] e :
— ZUZi— >
PR (ZOsWY) i=1 il '

see [ 12, p. 359]. Hence for m>2
) t m—1
PR(z,w) E, {exp < - D V(B,»,/m)>; BymeD,i=1,..,m—1|B,= w}
i=1

- Ly
= - € () 22y VD 1_[ Pt/m —z;_y)dzy -edz,
i=1

where z,=z and z,, =w. Therefore Fubini’s theorem gives that
PID/(ta (Wls U)s (519 UO))

= hm dj(ﬂ;la 519 yla ooy ymfl) d:um, v, vo(yla eeey ymfl)a

m — oo (*d,a)”’_l

where @(xg, X,,,, Y1, - Vm—1) 18 the function

) 1) "
ff » --~ffy 1 o—(m =" l1 Vixis v) l_[ P
/) — (V-1 i=1

t/m —X;_1)dxy ---dx,, _q,

and i, y,. 5, (V15 s Ym—1) 18 the measure
s Y00 Ym

m

H Pt/m(yi_yifl)dyl e dyy, .

i=1

Define the function @, (xg, X,,s Vis s Vm—1) DY

f(Y1) f(ym71) m—1
J I —Wm) = Vx 3 1—[ P —X;_y) dxy---dx,,_,,

0

t/m
0 i=1

and set

b b
F(XOaxm;bam):j b J b n Pt/m(xi_xi—l)dxl "'dxm—la



HEAT KERNELS OF SCHRODINGER OPERATORS 395

and

b b m
r+(x07xm9bam):f0 J;) 1_[ Pt/m(xi_xi—l)dxl "'dxm—l'
i=1

With this notation we see that

PID/+(t9 (M}Ia U)’ (Ul’ UO)) = hm ®+(W1’ Ul! yl’ eeey ym—l)

m — oo (,a’a)m—l

><d/um,u, vo(ylz () ymfl)i

P(_b’b)(ta 1%2> 52) = hm F(w27 529 ba Wl),

m — o0
and

POO (¢, w,y, 0,)= lim I (w,, vy, b, m).
m — o0

Therefore it is enough to prove that

F(WZS 625 ba m) L )m71 ¢+(M}1: Ul: yla weey ymfl) d/’lm, v,vo(yl: weey ymfl)
<F+(W2»U2=bam) L )m_lé(ﬂ}l»ﬁl» Vi e ymfl)

><d:um,u, vg(yla () ym—l)'

We shall prove that

F(W}Zs 529 b) m) ¢+(W19 Ugs Vis ees ymfl)
<F+(W2,U2,b, m) qs(ﬁ}l’ﬁla V15 e ym—l)’ (36)

forall y;e(—a,a) and for all i=1, 2, ..., m — 1. As before, let «;= f(y;) and
set

t
Vi(xa y):% V(ya yi)a

and

t
V,-(X, J’) :; V(X, J’z)
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Let Zo= (WZa M}1)9 Im= (EZa Ul)a ZO = (ﬂ}ls M}2)3 Em = (1719 U2)s thus prOVing
(36) is equivalent to proving that

V
J J e~ il (z)nPt/m —z;_4)dzy -+ dz,,_,4
C(ay) Cla, 1)

i=1

V ~
gﬁ L (z>npt/m —Z,_ ) dE ---dE,
C(oy) C(e,

m—l) i=1

where C(x) and C(«) are as in Theorem 2. As in the proof of Theorem 1
this last assertion follows from.

THEOREM 5. Let ay, ..., «,, be such that 0 <a;<pf for 1 <i<m and let
pi(z) be radiall~y symmetric nonincreasing functions in R* for 1 <i<m+ 1.
Let Vi(x, y), Vi(x, y), 1 <i<m, be positive real valued functions with the
property that

® Vi(xa ): -(—X, y) and I71'(x9 J/):Vi(_x» y))for all (X, y)€R2=
o Viz)=V,2) and V(z)=V,Z) forallze A, UA_,
o VA2V (2) forallze A, UA_

Define the functions
m+1

e Zin Ve n pi(zi—z;_4)dzy - dz

Ym(ZO’Zm+1):J :
Cloy) Cla,) i=1

m

m+1

Tozouzmen) =] | e TS ] pizi—z, ) dzy oo daye
Clay) C(oy,)

i=1
Then for zy, wo €A, UA_,

Ym(209 WO) < Ym(ZA()s ‘;“}O)s

Y,(2, wo) < T, m(Z0s Wo)s
and
Ym(207 M}O) + Ym(ZAOa M}0) < Ym(ZOa WO) + Ym(ZAOa l/T’YO)

Following the argument of Theorem 2, it is enough to prove the follow-
ing lemma which as before is just the case m=1.
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LEMMA 3. Fix z, weAd, UA_. Then

J e ") dz, gf e~ iz dz,,
B(z,r) N C(o)) " B(w, I) B(z, r)nC‘(al)r\B(W, 1)
J e~ dz, < e i dzy,
B(Z,r) N C(o)) " B(w, I) B(Z, r)mé(al)r\B(v’t), 1)
and
j e~ ViED gz, +[ e~ ViED gz,
B(z, r) N C(o) N B(w, 1) B(Z,r)n C(y) N B(w, I)

< e‘ﬁl(zl)dzl—i-J e_r/l(zl)dzl,

JB(z, r) o Clay) o B(w, 1) B(2,r) 0 Cay) n B(w, 1)

for every I, r>0.
Proof. Consider the functions
G(z,) = 1py(z) —w),

and

G(z))=e TCpy(z, — ),

where py(z) =10, 1(2).
Let z;, €4, uA_. By Lemma 1

Dazy — W) < py(2, — W), and P21 —w) < py(2,—W).
Since V,(z,)= V,(%,) and V,(%,) < V,(Z,), we have that
G(z,)<G(¢,) and  G(2)<G(Z)). (37)
We claim that

e~ Vi(zy)

palzi—w)+e Epy (2, —w)
< N0py(z =) + e Npy (2, — ). (38)
Recall that V,(z,) = V,(%,) and hence
e~ ") L o= &) _{_67171(21)' (39)

Ifz,, we A, or z;, we A_, Lemma 1 implies that

P21 = W)= o2y = W) Zpy(Zy —w) = pylzy —W).
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Thus it suffices to consider two cases:

o If py(Z, —w) =1, then p,(z; —w)=1 and (38) follows from (39).
e If p)(z,—w)=1 and p,(Z, —w) =0, then (38) follows from (37).
Suppose now that z; e 4_ and we A, , or z; € A, and we A _. Then

Lemma 1 implies that

Pa(zy — W) < po(Z1 —w) < py(2, — W),

and

Doz = W) < pylzy — W) < py(2, — ),

and again two cases arise:

o If py(z;y —w)=1, then (38) follows from (39).
e If py(z, —w)=0 and p,(Z, —w) =1, then (38) follows from (37).
Thus

G(zy) +G(2)) < 6(21) + 6(21)7

and from here the proof proceeds exactly as the proof of Lemma 2. ||
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