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Abstract: We survey a number of models from physics, statistical me-
chanics, probabilit y theory and combinatorics, which are each described in
terms of an orthogonal polynomial ensemble. The most prominen t exam-
ple is apparently the Hermite ensemble, the eigenvalue distribution of the
Gaussian Unitary Ensemble (GUE), and other well-known ensembles known
in random matrix theory lik e the Laguerre ensemble for the spectrum of
Wishart matrices. In recent years, a number of further interesting models
were found to lead to orthogonal polynomial ensembles, among which the
corner growth model, directed last passagepercolation, the PNG droplet,
non-colliding random processes,the length of the longest increasing subse-
quence of a random permutation, and others.

Much atten tion has been paid to univ ersal classesof asymptotic behav-
iors of these models in the limit of large particle numbers, in particular the
spacings between the particles and the 
uctuation behavior of the largest
particle. Computer simulations suggest that the connections go even far-
ther and also comprise the zeros of the Riemann zeta function. The existing
proofs require a substantial technical machinery and heavy tools from var-
ious parts of mathematics, in particular complex analysis, combinatorics
and variational analysis. Particularly in the last decade, a number of �ne
results have been achieved, but it is obvious that a comprehensive and
thorough understanding of the matter is still lacking. Hence, it seemsan
appropriate time to provide a surveying text on this research area.

In the present text, we intro duce various models, explain the questions
and problems, and point out the relations between the models. Further-
more, we concisely outline some elements of the proofs of some of the most
imp ortan t results. This text is aimed at non-experts with strong background
in probabilit y who want to achieve a quick survey over the �eld.

AMS 2000 sub ject classi�cations: primary 15A52, 33C45, 60-02, 60C05,
60F05, 60K35, 82C22, 82C41; secondary 05E10, 15A90, 42C05.
Keyw ords and phrases: Random matrix theory, Vandermonde determi-
nant, GUE, orthogonal polynomial method, bulk and edge scaling, eigen-
value spacing, Tracy-Widom distribution, corner growth model, noncollid-
ing processes,Ulam's problem.
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1. In tro duction

In the 1950ies,it was found that certain important real N -particle ensembles
(that is, joint distributions of N real random objects) can be described by a

� This is an original survey paper
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probabilit y measurePN of the form

PN (dx) =
1

ZN
� N (x)2

NY

i =1

� (dx i ); x = (x1; : : : ; xN ) 2 WN ; (1.1)

on the set

WN = f x = (x1; : : : ; xN ) 2 RN : x1 < x2 < � � � < xN g; (1.2)

where ZN is the normalization, � somedistribution on R having all moments,
and

� N (x) =
Y

1� i<j � N

(x j � x i ) = det
�
(x j � 1

i ) i;j =1 ;:::;N
�
; x = (x1; : : : ; xN );

(1.3)
is the well-known Vandermondedeterminant. That is, PN is the transformed
con�guration distribution of a vector of N particles, distributed independently
according to � under the in
uence of the mutually repelling density � 2

N , prop-
erly normalized to a probabilit y measureon the so-calledWeyl chamber WN .
The most important and one of the earliest examplesis the joint distribution
of the eigenvaluesof a random matrix drawn from a GaussianUnitary Ensem-
ble (GUE), in which case� is a Gaussian distribution, and PN is called the
Hermite ensemble. Also spectra of a couple of other types of random matrices
turned out to admit a description of the form (1.1), among which the Wishart
matrices, where � is a Gamma distribution and PN the Laguerre ensemble. The
explicit form of (1.1) served as a starting point for many deepinvestigations of
asymptotic spectral properties of random matrices. Furthermore, non-colliding
Brownian motions (sometimescalled Dyson'sBrownian motions) could alsosuc-
cessfully be investigated in the early 1960iesusing descriptions in the spirit of
(1.1). Also variants of (1.1) (e.g., with � 2

N replacedby � N or by � 4
N ) turned

out to have a signi�can t relevanceand could be treated using related methods.
For a long while, spectra distributions of certain random matrices (and the

closelyrelated non-colliding Brownian motions) were the only known important
models that admit a description as in (1.1). However, in the secondhalf of the
1990ies,the interest in non-colliding random processeswasrenewed and wasput
on a more systematic basis, and other types of statistical physics models were
found to admit a description of the form (1.1): certain random growth models
(equivalently , directed last passagepercolation), polynuclear growth models,
the problem of the length of the longest increasing subsequencein a random
permutation, the Aztec diamond, and others. Furthermore, e�ectiv e analytic
techniques for deriving asymptotic properties of PN , which were developed in
the early 1990ies,have recently been systematically extended and improved.
As a consequence,in recent years a lot of questionsabout these models could
be answered. The last ten years saw an exploding activit y of research and an
enormousprogressin the rigorous understanding of someof the most important
of these models, and the work is still going on with an increasing velocity. A
signi�can t number of deepand important results on universality questionshave
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recently been solved, building on work of the last 40 or so years. However, it
still seemsas if a complete understanding of the phenomenahas not yet been
achieved,sincemany of the existing proofsare still basedon explicit calculations
and direct arguments. There seem some intricate mechanisms present which
have been understood only in special casesby formal analogies.It will be an
important and di�cult task in future to �nd the essencesof the phenomenain
general.

In view of the great recent achievements, and also in order to draw the at-
tention of non-experts to this �eld, it seemsfruitful to write a comprehensive
survey on most of the models that can be described by an ensemble as in (1.1).
The present text is an attempt to explain the problemsand questionsof interest
in a unifying manner, to present solutions that have beenfound, to give a 
a vor
of the methods that have beenused,and to provide useful guidelinesto much of
the relevant literature. It is aimed at the non-expert, the newcomer to the �eld,
with a profound background in probabilit y theory, who seeksa non-technical
intro duction, heuristic explanations, and a survey. Our concern is to compre-
hensively summarize the (in our opinion) most important available results and
ideas, but not to lose ourselves in details or even technicalities. In the three
remaining sections,we give an account on the three research areaswe consider
most important in connection with orthogonal polynomial ensembles: random
matrix theory, random growth models, and non-colliding random processes.

A probabilit y measurePN of the form (1.1) is called an orthogonal polyno-
mial ensemble. The theory of orthogonal polynomials is a classicalsubject, and
appearsin various parts of mathematics, like numerics,combinatorics, statistics
and others. The standard referenceon orthogonal polynomials is [Sz75]. How-
ever, the term `orthogonal polynomial ensemble' is relatively recent and may be
motivated by the following. Let (� N )N 2 N0 denote the sequenceof polynomials
orthogonal with respect to the inner product on the spaceL 2(� ). The polynomi-
als are unique by the requirement that the degreeof � N is N , together with the
normalization � N (x) = xN + O(xN � 1). They may be obtained from the mono-
mials x 7! x j via the well-known Gram-Schmidt algorithm. A nice relation1

between the orthogonal polynomials and the ensemble PN in (1.1) now is the
fact that � N may be seenas the `expectedpolynomial' of the form

Q N
i =1 (x � x i )

with (x1; : : : ; xN ) distributed according to PN , i.e.,

� N (x) =
Z

W N

NY

i =1

(x � x i ) PN (dx1 � � � dxN ): (1.4)

2. Random matrix theory

In spite of the appearanceof various random matrix distributions in several
areasof mathematics and physics, it has becomecommon to usethe term ran-
dom matrix theory exclusively for thosematrix distributions that are used,since

1Further connections will be exploited in Section 2.7 below.
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Wigner's intro duction to physics in the 1950ies,as models for energy levels in
slow nuclear reactions. Measurements had already given rise to a hope that the
energylevels follow a universal picture. Wigner's hope was that the eigenvalues
of appropriate classesof random matrices would be mathematically tractable
and would re
ect this universality in the limit of unbounded matrix size.Based
on Wigner's early work, Dyson [Dy62a], [Dy62c] argued on physical grounds
that three certain matrix classesbe relevant for the description of energy lev-
els, the by now famousorthogonal, unitary and symplectic Gaussianensembles.
It soon turned out that their eigenvalue distributions are given in terms of cer-
tain orthogonal polynomial ensembles.In the mid-nineties, sevenmore Gaussian
random matrix ensembleswere intro duced [Ve94], [AZ96], [AZ97], [Zi97], and it
was argued that these in total ten classesform a complete classi�cation of the
set of random matrix ensembles that are physically relevant in a certain sense,
subject to somesymmetry constraints.

In the last decades,random matrix theory becamea major mathematical and
physical research topic, and more and more exciting phenomenawere found. In
the last decade,universality of many aspects could be proven for large classes
of models, and the research is going on increasingly fast.

The standard referenceon the mathematical treatment of random matrices is
[Me91]. Authored by a physicist with strong mathematical interest, it explains
the physical relevanceof a host of random matrix models and provides a great
amount of relevant formulas and calculations. A recent historical survey on the
�eld from a physicist's point of view in [FSV03] (seethe entire volume), which
contains a vast list of references,mostly from the physicsliterature. A thorough
summary of the proofs of someof the most important results on random matrix
theory from the viewpoint of Riemann-Hilbert theory is in [De98]. Further sur-
veying and appetizing texts on random matrix theory are [TW93b] and [Di03].
When the present text is being written, some(teams of) authors are preparing
monographson random matrix theory, among which [Fo05+].

In the present section we �rst intro duce to some of the above mentioned
matrix ensemblesand their eigenvalue distributions in Sections2.1{ 2.4, present
the famous Wigner semicircle law in Section 2.5, discusscorrelation functions
in Section 2.6 and intro duce the important method of orthogonal polynomials
in Section 2.7. Afterwards, we present the most important asymptotic results
on eigenvalues, the bulk limits in Section 2.8 and the edgeasymptotics in Sec-
tion 2.9. The main proof method, the Riemann-Hilbert theory, is outlined in
Section 2.10. Finally, in Section 2.11 we explain somerelations to the zerosof
the famous Riemann zeta function.

2.1 The questions under in terest
Consider a random Hermitian N � N -matrix, M , and denote its eigenvalues
by � 1 � � 2 � � � � � � N . Hence, � = (� 1; : : : ; � N ) is a random element of
the closure of the Weyl chamber WN in (1.2). Among others, we shall ask the
following questions:

(i) What is the distribution of � for �xed N 2 N?
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(ii) What is the limiting scaleddistribution of � as N ! 1 , in terms of the
empirical measure 1

N

P N
i =1 � e� i

, for an appropriate scaling e� i of � i ?
(iii) What is the limiting behavior of the largest eigenvalue, � N , as N ! 1 ?

(Or of the smallest,� 1, or the joint distribution of a few of the smallest,say
(� 1; : : : ; � m ) for somem.) More precisely, what is the right normalization
for a law of large numbers, and what is the right scaling for a limit law, if
present?

(iv) What are the limiting statistics of the spacingsbetweenneighboring eigen-
values?How many gapsare there with a given maximal length? What is
the averagedistance between� cN � r N and � cN + r N for somec 2 (0; 1) and
somerN ! 1 such that rN =N ! 1 ?

Question (iii) refers to the edgeof the spectrum, while (iv) refers to the bulk
of the spectrum.

The so-calledWigner surmise conjecturesthat the limiting spacingbetween
two subsequent eigenvaluesof a large Gaussianmatrix should have the density
(0; 1 ) 3 x 7! Cxe� cx 2

. This is true for a (2� 2)-matrix
�

a b
b c

�
with independent

standard Gaussian entries a; b;c: The spacing � 2 � � 1 is equal to [(a � c)2 +
4b2]1=2, whose square has the � 2-distribution. However, the Wigner surmise
turned out to be inaccurate (even though rather closeto the true distribution):
the asymptotic spacingdistribution is di�eren t.

2.2 Matrix distributions
It turned out [Dy62a] that, according to time reversal invariance properties of
the material considered,basically three di�eren t matrix classesare of interest as
models for energy levels of nuclea: matrices whoseentries are (1) real numbers,
(2) complex numbers, and (3) quaternions. One basic requirement is that the
random matrices consideredbe symmetric, respectively Hermitian, respectively
self-dual, such that all the eigenvalues are real numbers. For the (famous and
most studied) special case of Gaussian entries, these three casescorrespond
to the Gaussian Orthogonal Ensemble(GOE), the Gaussian Unitary Ensemble
(GUE) and the GaussianSimplectic Ensemble(GSE). In the following, we shall
concentrate mostly on the unitary ensemble, sincethis classis, in somerespects,
technically the easiestto treat and exhibits the farthest reaching connectionsto
other models.

We assumethat M = (M i;j ) i;j =1 ;:::;N is a random Hermitian (N � N )-matrix
with complex entries. In particular, the diagonal entries M i;i are real, and for
i 6= j , we have M i;j = M (R)

i;j + i M (I)

i;j = M (R)

j;i � i M (I )

j;i = M j;i , where M (R)

j;i and
M (I )

j;i are the real part and imaginary part, respectively.
Two basicrespective requirements are (1) independenceof the matrix entries,

and (2) invarianceof the distribution of the matrix under unitary conjugations.
Thesetwo ideas lead to di�eren t matrix classes:

Wigner matrices: We call the random Hermitian matrix M a Wigner matrix
if the collection f M (R)

i;j : i; j = 1; : : : ; N ; i < j g [ f M (I )

i;j : i; j = 1; : : : ; N ; i <
j g [ f M i;i : i = 1; : : : ; N g consists of independent, not necessarily identically
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distributed, randomvariableswith mean zero and a �xed positive variance, which
is the samefor the real parts and for the imaginary parts, respectively.

Hence, there are N 2 independent real variables that determine the distrib-
ution of M . The distribution of the diagonal elements is arbitrary , subject to
moment conditions.

Unitary-in varian t matrices: We call the randomHermitian matrix M unitary-
invariant if the joint distribution of its entries has the form

P(dM ) = const: e� F (M )
NY

i =1

dM i;i

Y

1� i<j � N

�
dM (R )

i;j dM (I)

i;j

�
= const: e� F (M ) dM ;

(2.1)
for somefunction F , and, for everyunitary matrix U, P(dM ) is invariant under
conjugation with U.

The last requirement implies that e� F (U M U � 1 ) d[UM U � 1] = e� F (M ) dM ,
and since it is easy to seethat d[UM U � 1] = dM [De98, p. 92], the function
F must be a symmetric function of the eigenvalues of M . One particular and
important example is the casewhere

F (M ) = Tr(Q(M )) ; Q(x) = 
 2j x2j + � � � + 
 0; a polynomial with 
 2j > 0:
(2.2)

With the exception of the Gaussian casej = 1, there are strong correlations
between all the matrix entries. The idea behind the invariance under unitary
conjugations is that the matrix distribution should not depend on the observa-
tion system, as long as it is basedon a unitary coordinate axis.

The famousGUE lies in the intersection of the Wigner-classand the unitary-
invariant class. It is a Wigner matrix with all the sub-diagonal entries being
complexstandard normal variables2 and the diagonalentries beinga real normal
variable with variancetwo3. Alternately , it is the unitary-in variant matrix of the
form (2.1) with F (M ) = Tr(M 2).

The GOE is the real variant of the GUE; i.e., the sub-diagonal entries are
independent standard real normal variables with the samevariance as the di-
agonal entries. Hence, the GOE has 1

2 N (N + 1) independent sourcesof real
randomness.

The GSE is the symplectic variant of the GUE, i.e., the diagonal entries are
real standard normals as in the GUE, and the sub-diagonalentries are elements
of the quaternion numbers.Their four components are i.i.d. real standard normal
variables. Hence,the GSE has N + 2N (N � 1) independent real randomnesses.

Further important related classesof random matrices are the Wishart matri-
ces, which are of the form A � A with A a (not necessarilysquare)matrix having

2By this we mean that the real and the imaginary part are two independent standard
normal variables.

3Some authors require the sum of the variances per entry to be equal to one, or equal to
1=N .
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throughout i.i.d. complex normal entries (�rst consideredin a multiv ariate sta-
tistics context by Wishart [Wi28]). See[Me91] for further classes.

2.3 Eigen value distributions
Let � 1 � � 2 � � � � � � N be the N eigenvaluesof the random Hermitian matrix
M . We askfor the distribution of the random vector � = (� 1; : : : ; � N ). A concise
answer for a general Wigner matrix M seemsinaccessible,but for unitary-
invariant ensembles there is a nice, fundamental formula. We formulate the
GUE caseand make a couple of remarks afterwards.

Lemma 2.1 (Eigen value distribution for GUE). Let M be a random ma-
trix from GUE. Then the distribution of the vector � = (� 1; : : : ; � N ) of eigen-
valuesof M has the density

PN (x) =
1

ZN
� N (x)2

NY

i =1

e� x 2
i ; x = (x1; : : : ; xN ); (2.3)

with ZN the appropriate normalizing constant on the Weyl chamber WN in
(1.2).

Sketch of the pro of. Choosea (random) unitary matrix U which diagonalizes
M , i.e., the matrix D = UM U � 1 is the diagonal matrix with the eigenvalues
on the main diagonal. Hence,

dM = d
�
U � DU) = dU � � D � U + U � � dD � U + U � � D � dU

= U � �
�
dD + U � dU � � D + D � dU � U � �

� U

= dD + U � dU � � D + D � dU � U �

= dD + dA � D � D � dA;

(2.4)

where we usedthe invariance of dM under unitary conjugations, and we intro-
duced dA = U � dU � = � dU � U � . Now integrate over dM i;j with i < j and use
calculus. See[Me91, Ch. 3] or [HP00, Ch. 4] for details.

Remark 2.2. (i) We chosethe normalization ZN such that PN is normalized
on WN = f x 2 RN : x1 < x2 < � � � < xN g. WeextendPN to a permutation
symmetric function on RN . Hence, bPN = 1

N ! PN is a probabilit y density
on RN .

(ii) The density in (2.3) is called the Hermite ensemble. This is one of the
most prominent examplesof an orthogonal polynomial ensemble; the name
refers to the Hermite polynomials which form an orthonormal basewith
respect to Gaussianweights.

(iii) For the GOE and the GSE, there are analogousformulas. Indeed, replace
� N (x)2 by � N (x) � with � = 1 respectively � = 4 to obtain the corre-
sponding statement for GOE, respectively for GSE [Me91, Ch. 3]. The
three matrix classesare usually marked by the parameter

� = 1 for GOE; � = 2 for GUE; � = 4 for GSE: (2.5)
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(iv) It is easyto extend Lemma 2.1 to unitary-in variant matrix distributions.
Indeed, if the distribution of M is of the form (2.1) with F (M ) =
f (� 1; : : : ; � N ), a symmetric function that dependsonly on the spectrum of
M , then the density of (� 1; : : : ; � N ) is proportional to x 7! e� f (x ) � N (x)2.
An analogousassertion is true for the orthogonal case,see[HP00, Ch. 4].

(v) If M = A � A is a Wishart matrix, i.e., A is an (N � k)-matrix (with k � N )
having throughout independent complexstandard normal entries, then the
vector of eigenvaluesof M has the density [Ja64]

x 7!
1

ZN ;k
� N (x)2

NY

i =1

�
xN � k

i e� x i
�
; x 2 WN \ (0; 1 )N : (2.6)

This ensemble is called the Laguerre ensemble.
(vi) Using Selberg's integral [HP00, p. 118/9], the normalizing constants of the

Hermite ensemble and the Laguerre ensemble may be identi�ed in terms
of the Gamma-function. Indeed, for any � > 0, we have

Z

RN
j� N (x)j �

e�k x k2

(2� )N =2
dx =

NY

i =1

�(1 + i �
2 )

�(1 + �
2 )

; (2.7)

and, for any a > 0,

Z

RN
j� N (x)j �

NY

i =1

�
xa� 1

i e� x i
�

dx =
N � 1Y

j =0

�(1 + (1 + j ) �
2 )�( a + j �

2 )

�(1 + �
2 )

: (2.8)

(vii) There is obviously a mutually repelling force between the eigenvalues in
(2.3): the density vanishesif any two of the N arguments approach each
other. It doesnot seemeasyto derivean intuitiv e reasonfor this repellence
from random matrix considerations, but if the matrix M is embedded
in a natural processof random Hermitian matrices, then the processof
eigenvalues admits a nice identi�cation that makes the repellencerather
natural. This is the subject of Section 4.1 below.

3

2.4 Circular ensembles
An important type of random Gaussian matrices are the circular ensembles,
which were intro duced in [Dy62a] in the desire to de�ne a matrix model that
can be seenas the conditional Gaussian ensembles given a �xed value of the
exponential weight F (M ) in (2.1). Again, there is an orthogonal, unitary and
symplectic version of the circular ensemble.

We give the de�nition of the circular ensembles [Me91, Ch. 9]. The circular
orthogonal ensemble(COE) is the unique distribution on the set of orthogo-
nal symmetric (N � N )-matrices that is invariant under conjugation with any
real orthogonal matrix. That is, an orthogonal symmetric random matrix S is
COE-distributed if and only if W SW � 1 has the samedistribution as S, for any
real orthogonal matrix W . The circular unitary ensemble(CUE) is the unique
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distribution on the set of complex unitary (N � N )-matrices that is invariant
under (two-sided)transformations with unitary matrices, i.e., a complexunitary
random matrix S is CUE-distributed if and only if USV has the samedistribu-
tion asS, for any two unitary matrices U and V . Finally, the circular symplectic
ensemble(CSE) is the unique distribution on the set of self-dualunitary quater-
nion matrices that is invariant under every automorphism S 7! W R SW , where
W is any unitary quaternion matrix and W R its dual.

All eigenvalues of the circular matrices lie on the unit circle and may be
written � i = ei � i with 0 � � 1 < � 2 < � � � < � N < 2� . One advantage of
the circular ensembles is that the joint distribution density of their eigenvalues
admits particularly simple formulas. Indeed, adopting the parameter � = 1; 2; 4
for the COE, CUE and CSE, respectively (recall (2.5)), the density of the vector
(� 1; : : : ; � N ) of eigenvalue anglesis given as

P (circ ;� )

N (� 1; : : : ; � N ) =
1

Z (circ ;� )

N

Y

1� `<j � N

jei � ` � ei � j j � =
1

Z (circ ;� )

N

�
� � N (ei � � )

�
� �

:

(2.9)
Here we chosethe normalization such that P (circ ;� )

N is a probabilit y density on
WN \ [0; 2� )N where WN = f x 2 RN : x1 < � � � < xN g is the Weyl chamber.

2.5 The law of large num bers: Wigner's semi-circle law
In this sectionwe present the famoussemi-circlelaw �rst proved by Wigner: the
convergenceof the meaneigenvalue density asthe sizeof the matrix increasesto
in�nit y. This is an asymptotic statement about the convergenceof the empirical
measure4 of the appropriately scaledeigenvalues of a random matrix towards
the distribution

� � (dx)
dx

=
1
�

p
2 � x21l[�

p
2;

p
2](x); (2.10)

the famoussemicircle distribution . We �rst formulate the semicirclelaw for the
GUE, make some remarks and sketch two proofs. Afterwards we summarize
someextensions.

Theorem 2.3 (Semicircle law). Let the randommatrix M N be a GUE-matrix
of size N , with eigenvalues� ( N )

1 < � � � < � ( N )

N . Let

� N =
1
N

NX

i =1

� e� ( N )
i

; where e� ( N )

i = N � 1
2 � ( N )

i ; (2.11)

be the empirical measure of the rescaled eigenvalues.Then � N convergesweakly
in distribution towards the semicircle distribution � � in (2.10).

We shall call � ( N )

1 ; : : : ; � ( N )

N the (unscaled) eigenvaluesand e� ( N )

1 ; : : : ; e� ( N )

N the
(re)scaledeigenvalues.

4By the empiric al measure of N points x1 ; : : : ; xN we denote the probabilit y measure
1
N

P N
i =1

� x i .
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Remark 2.4. (i) Theorem 2.3 revealsthat the eigenvaluesare of order
p

N
and that the largest behaves like

p
2N . In particular, all eigenvalues lie

in the interval N 1=2[�
p

2 � ";
p

2 + " ] for any " > 0 with overwhelming
probabilit y, and the spacingsbetweensubsequent eigenvaluesare of order
N � 1=2 in the bulk of the spectrum and much larger closeto the edge.

(ii) The convergencetakes place in the sensethat the expectation of every
boundedand continuousfunction of the empirical measureconverges.Note
that the moments (i.e., the family of maps � 7!

R
xk � (dx) for k 2 N)

constitute a convergencedetermining family.
(iii) Note that, for any a < b,

E
�
� N ([a; b])

�
=

1
N

E
�
# f i : e� i 2 [a; b]g

�
:

In particular, the semicircle law states that the expected number of un-
scaledeigenvalues� ( N )

i in the interval [aN
1
2 ; bN

1
2 ] behaveslike N � � ([a; b]).

SeeRemark 2.5(vi) for further asymptotic statements.
(iv) The convergencein Theorem 2.3 has also been proved [Ar67] in distrib-

ution in the almost sure sense,see[HP00, Th. 4.1.5]. More precisely, let
(M i;j ) i;j 2 N be a sequenceof independent standard complex normal ran-
dom variables and denote by M N = (M i;j ) i;j � N the (N � N )-corner. Let
� N (as in (2.11)) denote the empirical measureof the rescaledeigenval-
ues of M N . Then all the k-th moments of � N converge towards the k-th
moment of � � .

(v) See[HP00, Ch. 4] for the statement analogousto Theorem 2.3 for the
orthogonal ensembles. 3

We turn now to sketchs of two proofs.

Sketch of the �rst pro of: the metho d of momen ts. This is Wigner's
original method [Wi55], [Wi58], see[HP00, Ch. 4]. The idea is that it su�ces
to prove that the expected moments of � N convergeto the onesof � � , i.e.,

lim
N !1

E
hZ

R
xk � N (dx)

i
=

Z

R
xk � � (dx); k 2 N: (2.12)

By symmetry, all odd moments of both � N and � � are zero, henceit su�ces to
considerk = 2m. The (2m)-th moments of � � are known to be 2� m

1+ m

� 2m
m

�
. Note

that the left hand side is equal to the normalized trace of M 2m
N , i.e.,

E
hZ

R
x2m � N (dx)

i
=

1
N

NX

i =1

E
hZ

x2m � e� ( N )
i

(dx)
i

=
1

N 1+ m E
h NX

i =1

�
� ( N )

i

� 2m
i

=
1

N 1+ m E
�
Tr(M 2m

N )
�

=
1

N 1+ m

NX

i 1 ;::: ;i 2m =1

E
h2mY

j =1

M i j � 1 ;i j

i
;

(2.13)
where M i;k denote the entries of the matrix M N . Somecombinatorial work has
to be done in order to discard from the sum those terms that do not contribute,
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and to extract the leading terms, using the independenceof the matrix entries
and rough boundson the moments of the matrix entries. The term coming from
the subsumover those multi-indices i 1; : : : ; i 2m with # f i 1; : : : ; i 2m g < m + 1 is
shown to vanish asymptotically, and the one with # f i 1; : : : ; i 2m g > m + 1 is
shown to be equal to zero.

The secondproof is in the spirit of statistical mechanics and is basedon the
eigenvalue density in (2.3). Indeed, the convergenceis derived with the help of
large-deviation type arguments and the minimization of a certain energy func-
tional. In particular, the semicircle law turns out to be the unique minimizer,
becauseof which it is sometimescalled an equilibrium measure for that func-
tional. We partially follow the presentation in [De98, Ch. 6], which is basedon
[Jo98] and [DMK98]. A general referencefor equilibrium measuresand related
material is [ST97].

Sketch of the second pro of: the equilibrium measure metho d. The start-
ing point is the observation that the joint density PN of the unscaledeigenvalues
in (2.3) is of the form PN (x) = 1

Z N
e� H N (x ) with the Hamiltonian

HN (x) =
NX

i =1

x2
i � 2

X

1� i<j � N

log(x j � x i ): (2.14)

In order to obtain a non-degeneratelimit law, we have to rescalethe � ( N )

i in
such a way that both parts of H N (x) are of the same order in N . Since the
secondpart is always of order N 2, it is clear that we should considerthe scaling
e� ( N )

i = N � 1
2 � ( N )

i as in the theorem. The vector e� ( N ) of the rescaledquantities
has the density

P
� e� ( N ) 2 dx

�
=

1
eZN

e� N 2 eH N (x ) dx; (2.15)

where

eHN (x) =
1
N

NX

i =1

x2
i �

2
N 2

X

1� i<j � N

log(x j � x i ); (2.16)

and we absorbed someterms in the new normalizing constant. In terms of the
empirical measureof the rescaledquantities, � N , the Hamiltonian takes the
shape eHN � I (� N ), where

I (� ) =
Z

R
x2 � (dx) �

Z

R

Z

R
log jx � yj � (dx)� (dy); � 2 M 1(R): (2.17)

Here we suppressedthe diagonal terms, i.e., the summandsfor i = j , which is a
technical issue.Sincethe integration is only of the order N and the exponent of
order N 2, it is clear that the large-N behavior of the measure 1

eZ N
e� N 2 I ( � N ) dN x

is determined by the minimizer(s) of the variational problem

E = inf
� 2M 1 (R)

I (� ): (2.18)
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The minimizer(s) arecalledequilibrium measure(s). According to (a high-dimen-
sional variant of) the well-known Laplace method, the value of E should be the
large-N exponential rate of PN (x) with speedN 2, and the empirical measures
� N should convergetowards the minimizer(s).

The analysisof the problem in (2.18) is not particularly di�cult. Using stan-
dard methods one shows the existenceand uniquenessof the equilibrium mea-
sure and the compactnessof its support. Using the Euler-Lagrange equation
in the interior of its support, one identi�es the equilibrium measurewith the
semicirclelaw, � � . However, in order to show the convergenceof � N towards � � ,
one needsto show that the contribution coming from outside a neighborhood
of � � is negligible, which is a more di�cult issue.This is carried out in [Jo98].

Remark 2.5. (i) The moment method has beengeneralizedto a large class
of Wigner matrices, [HP00, Ch. 4]. Indeed, assumethat the real and the
imaginary parts of the sub-diagonalentries of M N are independent, cen-
tred and have variance one and that the diagonal entries have variance
two, and assumethat, for any k 2 N, their k-th moments are uniformly
bounded in N , then the conclusionof Theorem 2.3 remains true.

(ii) The equilibrium measuremethod has been generalized to a large class
of unitary-in variant matrices in [D99] and [DMK98], seealso [De98]. To
mention one of the most obvious generalisations,let M N be a matrix as
in (2.1) with F as in (2.2), i.e., the eigenvalues have the density in (2.3)
with the term x2

i replacedby the polynomial Q(x i ) = 
 2j x2j
i + O(x2j � 1

i );
recall Remark 2.2(iv). The correct scaling is e� ( N )

i = N � 1
2 j � ( N )

i , and in the
limit as N ! 1 , only the leading term of Q(x i ) survives.The empirical
measureof the e� ( N )

i convergesweakly towards the equilibrium measureof
the functional

� 7!
Z

R

 2j x2j � (dx) �

Z

R

Z

R
log jx � yj � (dx)� (dy): (2.19)

The analysis of this functional and the proof of convergencetowards its
minimizer is similar to the proof in the special casewhere Q(x) = x2.
The equilibrium measurehas a density, and its support is compact. If  
denotesthe density and [� a; a] its support, then  (x) = (a2 � x2)

1
2 h1(x)

for jxj < a, where h1 is a polynomial of order 2j � 2.
(iii) Even more generally, onestarts immediately from distributions as in (2.3)

with x2
i replacedby N V (x i ) (note the factor of N ) with somesu�cien tly

regular function V tending to in�nit y at in�nit y su�cien tly fast. With this
ansatz,no rescalingis necessary, i.e., the empirical measureof the unscaled
vector (� ( N )

1 ; : : : ; � ( N )

N ) converges.The relevant functional is then the one
in (2.19) with 
 2j x2j replacedby V (x). The Euler-Lagrangeequationsfor
this functional are, for somel 2 R,

2
Z

R
log jx � yj � 1 � � (dy) + V (x) = l x 2 supp(� � )� : (2.20)
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However, for generalV , the explicit identi�cation of the minimizer is con-
siderably more di�cult and involved. In general, if V is convex, then the
support of the equilibrium measureis still an interval, but in the general
caseit consistsof a �nite union of intervals, provided that V is analytic
[DMK98].

(iv) The energy functional I in (2.17) has an interpretation in terms of an
electrostatic repulsion in the presenceof an external quadratic �eld, if
� is the distribution of electrons. The secondterm is sometimescalled
logarithmic entropy or Voiculescu'sentropy, see[Vo93] and [Vo94].

(v) An advantage of the equilibrium measure method is that it opens up
the possibility of a large-deviation principle for the empirical measureof
the rescaledeigenvalues. (This is, roughly speaking, the determination of
the large-N decay rate of the probabilit y for a deviation of the empirical
measurefrom the semicirclelaw in terms of a variational problem involving
the energy functional.) The �rst proof of such a principle is in [BAG97],
after pioneering (and lessrigorous) work in [Vo93] and [Vo94]. Extensive
and accessiblelecture noteson large deviation techniquesfor large random
matrices may be found in [Gui04].

(vi) In the courseof the equilibrium-measureproof of Theorem 2.3 (see[De98,
Theorem 6.96]), for every k 2 N, also the weak convergenceof the k-
dimensional marginal of bPN with density

bPN ;k (x1; : : : ; xk ) =
� Z

RN � k

bPN (x1; : : : ; xN ) dxk+1 � � � dxN

�
; (2.21)

towards the k-fold product measure� 
 k
� is proved. As an elementary con-

sequence,N � k times the expectednumber of k-vectorsof di�eren t rescaled
eigenvalues in [a; b] convergestowards � � ([a; b])k .

(vii) There is an analogue of the semicircle law for the spectrum of the cir-
cular ensembles intro duced in Section 2.4, without normalisation of the
eigenvaluesrequired. An innovative technique for deriving this law wasin-
tro duced in [DS94] (seealso [DE01]), where the asymptotic independence
and normalit y of the traces of powers of the random matrix under con-
sideration is shown. Related results are derived in [DS94] for the problem
of the longest increasing subsequenceof a uniform random permutation,
which is intro duced in Section 3.5.

3

2.6 Correlation functions
In this sectionwe let PN : WN ! [0; 1 ) be any probabilit y density on the Weyl
chamber WN in (1.2) and � = (� 1; : : : ; � N ) 2 WN be a random variable with
density PN . We intro duce the so-calledcorrelation functions of PN , which will
turn out to be important for two reasons:(1) much interesting information about
the random variable � canbeexpressedin terms of the correlation functions, and
(2) when specializing PN to an orthogonal polynomial ensemble, the correlation
functions admit a determinantal representation which will be fundamental for
the asymptotic analysis of the ensemble.
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We extend PN to a permutation invariant function on RN . Then bPN = 1
N ! PN

is a probabilit y density on RN . For k 2 N, the k-point correlation function is
de�ned as

R( N )

k (x1; : : : ; xk ) =
N !

(N � k)!

Z

RN � k

bPN (x) dxk+1 dxk+2 � � � dxN ; x1; : : : ; xk 2 R:

(2.22)
Then bPN ;k = (N � k )!

N ! R( N )

k is a probabilit y density on Rk , the marginal density of
bPN in (2.21). It is a simplecombinatorial exerciseto seethat, for any measurable
set A � R, the quantit y

R
A k R( N )

k (x) dk x is equal to the expected number of k-
tupels (� i 1 ; : : : ; � i k ) of distinct particles such that � i j 2 A for all j = 1; : : : ; k.
In particular, R ( N )

1 (x) dx is the expected number of particles in dx.
As a �rst important application, the probabilit y that a given number of par-

ticles lie in a given set can be expressedin terms of the correlation functions as
follows.

Lemma 2.6. For any N 2 N, any m 2 f 0; 1; : : : ; N g and any interval I � R,

P
�
# f i � N : � i 2 I g = m

�
=

(� 1)m

m!

NX

k= m

(� 1)k

(k � m)!

Z

I k
R( N )

k (x) dk x: (2.23)

Sketch of the pro of. We only treat the casem = 0, the generalcasebeing a
simple extension. Expand

NY

i =1

[1 � 1lI (x i )] =
NX

k=0

(� 1)k � k
�
1lI (x1); : : : ; 1lI (xN )

�

where the functions � k are permutation symmetric polynomials, which are de-
�ned by the relation

Q N
i =1 (z � � i ) =

P N
k=0 (� 1)N � k zk � k (� ) for any z 2 R and

� = (� 1; : : : ; � N ) 2 RN . Now multiply by the density bPN and integrate over
RN . Using the explicitly known coe�cien ts of the polynomials � k , and using the
permutation invariance of R ( N )

k , one arrivesat (2.23).

Also the expected number of spacingsin the vector � can be expressedin
terms of the correlation functions. For x = (x1; : : : ; xN ) 2 WN , u 2 R and
s; t � 0 denote by

S( N ) (s; x) = #
n

j 2 f 1; : : : ; N � 1g: x j +1 � x j � s
o

; (2.24)

S( N )
t (s; u; x) = #

n
j 2 f 1; : : : ; N � 1g: x j +1 � x j � s; jx j � uj � t

o
; (2.25)

the number of nearest-neighbor spacingsin the sequencex1; : : : ; xN below the
threshold s, respectively the number of these spacings between those of the
x1; : : : ; xN that are located in the interval with diameter 2t around u. Clearly,
S( N ) (s; x) = lim t !1 S( N )

t (s; u; x). It is convenient to extend S( N ) (s; �) and
S( N )

t (s; u; �) to permutation invariant functions on RN .
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Lemma 2.7. For any N 2 N and t; s > 0, and u 2 R,

E
�
S( N )

t (s; u; � )
�

=
NX

k=2

(� 1)k

(k � 1)!

Z u+ t

u � t
dr

Z

[0;s]k � 1
R( N )

k (r; r + y2; r + y3; : : : ; r + yk ) dy2 � � � dyk :

(2.26)

Sketch of the pro of. We do this only for t = 1 . For k � 2 and y =
(y1; : : : ; yk ) 2 Rk , let

� k ;s (y) =
kY

i;j =1

1lfj yi � yj j � sg and

Z ( N )

k ;s (y) =
X

1� j 1 < ��� <j k � N

� k ;s (yj 1 ; : : : ; yj k ):

Elementary combinatorial considerations show that S( N ) (s; x) =
P N

k=2 (� 1)k Z ( N )

k ;s (x) for any x 2 WN . Multiplying this with the density PN ,

integrating over WN and using the permutation symmetry of bPN = 1
N ! PN and

Z ( N )

k ;s yields

E
�
S( N ) (s; � )

�
=

NX

k=2

(� 1)k
Z

W k

1lf xk � x1 � sgR ( N )

k (x) dk x: (2.27)

Now an obvious changeof variables and the symmetry of R ( N )

k yields the asser-
tion for t = 1 .

2.7 The orthogonal polynomial metho d
In this section we brie
y describe the most fruitful and most commonly used
ansatz for the deeper investigation of the density PN in (2.3): the method of or-
thogonal polynomials. This technique has been�rst applied to random matrices
by Mehta [Me60] but relies on much older research. For the general theory of
orthogonal polynomials see[Sz75]. We follow [De98, Sect.5] and treat a general
orthogonal polynomial ensemble of the form

bPN (x) =
1

N !ZN
� N (x)2

NY

i =1

e� Q(x i ) ; x = (x1; : : : ; xN ) 2 RN ; (2.28)

where Q: R ! R is continuous and so large at in�nit y that all moments of the
measuree� Q(x ) dx are �nite. We normalized bPN to a probabilit y density on RN .

Let (� j ) j 2 N0 with � j (x) = x j + bj � 1x j � 1 + � � � + b1x + b0 be the sequenceof
orthogonal polynomials for the measuree� Q(x ) dx, i.e.,

Z

R
� i (x)� j (x)e� Q(x ) dx = ci cj � ij ; i; j 2 N0: (2.29)



W. K•onig/Ortho gonal polynomial ensembles in probability theory 400

(In the GUE-caseQ(x) = x2, these are the well-known Hermite polynomials,
scaledsuch that the leading coe�cien ts are one.) Elementary linear manipula-
tions show that the Vandermondedeterminant in (1.3) canbeexpressedin terms
of the same determinant with the monomials x j replaced by the polynomials
� j (x), i.e.,

� N (x) = det
�
(� j � 1(x i )) i;j =1 ;::: ;N

�
; x 2 RN : (2.30)

We normalize the � j now to obtain an orthonormal system (� j ) j 2 N0 of L 2(R)
with respect to the Lebesguemeasure:the functions

� j (x) =
1
cj

e� Q(x )=2� j (x) (2.31)

satisfy Z

R
� i (x)� j (x) dx = � ij ; i; j 2 N0: (2.32)

An important role is played by the kernel K N de�ned by

K N (x; y) =
N � 1X

j =0

� j (x)� j (y); x; y 2 R: (2.33)

The k-point correlation function R ( N )

k in (2.22) admits the following fundamental
determinantal representation.

Lemma 2.8. Fix N 2 N and x 2 RN , then, for any k 2 f 1; : : : ; N g,

R( N )

k (x1; : : : ; xk ) = det
�
(K N (x i ; x j )) i;j =1 ;:::;k

�
: (2.34)

In particular,

R( N )

1 (x1) = K N (x1; x1) and bPN (x) =
1

N !
det

�
(K N (x i ; x j )) i;j =1 ;:::;N

�
:

(2.35)

Sketch of the pro of. Using the determinant multiplication theorem, is easily
seenthat the density bPN may be written in terms of the functions � j as

bPN (x) =
c2

0c2
1 : : : c2

N � 1

N !ZN
det

�
(� j � 1(x i )) i;j =1 ;::: ;N

� 2

=
1

eZN

det
�
(K N (x i ; x j )) i;j =1 ;::: ;N

�
;

(2.36)

where eZN = N !ZN
Q N � 1

i =0 c� 2
i . Using the special structure of this kernel and

someelegant but elementary integration method (see[De98, Lemma 5.27]), one
seesthat the structure of the density is preserved under successive integration
over the coordinates, i.e.,
Z

RN � k
det

�
(K N (x i ; x j )) i;j =1 ;::: ;N

�
dxk+1 dxk+2 : : : dxN

= (N � k)! det
�
(K N (x i ; x j )) i;j =1 ;:::;k

�
; 1 � k � N :

(2.37)
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In particular, eZN = N !, and (2.34) holds.

Remark 2.9 (Determinan tal pro cesses). Lemma 2.8 o�ers an important
opportunit y for far-reaching generalisations.One calls a point process(i.e., a
locally �nite collection of random points on the real line) a determinantal process
if its correlation functions are given in the form (2.34), where K is, for some
measure� on R having all moments, the kernelof a nonnegativeand locally trace
class integral operator L 2(R; � ) ! L 2(R; � ). Becauseof [De98, Lemma 5.27],
correlation functions that are built according to (2.34) form a consistent family
of N -particle distributions and therefore determine a point processon R. To a
certain extent, random matrix calculations only depend on the determinantal
structure of the correlation functions are may be used as a starting point for
generalisations. 3

Now let � = (� 1; : : : ; � N ) 2 WN be a random variable with density PN =
N ! bPN . We now expressthe probabilit y that a given interval I contains a certain
number of � i 's in terms of the operator KN on L 2(I ) with kernel K N (x; y).

Lemma 2.10. For any N 2 N, any m 2 f 0; : : : ; N g, and any interval I � R,

P
�
# f i � N : � i 2 I g = m

�
=

(� 1)m

m!

� d
d


� m
det

�
(Id � 
 KN )jL 2 ( I )

� �
�
�

 =1

; (2.38)

where Id denotesthe identical operator in L 2(I ).

Sketch of the pro of. From Lemma 2.6 and (2.34) we have

P
�
# f i � N : � i 2 I g = m

�

=
(� 1)m

m!

NX

k= m

(� 1)k

(k � m)!

Z

I k
det

�
(K N (x i ; x j )) i;j =1 ;:::;k

�
dk x:

(2.39)

On the other hand, for any 
 2 R, by a classicalformula for trace classoperators,
see[RS7580, Vol. IV, Sect. 17]

det
�
(Id � 
 KN )jL 2 ( I )

�
=

NX

k=0

(� 
 )k

k!

Z

I k
det

�
(K N (x i ; x j )) i;j =1 ;::: ;k

�
dk x: (2.40)

Now di�eren tiate m times with respect to 
 and put 
 = 1 to arrive at (2.38).

2.8 Spacings in the bulk of the spectrum, and the sine kernel
In this section, we explain the limiting spacing statistics in the bulk of the
spectrum of a random unitary-in variant (N � N ) matrix in the limit N ! 1 . We
specializeto the matrix distribution in (2.1) with F as in (2.2) and Q(x) = x2j

for somej 2 N. This has the technical advantage of a perfect-scalingproperty
of the eigenvalues: as was pointed out in Remark 2.5(ii), the correct rescaling
of the eigenvalues is e� ( N )

i = N � 1
2 j � ( N )

i . In order to easethe notation, we shall
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considere� ( N ) instead of � ( N ) . Note that the distribution of e� ( N ) is the orthogonal
polynomial ensemble in (2.28) with Q(x) = N x2j , and we shall stick to that
choice of Q from now.

Let  : R ! [0; 1 ) denote the density of the equilibrium measure(i.e., the
unique minimizer) for the functional in (2.19) with 
 2j = 1. According to the
semicircle law, the rescaledeigenvalues e� ( N )

i lie asymptotically in the support
of  , which is the rescaledbulk of the spectrum. In particular, the spacings
betweenneighboring rescaledeigenvaluesshould be of order 1

N , and hencethe

spacingsof the unscaledeigenvaluesare of order N
1

2 j � 1.
We �x a threshold s > 0 and a point u 2 supp( ) � in the bulk of the

rescaledspectrum and want to describe the number of spacings � s
N of the

rescaledeigenvalues in a vicinit y of u. Let (tN )N 2 N be a sequencein (0; 1 )
with tN ! 0 as N ! 1 . The main object of our interest is the expected value
of S( N )

t N
( s

N ; u; e� ( N ) ), the number of spacings� s
N in the sequencee� ( N ) in a tN -

interval around u; see(2.25). We expect that this number is comparableto tN N ,
and we want to �nd the asymptotic dependenceon s and u.

We continue to follow [De98, Sect.5] and stay in the framework of Section2.7,
keepingall assumptionsand all notation, and specializing to Q(x) = N x2j . We
indicate the N -dependenceof the weight function Q(x) = N x2j by writing K ( N )

N
for the kernel K N de�ned in (2.33) and (2.31). Abbreviate

� N (u) = K ( N )

N (u; u): (2.41)

We write eR( N )

1 for the 1-point correlation function with respect to the ensemble
in (2.28) with Q(x) = N x2j ; hence eR( N )

1 (u) du is the density of 1
N times the

number of rescaledeigenvalues in du (seebelow (2.22)). From (2.35) we have
� N (u) = eR( N )

1 (u). Hence, the asymptotics of � N (u) can be guessedfrom the
semi-circle law: we should have � N (u) = eR( N )

1 (u) � N  (u). (In the GUE-case
j = 1, we have juj <

p
2 and � N (u) � N 1

�

p
2 � u2.) We shall adapt the scaling

of the expected number of spacingsto the spot u where they are registeredby
using the scaling 1

� N (u) instead of 1
N . This will turn out to make the value of

the scaling limit independent of u.
We usenow Lemmas2.7 and 2.8 and an elementary changeof the integration

variables to �nd the expectation of the number of rescaledeigenvalue spacings
as follows.

1
� N (u)

1
2tN

E
h
S( N )

t N

� s
� N (u)

; u; e� ( N )
� i

=
NX

k=2

(� 1)k

(k � 1)!
1

2tN

Z u+ t N

u� t N

dr

Z

[0;s]k � 1
det

h� 1
� N (u)

K ( N )

N

�
r +

yi

� N (u)
; r +

yj

� N (u)

� �

i;j =1 ;:::;k

i �
�
�
y1 =0

dy2 : : : dyk :

(2.42)
Hence,we needthe convergenceof the rescaledkernel in the determinant on the
right hand side. This is provided in the following theorem. The well-known sine
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kernel is de�ned by

S(x � y) =
sin(� (x � y))

� (x � y)
=

sin(� x) sin0(� y) � sin0(� x) sin(� y)
� (x � y)

; x; y 2 R:

(2.43)

Prop osition 2.11 (Bulk asymptotics for K ( N )

N ). Fix j 2 N and Q(x) =
N x2j . Let K ( N )

N be as in (2.33) with the functions � j de�ned in (2.31) such that
(2.32) holds.Denote by  : R ! [0; 1 ) the equilibrium measure of the functional
in (2.19) with 
 2j = 1. For u 2 supp( ) � , abbreviate � N (u) = K ( N )

N (u; u). Then,
uniformly on compact subsetsin u 2 supp( ) � and x; y 2 R,

lim
N !1

1
� N (u)

K ( N )

N

�
u +

x
� N (u)

; u +
y

� N (u)

�
= S(x � y): (2.44)

For a rough outline of the proof using Riemann-Hilbert theory, see Sec-
tion 2.10 below.

Remark 2.12. (i) The asymptotics in (2.44) in the GUE casej = 1, where
the orthogonal polynomials are the Hermite polynomials, are called the
Plancherel-Rotach asymptotics.

(ii) Note that the limit in (2.44) is independent of u, aslong asu is in the inte-
rior of the support of the equilibrium measure,i.e., as long as we consider
the bulk of the spectrum. SeeProposition 2.15 for the edgeasymptotics.

(iii) The asymptotics in Proposition 2.11areuniversalin the sensethat they do
not depend on the weight function Q(x), at least within the classQ(x) =
x2j we consider here (after rescaling). The caseof a polynomial Q(x) =
x2j + O(x2j � 1) is asymptotically the same, but the proof is technically
more involved.

(iv) The proof of Proposition 2.11is in [De98, Ch. 8], basedon [KS99]. The �rst
proof, even for more general functions Q, is in [PS97]. Seealso [D99] and
[BI99] for related results. The main tool for deriving (2.44) (and many
asymptotic assertionsabout orthogonal polynomials) are the Riemann-
Hilbert theory and the Deift-Zhou steepest decent method.

(v) Analogous results for weight functions of Laguerre type (recall (2.6)) for
� = 2 have beenderived using adaptations of the methods mentioned in
(iv). The bestavailable result seemsto be in [Va05], whereweight functions
of the form � (dx i ) = x �

i e� Q(x i ) dx i are consideredwith � > � 1, and Q is
an even polynomial with positive leading coe�cien t. The cases� = 1 and
� = 4 are consideredin [DGKV05].

(vi) The orthogonal and symplectic cases(i.e., � = 1 and � = 4) for Hermite-
type weight functions � (dx i ) = e� Q(x i ) dx i with Q a polynomial have also
beencarried out recently [DG05a].

(vii) Using the well-known Christo�el-Darb oux formula

N � 1X

j =0

qj (x)qj (y) =
cN

cN � 1

qN (x)qN � 1(y) � qN (y)qN � 1(x)
x � y

; x; y 2 R;

(2.45)



W. K•onig/Ortho gonal polynomial ensembles in probability theory 404

(where qj = � j =cj ; see(2.31)), one can expressthe kernel K N de�ned in
(2.33) in terms of just two of the orthogonal polynomials. Note the formal
analogy betweenthe right hand sidesof (2.45) and (2.43). 3

Now we formulate the main assertion about the limiting eigenvalue spacing
for random unitary-in variant matrices. Denote by K sin the integral operator
whosekernel is the sine kernel in (2.43).

Theorem 2.13 (Limiting eigenvalue spacing). Let M N be a randomunitary-
invariant matrix of the form (2.1) with F as in (2.2) and Q(x) = x2j for some
j 2 N. Let e� ( N ) = N � 1

2 j (� ( N )

1 ; : : : ; � ( N )

N ) be the vector of scaled eigenvaluesof
M N . Denote by  : R ! [0; 1 ) the equilibrium measure of the functional in
(2.19) with 
 2j = 1. Fix u 2 supp( ) � and s > 0 and let (tN )N 2 N be a sequence
in (0; 1 ) with tN ! 0. Recall the de�nition (2.25) of the spacing number. Then

lim
N !1

1
N  (u)

1
2tN

E
h
S( N )

t N

� s
N  (u)

; u; e� ( N )
� i

=
Z s

0
p(v) dv; (2.46)

where

p(v) =
d2

dv2 det
�
(Id � Ksin )jL 2 ([ v;1 ))

�
; v � 0; (2.47)

is the density of the Gaudin distribution .

Sketch of the pro of. In (2.42), replacethe normalizedr -integral by the integral
over the delta-measureon u and useProposition 2.11 to obtain

left hand side of (2.46)

=
1X

k=2

(� 1)k

(k � 1)!

Z

[0;s]k � 1
det

�
(S(yi � yj )) i;j =1 ;:::;k

� ��
y1 =0 dy2 � � � dyk :

(2.48)

On the other hand, note that
Z s

0
p(v) dv = 1 +

d
ds

det
�
(Id � Ksin )jL 2 ([ s;1 ))

�

= 1 �
d
d"

�
�
�
" =0

det
�
(Id � Ksin )jL 2 ([ ";s ])

�

= 1 �
d
d"

�
�
�
" =0

h
1 +

1X

k=1

(� 1)k

k!

Z

[";s ]k
det

�
(S(yi � yj )) i;j =1 ;::: ;k

�
dk y

i

= right hand side of (2.48);
(2.49)

as an application of the product di�eren tiation rule shows.

Remark 2.14. (i) It is instructiv e to comparethe asymptotic spacingdistri-
bution of the rescaledeigenvaluesof a large random matrix (which have a
mutual repellence)to the oneof N independently on the interval [0; 1] ran-
domly and uniformly distributed points (where no interaction appears).
The latter can be realizedasa standard conditional Poissonprocess,given
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that there are preciselyN Poissonpoints in [0; 1]. The asymptotic spacing
density for the latter is just v 7! e� v , and the former is v 7! p(v) as in
Theorem 2.13. Note that the asymptotics of p(v) for v # 0 and the one
for v ! 1 are both smaller than the one of e� v . Indeed, it is known that
p(v) � v� asv # 0 if in (2.3) the term � N (x)2 is replacedby � N (x) � and,
furthermore, p(v) � e� v2

as v ! 1 ; see[DIZ97] and [De98, Sect. 8.2].
(ii) Another variant of the assertion in (2.46) is about the number of pairs of

rescaled,not necessarilyneighboring, eigenvalueswhosedi�erence is in a
�xed interval (a; b):

lim
N !1

1
N

E
h
#

�
(i; j ) 2 f 1; : : : ; N g2 : a < e� ( N )

i � e� ( N )

j < bg
i

=
Z b

a

h
1 �

� sin(� u)
� u

� 2 i
du +

(
1 if 0 2 (a; b);
0 otherwise.

(2.50)

The last term accounts for the pairs i = j .
(iii) Proposition 2.11and Theorem 2.13are extendedto a large classof Wigner

matrices in [Jo01a], more precisely to the classof random Hermitian ma-
trices of the form W + aV, where W is a Wigner matrix as in Section 2.2,
a > 0 and V is a standard GUE-matrix. The entries of W are not assumed
to have a symmetric distribution, but the expected value is supposedto
be zero, the variance is �xed, and the (6 + ")-th moments for any " > 0
are supposedto be uniformly bounded. This result shows universality of
the limiting spacingdistribution in a large classof Wigner matrices. The
identi�cation of the distribution of the eigenvalues of W + aV usesthe
interpretation of the eigenvalue processof (W + aV)a� 0 as a processof
non-colliding Brownian motions as in [Dy62b], seeSection 4.1 below.

(iv) After appropriate asymptotic centering and normalization, the distribu-
tion of the individual eigenvaluesfor GUE in the bulk of the spectrum is
asymptotically Gaussian.Indeed,for i N = (a+ o(1))N with a 2 (�

p
2;

p
2)

(i.e., a is in the interior of the support of the semicircle law � � in (2.10)),
the correct scaling of the i N -th eigenvalue is

X ( N )

i N
=

� ( N )

i N
� t

p
2N

� log N
(1 � 2t 2 )N

� 1=2
;

where t is determined by � � (( �1 ; t]) = a. One main result of [Gus04]
is that X ( N )

i N
is asymptotically standard normal as N ! 1 . Also joint

distributions of several bulk eigenvalues in this scaling are consideredin
[Gus04]. In particular, it turns out that � ( N )

i and � ( N )

j are asymptotically
independent if ji � j j is of the order N , but not if ji � j j = o(N ). 3

2.9 The edge of the spectrum, and the Tracy-Widom distribution
In this section we explain the limiting scaleddistribution of the largest eigen-
value, � ( N )

N , of an (N � N ) GUE-matrix, i.e., we specialize to j = 1. Let
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� ( N ) = (� ( N )

1 ; : : : ; � ( N )

N ) 2 WN be the vector of the eigenvalues. According to
Lemma 2.1, its distribution is the orthogonal polynomial ensemble in (2.28)
with Q(x) = x2. Hence, the distribution of the vector of rescaledeigenvalues,
N � 1=2� ( N ) , is that ensemble with Q(x) = N x2. The event f � ( N )

N � tg is, for any
t 2 R, identical to the event that no eigenvalue falls into the interval (t; 1 ).
Hencewe may apply Lemma 2.10 for I = (t; 1 ) and m = 0. In order to obtain
an interesting limit as N ! 1 , we already know from the semicircle law that
t should be chosenas t =

p
2N + O(N � ) for some� < 1

2 . It will turn out that
� = � 1

6 is the correct choice.
As in the preceding section, we denote by K ( N )

N the kernel K N de�ned in
(2.33) for the choice Q(x) = N x2, with the functions � j de�ned in (2.31) such
that (2.32) holds. Using Lemma 2.6 for m = 0 and (2.34), we see,after an
elementary changeof measure,that

P
�
� ( N )

N �
p

2N + s(
p

2N
1
6 )� 1�

= P
�

� ( N )

1 ; : : : ; � ( N )

N =2
� p

2N + s(
p

2N
1
6 )� 1; 1

� �

=
NX

k=0

(� 1)k

k!

Z

[s;1 ) k
det

h� 1
p

2N
2
3

K ( N )

N

� p
2+

x ip
2N

2
3

;
p

2+
x jp
2N

2
3

� �

i;j =1 ;:::;k

i
dk x:

(2.51)
In order to obtain an interesting limit, one needs to show that the inte-

grand on the right hand side of (2.51) converges.This is provided in the fol-
lowing theorem. By Ai : R ! R we denote the Airy function, the unique solu-
tion to the di�eren tial equation f 00(x) = xf (x) on R with asymptotics f (x) �
(4�

p
x)1=2e� 2

3 x 3= 2
asx ! 1 . The corresponding kernel, the Airy kernel, is given

by

K Ai (x; y) =
Ai (x)Ai 0(y) � Ai 0(x)Ai (y)

x � y
=

Z 1

0
Ai (x+ u)Ai( y+ u) du; x; y 2 R:

(2.52)
Note the formal analogy to (2.43) and (2.45).

Prop osition 2.15 (Edge asymptotics for K N ). Uniformly in x; y 2 R on
compacts,

lim
N !1

1
p

2N
2
3

K ( N )

N

� p
2 +

x
p

2N
2
3

;
p

2 +
y

p
2N

2
3

�
= K Ai (x; y): (2.53)

Remark 2.16. (i) Note that the kernel K ( N )

N scaleswith N � 2
3 at the edge

of the spectrum, i.e., in �
p

2, while it scaleswith 1
N in the interior of the

support of the equilibrium measure,(�
p

2;
p

2) (seeProposition 2.11).
(ii) The Airy kernelalready appearedin [BB91] in a related connection.Proofs

of Proposition 2.15werefound independently by Tracy and Widom [TW93a]
and Forrester [Fo93].

(iii) For an extension of Proposition 2.15 to the weight function Q(x) = x2j

for some j 2 N, see[De98, Sec.7.6], e.g. The real and symplectic cases
(i.e., � = 1 and � = 4) have also beenrecently carried out [DG05b].
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(iv) Analogous results for weight functions of Laguerre type (recall (2.6) and
Remark 2.12(v)) for � = 1 and � = 4 are derived in [DGKV05]. Both
boundaries, the `hard' edgeat zero and the `soft ' one at the other end,
are considered. 3

Next, we formulate the asymptotics for the edgeof the spectrum, i.e., the
largest (resp. smallest) eigenvalues.Let q: R ! R be the solution5 [HML80] of
the Painlev�e I I di�eren tial equation

q00(x) = xq(x) + 2q(x)3 (2.54)

with asymptotics q(x) � Ai( x) asx ! 1 . It is uniquely determinedby requiring
that q(x) > 0 for any x < 0, and it hasasymptotics q(x) �

p
jxj=2 asx ! �1 .

Furthermore, q0(x) < 0 for any x 2 R.
De�ne a distribution function F2 : R ! [0; 1] by

F2(s) = exp
n

�
Z 1

s
(x � s)q2(x) dx

o
; s 2 R: (2.55)

This is the distribution of the by now famous GUE Tracy-Widom distribution ;
its importance is clear from the following.

Theorem 2.17 (Limiting distribution of the largest eigenvalue, [TW94a ]).
Let M N be a random Hermitian matrix of size N from GUE, and let � ( N )

N be
the largesteigenvalueof M N . Then, for any s 2 R,

lim
N !1

P
� �

� ( N )

N �
p

2N
� p

2N 1=6 � s
�

= F2(s): (2.56)

Pro of. Using (2.51) and Proposition 2.15, we obtain

lim
N !1

P
� �

� ( N )

N �
p

2N
� p

2N 1=6 � s
�

=
1X

k=0

(� 1)k

k!

Z

[s;1 ) k
det

h
(K Ai (x i ; x j )) i;j =1 ;::: ;k

i
dk x

= det
h
(Id � KAi )

�
�
L 2 ([ s;1 ))

i
;

(2.57)

where KAi is the operator on L 2([s; 1 )) with kernel K Ai . The relation to the
Painlev�eequation is derived in [TW94a] using a combination of techniquesfrom
operator theory and ordinary di�eren tial equations.

Remark 2.18. (i) The great value of Theorem 2.17 is the characterization
of the limit on the left hand side of (2.57) in terms of somebasicordinary
di�eren tial equation, in this casethe Painlev�e I I equation. Analogous re-
lations between the Gaudin distribution p in (2.47) and the Painlev�e V
equation were derived in [JMMS80].

5The function u � � q is also a solution of (2.54), which is sometimes called the Hastings-
Mac Leod solution .
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(ii) There are analogousstatements for GOE and GSE [TW96]. The limiting
distributions are modi�cations of the GUE Tracy-Widom distribution.
Indeed, for � = 1 and � = 4, respectively (recall (2.5)), F2 is replaced
by

F1(s) = exp
n

�
1
2

Z 1

s

�
q(x) + (x � s)q2(x)

�
dx

o
=

p
F2(s) e� 1

2

R1

s
q(x ) dx ;

F4(s) =
p

F2(s)
1
2

�
e

1
2

R1

s
q(x ) dx + e� 1

2

R1

s
q(x ) dx �

:

(2.58)
(iii) The expectation of a random variable with distribution function F2 is

negative and has the value of approximately � 1:7711.
(iv) In [TW94a], also the joint distribution of the �rst m top eigenvalues is

treated; they admit an analogouslimit theorem. The starting point for
the proof is Lemma 2.6 and (2.34).

(v) Theorem 2.17 is generalizedto a large classof Wigner matrices in [So99].
It is assumedthere that the entries have a symmetric distribution with all
moments �nite such that the asymptotics for high moments are bounded
by thoseof the Gaussian.The proof is a variant of the method of moments
(seethe �rst proof of Theorem 2.3). The main point is that the expected
trace of high powers (appropriately coupled with the matrix size) of the
random matrix is bounded by a certain asymptotics, which is essentially
the sameas for GUE. Sincethe expected trace of high moments depends
on the matrix entries only via the moments, which are the samewithin the
classconsidered,the result then follows from a comparison to the known
asymptotics for GUE.

(vi) If the index i N is a bit away from the edge N , then the i N -th largest
eigenvalue scalesto some Gaussian law. Indeed, if i N = N � kN with
kN ! 1 , but kN =N ! 0, then the correct scaling is

X ( N )

i N
=

� ( N )

i N
�

p
2N

�
1 �

� 3� kN

4
p

2N

� 2=3�

�
(12� ) � 2=3 log kN

N 1= 3 k 2= 3
N

� 1=2
;

and one main result of [Gus04] is that X ( N )

i N
is asymptotically standard

normal. Also joint distributions of several eigenvalues in this scaling are
consideredin [Gus04]. In particular, it turns out that � ( N )

i N
and � ( N )

j N
(pro-

vided that N � i N and N � j N are o(N )) are asymptotically correlated if
ji N � j N j = o(N � i N ). 3

2.10 Some elemen ts of Riemann-Hilb ert theory
Apparently , the most powerful technical tool for deriving limiting assertions
about orthogonal polynomial ensembles is the Riemann-Hilbert (RH) theory.
This theory datesback to the 19th century and wasoriginally intro ducedfor the
study of monodromy questionsin ordinary di�eren tial equations,and has been
applied to a host of models in analysis.Applications to orthogonal polynomials
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were �rst developed in [FIK90 ], and this method was �rst combined with a
steepest-decent method in [DZ93]. Since then, a lot of deep results on random
matrix theory and related models could be establishedusing a combination of
the two methods. The reformulation in terms of RH theory leavesthe intuition
of orthogonal polynomial ensembles behind, but creates a new framework, in
which a new intuition arisesand new technical tools becomeapplicable which
aresuitable to dealwith the di�culties stemming from the great number of zeros
of the polynomials. For a recent generalsurvey on Riemann-Hilbert theory, see
[It03]; for a thorough exposition of the adaptation and application of this theory
to orthogonal polynomials, seethe lectures[De98], and [Ku03], [D01] and [BI99].

In this section, we give a rough indication of how to use Riemann-Hilbert
theory for scaling limits for orthogonal polynomials, in particular we outline
someelements of the proof of Proposition 2.11. We follow [De98]. Let us start
with the de�nition of a Riemann-Hilbert problem in a situation specialized to
our purposes,omitting all technical issues.

Let � be a �nite union of the imagesof smooth, oriented curves in C, and
supposethere is a smooth function v (called the jump matrix ) on � with values
in the set of complex regular (2 � 2)-matrices. We say a matrix-v alued function
Y on C n � solvesthe Riemann-Hilbert (RH) problem (� ; v) if

(i ) Y is analytic in C n � ;
(ii ) Y+ (x) = Y� (x)v(x); x 2 � ;
(iii ) Y (z) = I + O( 1

z ) as z ! 1 ;
(2.59)

where I is the (2 � 2)-identit y matrix, and Y+ (x) and Y� (x) are the limiting
boundary values of Y in x 2 � coming from the positive and negative side of
�, respectively.6

The main connection with orthogonal polynomials is in Proposition 2.19 be-
low. Assume that � (dx) = w(x) dx is a positive measureon R having all mo-
ments and a su�cien tly regular density w, and let (� n )n 2 N0 be the sequenceof
orthogonal polynomials for the L 2-inner product with weight w, such that the
degreeof � n is n and the highest coe�cien t one. Hence,for somekn > 0,

Z

R
� n (x)� m (x) � (dx) =

1
k2

n
� n;m ; n; m 2 N0: (2.60)

Recall the Cauchy transform,

Cf (z) =
Z

R

f (x)
x � z

dx
2� i

; z 2 C n R; f 2 H 1(R): (2.61)

Here we think of R asof an oriented curve from �1 to 1 , parametrized by the
identit y map. Note that C(f )+ � C(f ) � = f on R.

6The de�nition of Y+ (x) and Y� (x) and the sensein which (ii) is to be understo od have
to be explained rigorously , and (ii) is required outside the intersections of the curves only,
but we neglect these issueshere. The general notion involves (k � k)-matrices for some k 2 N
instead of (2 � 2)-matrices.
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Prop osition 2.19 (RH problem for orthogonal polynomials, [FIK90 ],
[FIK91 ]). Fix n 2 N and consider the jump matrix v(x) =

�
1 w ( x )
0 1

�
for x 2 R.

Then

Y ( n ) (z) =
�

� n (z) C(� n w)(z)
� 2� i k2

n � 1� n � 1(z) � 2� i k2
n � 1� n � 1(z)C(� n � 1w)(z)

�
; z 2 CnR:

(2.62)
is the unique solution of the RH problem7

(i ) Y ( n ) is analytic in C n R;
(ii ) Y ( n )

+ (x) = Y ( n )

� (x)v(x); x 2 R;

(iii ) Y ( n ) (z) =
�
I + O( 1

z )
�

�
zn 0
0 z� n

�
as z ! 1 :

(2.63)

The main advantage of the characterisation of the orthogonal polynomials
in terms of a RH problem is that it provides a technical frame in which the
di�culties stemming from the oscillations of the polynomials closeto their zeros
can be resolved.

Now we specializeto w(x) = e� N Q(x ) with Q(x) = x2j for somej 2 N, recall
Remark 2.5(ii) and Section2.8. We now write � ( N )

n instead of � n for the orthog-
onal polynomials. We shall (extremely brie
y) indicate how the asymptotics of
the N -th orthogonal polynomial � ( N )

N can be deducedfrom RH theory, building
on Proposition 2.19.

The �rst main step is a transformation of (2.63) which absorbsthe exponen-
tial term of the jump matrix into an inverseexponential term in the solution of
the newRH problem.8 For doing this, weneedto usesomeinformation about the
variational formula in (2.19) with 
 2j = 1. Recall the Euler-Lagrangeequations
in (2.20) for the equilibrium measure� � (dx) =  (x) dx, and put

g(z) =
Z

R
log(z � x) (x) dx; z 2 C n R: (2.64)

The intuitiv e idea behind the choice of g is the fact that, if x �
1; : : : ; x �

N 2 R
denote the zerosof � ( N )

N and � N their empirical measure,then we can write

� ( N )

N (x) =
NY

i =1

(x � x �
i ) = eN

R
R

log (x � y ) � N (d y) ; (2.65)

compare also to (1.4). Since the asymptotic statistics of the zeros and of the
ensemble particles are very closeto each other, we should have � ( N )

N � eN g, and
eN g will indeed turn out to be the main term in the expansion.

Consider the transformed jump matrix

v(1 ) (x) =
�

eN [g� (x ) � g+ (x )] eN [g� (x )+ g+ (x ) � Q(x )+ l ]

0 eN [g+ (x ) � g� (x )]

�
; x 2 R: (2.66)

7Note that (2.63) is not a standard RH problem, compare (iii).
8This step is analogous to the exponential change of measure in large deviation theory,

which absorbs the main exponential factor in the probabilit y with respect to a transformed
measure under which the deviation behavior becomestypical. However, becauseof the great
amount of zeros of � ( N )

N , the exponential term is rather subtle here.
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Then the unique solution, m (1 ) , of the RH problem (R; v(1 ) ) can easily be calcu-
lated from Y ( n ) in Proposition 2.19; its (1; 1)-entry is � ( N )

N e� N g. This meansthat
the leading (exponential) term has been isolated in the transformed RH prob-
lem (R; v(1 ) ). It turns out that, outside the support of the equilibrium measure,
v(1 ) (x) is exponentially closeto the identit y matrix, and inside this support we
have

v(1 ) (x) =
�

e� 2� i N � � ([ x; 1 )) 1
0 e2� i N � � ([ x; 1 ))

�

=
�

1 0
e2N ' � (x ) 1

� �
0 1

� 1 0

� �
1 0

e2N ' + (x ) 1

�
;

(2.67)

where ' (z) = 2� i
Rz

a  (t) dt for z 2 C n [� a; a], where we chosea > 0 such that
supp(� � ) = [� a; a]. We know from Remark 2.5(ii) that t 7!  (t)(a2 � t2)� 1

2

is analytic in C, and hence
Rz

a  (t) dt depends on the integration curve from a
to z: any two curves lead to a di�erence by an integer multiple of 2� i . Hence,
z 7! en' (z) is well-de�ned and analytic in C n [� a; a] and therefore this is true
for its boundary functions on (� a; a), ' + and ' � .

The next main step is a deformation of (R; v(1 ) ), which isolates the second
term in the expansion of � ( N )

N , which is of fourth-ro ot order and hence much
more subtle. Indeed, the decomposition in the secondline of (2.67) givesrise to
a deformation into a RH problem (� ; v(2 ) ), where � is the union of the real line
and two curvesfrom � a to a in the upper and lower half plane, respectively, and
v(2 ) is somesuitable jump matrix on �. It is relatively easyto prove that, in L 2-
sense,asN ! 1 , we have v(2 ) ! v1 on � with v1 =

�
0 1

� 1 0

�
on [� a; a]. Hence,

the unique solution, m (2 ) , of the problem (� ; v(2 ) ) should convergetowards the
unique solution, m1 , of the RH problem ([� a; a]; v1 ). This is true, but relatively
hard to prove, in particular on supp(� � ) and here in particular close to the
boundaries � a. It is easyto compute that

m1 =
1
2i

�
i (� + � � 1) � � � � 1

� � 1 � � i (� + � � 1)

�
; where � (z) =

� z � a
z + a

� 1
4
:

(2.68)
Computing m(2 ) , re-substituting m (1 ) and m1 , and consideringthe (1; 1)-entry ,
we obtain therefore the asymptotics of � ( N )

N outside the critical points � a:

� ( N )

N (z) =

8
>>>>>>>>><

>>>>>>>>>:

1
2

h�
z� a
z+ a

� 1
4

+
�

z+ a
z� a

� 1
4

+ o(1)
i
eN g(z)

if z 2 C n supp(� � );

1
2

h�
�
� z� a

z+ a

�
�
�

1
4

cos
�

N � � � ([z; a]) + �
4

�

+
�
�
� z+ a

z� a

�
�
�

1
4

cos
�

N � � � ([z; a]) � �
4

�
+ o(1)

i
e

N
Ra

� a
log jz� x j � � (d x )

if z 2 supp(� � )� :
(2.69)

This explains how to derive the Plancherel-Rotach asymptotics for the orthog-
onal polynomials for the weight function w(x) = e� N x 2 j

. Note that the error
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terms in (2.69) are locally uniform outside neighborhoods of � a. Exploiting the
Christo�el-Darb oux formula in (2.45), one obtains the statement of Proposi-
tion 2.11.

In order to obtain the asymptotics of Proposition 2.15, i.e., the asymptotics
of � ( N )

N (z) for z closeto � a, oneusesan appropriate deformation into a suitable
RH problems involving the Airy function, see[De98, Sect. 7.6], e.g.

2.11 Random matrices and the Riemann zeta function
Excitingly , it turned out in the early seventies that the spacingsof the zeros
of the Riemann zeta function show a closerelation to those of the eigenvalues
of certain random matrices. The famous Riemann zeta function is de�ned on
f< (s) > 1g as

� (s) =
1X

n =1

n� s =
Y

p prime

(1 � p� s)� 1: (2.70)

Riemann showed in 1859that � can be meromorphically continued to the whole
complex plane, and that the functional equation �( s=2)� (s)

p
� = � s �( 1

2 (1 �
s)) � (1� s) holds.This continuation hassimplezerosat the negativeeven integers
and a simple pole at 1, which is the only singularity. Furthermore, there are
in�nitely many zeros in the so-calledcritical strip f 0 < < (s) < 1g, and none
of them is real. These zeros are called the non-trivial zeros; they are located
symmetrically around the real axis and around the line f< (s) = 1

2 g, the critical
line. Denote them by � n = � n + i 
 n with 
 � 1 < 0 < 
 1 � 
 2 � : : : . The famous
Riemann Hypothesis conjecturesthat � n = 1

2 for every n, i.e., every non-trivial
zero lies on the critical line f< (s) = 1

2 g. This is one of the most famous open
problems in mathematics and has far reaching connectionsto other branchesof
mathematics. Many rigorous results in analytic number theory are conditional
on the truth of the Riemann Hypothesis.There is extensive evidencefor it being
true, asmany partial rigorous results and computer simulations haveshown. See
[Ed74] and [Ti86] for much more on the Riemann zeta function.

It is known that the number � (x) of prime numbers � x behavesasymptot-
ically as � (x) = Li( x) + O(x � logx) as x ! 1 , where Li( x) is the principal
value of

Rx
0

1
log u du, which is asymptotic to x

log x , and � = supn 2 N � n . Hence,
the Riemann Hypothesis is equivalent to a preciseasymptotic statement about
the prime number distribution.

More interestingly from the viewpoint of orthogonal polynomial ensembles,
the Riemann Hypothesis has also much to do with the vertical distribution
of the Riemann zeros. Let N (T) be the number of zeros in the critical strip
up to height T , counted according to multiplicit y. It is known that N (T) =
T
2� log T

2� e + O(log T) asT ! 1 . In the pioneeringwork [Mo73], vertical spacings
of the Riemann zerosare considered.Denote by

RT (a; b) =
1

N (T)
#

n
(n; m) 2 N2 : 
 n ; 
 m � T; a �


 n � 
 m

2�
log

T
2�

� b
o

; a < b;

(2.71)
the number of pairs of rescaledcritical Riemann zeroswhosedi�erence lies be-
tweena and b. Then it wasproved in [Mo73], assumingthe Riemann Hypothesis,
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that

lim
T !1

RT (a; b) =
Z b

a

h
1 �

� sin(� u)
� u

� 2i
du +

(
1 if 0 2 (a; b);
0 otherwise.

(2.72)

The last term accounts for the pairs m = n. Note the closesimilarit y to (2.50).
Calculating millions of zeros,[Od87] con�rms this asymptotics with an extraor-
dinary accuracy.

The Lindel•of Hypothesisis the conjecturethat � ( 1
2 + i t) = O(t " ) ast ! 1 for

any " > 0. The (2k)-th moment of the modulus of the Riemann zeta function,

I k (T ) =
1
T

Z T

0

�
� � ( 1

2 + i t)
�
�2k

dt; (2.73)

was originally studied in an attempt to prove the Lindel•of Hypothesis, which
is equivalent to I k (T ) = O(t " ) as T ! 1 for any " > 0 and any k. The latter
statement has been proved for k = 1 and k = 2. Based on random matrix
calculations, [KS00] conjectured that

I k (T ) �
G2(k + 1)
G(2k + 1)

a(k)(log T)k 2
; k 2 f< (s) > � 1

2 g; (2.74)

where G is the Barnes G-function, and

a(k) =
Y

p prime

�
1 �

1
p

� k 2 X

m 2 N0

� �( m + k)
m! �( k)

� 2
p� m : (2.75)

This so-calledKeating-Snaith Conjecture wasderived by an asymptotic calcula-
tion for the Fourier transform of the logarithm of the characteristic polynomial
of a random matrix from the Circular Unitary Ensemble intro duced in Sec-
tion 2.4. This conjecture is one of the rare (non-rigorous, however) progresses
in recent decadesin the understanding of the Riemann zeros.

3. Random gro wth pro cesses

In this section we consider certain classesof random growth processeswhich
turned out in the late 1990esto be closelyconnectedto certain orthogonal poly-
nomial ensembles. There is a number of physically motivated random growth
processeswhich model growing surfacesunder in
uences of randomly occur-
ring events (lik e nucleation events) that locally increasea substrate, but have
far-reaching correlations on a long-time run. In one spacedimension, for these
kinds of growth processes,limiting phenomenaareconjecturedthat havemorally
somefeatures of random matrices in common, like the 
uctuation behavior of
power-order 1=3 (instead of the order 1=2 in the central limit theorem and re-
lated phenomena)and the universality of certain rescaledquantities. Recently
someof thesemodels could be analysedrigorously, after exciting discoveriesof
surprising relations to orthogonal polynomial ensembles had beenmade.
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Random growth modelsmay be de�ned in any dimension,and two and three
dimensional models are of high interest. However, the high-dimensional cases
seemmathematically intractable yet, such that we restrict to one-dimensional9

modelsin this text. Generalphysicsreferenceson growing surfacesare the mono-
graphs [BS95] and [Me98]; seealso [KS92]. Much background is also provided
in [P03] and [Fe04b]. Recent surveys on some growth models that have been
solved in recent years by methods analogousto those used in random matrix
theory are [Jo01c] and [Ba03].

After a short description of one basic model that cannot be handled rigor-
ously yet in Section 3.1, we shall treat basically only two models: the corner-
growth model intro duced in Section 3.2 and the PNG model intro duced in Sec-
tion 3.6. The main results on these two models are presented in Sections 3.3
and Section 3.4, respectively in Sections 3.6 and 3.7. The famous and much-
studied problem of the longest increasingsubsequenceof a random permutation
is touched in Section 3.5, since it is instrumental for the PNG model (and also
important on its own). Furthermore, in Section 3.8, we mention the Plancherel
measureas an technically important toy model that links combinatorics and
orthogonal polynomials.

3.1 The Eden-Ric hardson mo del
A fundamental model for random growth is the so-called Eden-Richardson
model, which is de�ned as follows. The model is a random process(A(t)) t � 0

of subsetsof Z2 such that A(t) � A(s) for any t < s. At time t = 0, the set A0 is
equal to f 0g, the origin in Z2. We call a site (i; j ) 2 Z2 nA(t) active at time t if
someneighbor of (i; j ) belongsto A(t). As soon as(i; j ) is active,a random wait-
ing time w(i; j ) starts running, and after this time has elapsed,(i; j ) is added
to the set processas well. The waiting times w(i; j ), (i; j ) 2 Z2, are assumed
to be independent and identically distributed (0; 1 )-valued random variables.
They can be discrete or continuous. In the caseof N-valued waiting times, we
consider the discrete-time process(A(t)) t 2 N0 instead of (A(t)) t � 0. If and only
if the distribution of the waiting times is exponential, respectively geometric,
the process(A(t)) t � 0, respectively (A(t)) t 2 N0 , enjoys the Markov property: in
the discrete-time case,at each time unit any active site choosesindependently
with a �xed probabilit y if it immediately belongsto the set processor not. In
this special case,the model is called the Eden-Richardson model. The Markov
property is not present for any other distribution.

Actually , the Eden-Richardson model is equivalent to what probabilists call
last-passagepercolation, which wewill explain more closelyin Remark 3.1below.

The natural questionis about the asymptotic behavior of the setA(t) for large
t. It is not so di�cult to conjecture that there should be a law of large numbers
be valid, i.e., there should be a deterministic set A � R2 such that 1

t A(t) ! A as
t ! 1 . A proof of this fact canbederivedusing the subadditiveergodic theorem
[Ke86], which considersthe Markovian case.However, an identi�cation of the
limiting set A and closerdescriptionsof A for generalwaiting time distributions

9Taking into acount the time-evolution, they are sometimes also called (1+ 1)-dimensional.
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seemout of reach. In physics literature, it is conjectured that the 
uctuations
be of order t1=3. It is rather hard to analyze Eden's model mathematically
rigorously. Reasonsfor that are that A(t) may and doeshave holesand that the
growth proceedsin any direction. No technique hasyet beenfound to attack the
asymptotics of the 
uctuations rigorously. This is why we do not spend time on
the Eden model, but immediately turn to somesimpler variant which has been
successfullytreated.

3.2 The corner-gro wth mo del
An important simpler variant of Eden's model is known as the corner growth
model. This is a growth model on N2

0 instead of Z2, and growth is possibleonly
in corners. At time zero, A(0) is the union of the x-axis N0 � f 0g and the y-
axis f 0g � N0. Points in N2 n A(t) are called active at time t if their left and
their lower neighbors both belong to A(t). As soon as a point (i; j ) is active,
its individual waiting time w(i; j ) starts running, and after it elapses(i; j ) is
added to the set. This de�nes a random process(A(t)) t � 0 of growing subsets
of N2

0. Again, if the waiting times are N-valued, we consider (A(t)) t 2 N0 , and
the Markov property is present only for the two above mentioned waiting time
distributions: the exponential, respectively the geometric, distributions.

It is convenient to identify every point (i; j ) with the square[i � 1
2 ; i + 1

2 ) � [j �
1
2 ; j + 1

2 ) and to regard A(t) asa subsetof [ 1
2 ; 1 )2. The process(A(t)) t � 0 consists

of an in�nite number of growing columns, of which almost all are of zeroheight
and which are ordered non-increasingly in height. One can view thesecolumns
as a vector of runners who proceedlike independent random walkers, making
a unit step after an individual independent waiting time, subject to the rule
that the (i + 1)-st runner is stopped by the i -th runner as long as they are on
the samelevel. Note that this is a suppression mechanism, not a conditioning
mechanism. A realization of A(t) is as follows (the active sites are marked by
�̀ ').

�

�
�

�
�

A(t)

Denote by G(M ; N ) the �rst time t at which the point (M ; N ) belongs to
A(t). Obviously, G(M ; N ) depends on the variables w(i; j ) with i � M and
j � N only, and the recurrencerelation

G(M ; N ) = w(M ; N ) + maxf G(M � 1; N ); G(M ; N � 1)g; M ; N 2 N; (3.1)
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is satis�ed. From this relation, it is straightforward to derive the formula

G(M ; N ) = max
� 2 �( M ;N )

X

( i;j )2 �

w(i; j ); M ; N 2 N; (3.2)

where�( M ; N ) is the set of nearest-neigbor paths with M + N � 2 steps,starting
from (1; 1), ending at (M ; N ) and having only steps(0; 1) or (1; 0). An example
of an array of waiting times with M = 4 and N = 6 is

2 7 3 4 1 0

3 0 0 0 3 1

2 6 3 4 1 6

2 0 2 5 2 5

r

r

We ordered the rows from the bottom to the top. Four maximal paths from
the left lower corner to the right upper corner are depicted.

Much of the interest in the corner-growth model stems from the fact that
it has a couple of connectionsto other well-known models and admits several
alternate descriptions:

Remark 3.1 (Directed last-passage percolation). Switch to the dual lat-
tice of Z2 (where the role of sites and bonds are interchanged) and interpret
w(i; j ) asthe travel time along the bond (i; j ). Then

P
( i;j )2 � w(i; j ) is the travel

time along the path � 2 �( M ; N ) from (0; 0) to (M ; N ). Hence,G(M ; N ) is the
maximal travel time from (0; 0) to (M ; N ) along right/up paths, and this model
is called directed last-passagepercolation. The term `directed' refers to the use
of right/up paths. If all nearest-neighbor paths areadmissable,then the model is
called last-passagepercolation; this is equivalent to the Eden-Richardsonmodel
of Section 3.1.

Switching the signs of w(i; j ) and ignoring that � w(i; j ) is negative, we see
that � G(M ; N ) is the minimal travel time (now with passagè times' � w(i; j ))
from (0; 0) to (M ; N ), which is the well-known model of �rst-p assagepercolation.
An interpretation is asfollows. If at the origin there is the sourceof a 
uid, whose

oating time along the bond (i; j ) is � w(i; j ), then the set eA(t) = f (M ; N ) : �
G(M ; N ) � tg is the set of bonds that are wet by time t. 3

Remark 3.2 (T otally asymmetric exclusion pro cess). The boundary of
the set A(t) � [ 1

2 ; 1 )2 is a curve that begins with in�nitely many vertical line
segments of unit length, proceedswith �nitely many horizontal and vertical line
segments of unit length, and endswith in�nitely many horizontal line segments
of unit length. If a squareis addedto A(t), then a vertical/horizon tal pair of lines
is changedinto a horizontal/v ertical pair. If we replacevertical lines by a `1' and
horizontal lines by a `0' and determine the index that refersto the main diagonal
of R2 as0, then we can think of the corner growth model asof a particle process
(xk (t)) k2 Z 2 f 0; 1gZ wherexk (t) = 1 meansthat oneparticle is present at site k
at time t. In the caseof geometricwaiting time distribution, the dynamicsof this
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processis as follows. At each discrete time unit, every particle independently
moves to the right neighboring site with a �xed probabilit y, provided this site
is vacant. Otherwise, it doesnot move. Theseare the dynamics of the so-called
totally asymmetric exclusionprocessin discretetime. The event f G(M ; N ) = tg
is the event that the particle that was initially at site 1 � N has moved M
stepsby time t. There is an analogousrepresentation in continuoustime for the
exponential waiting time distribution. 3

Remark 3.3 (Directed polymers in random environmen t). Let (Sn )n 2 N0

be a simple random walk on Z, then the process(n; Sn )n 2 N0 is interpreted as
a directed polymer in Z2. Let (v(i; j )) i 2 N0 ;j 2 Z be an i.i.d. �eld of real random
variables. Every monomer (n; Sn ) receivesthe weight � v(n; Sn ), where � > 0 is
interpreted asthe inverseof the temperature. This inducesa probabilit y measure
on N -step paths given by

QN ;� (S0; : : : ; SN ) =
1

ZN ;�
exp

n
� �

NX

n =0

v(n; Sn )
o

:

In the zero-temperature limit � ! 1 , the measureQN ;� is concentrated on
those paths (S0; : : : ; SN ) which minimize

P N
n =0 v(n; Sn ). This is the analog of

the corner-growth model with switched signs of the random variables; com-
pare to (3.2). It is believed that the directed polymer at positive, su�cien tly
small, temperature essentially exhibits the samelarge-N behavior as the zero-
temperature limit, but this conjecture is largely unproven. An account on the
recent research on directed polymers in random environment is in [CSY04]. 3

Remark 3.4 (T andem queues). At time zero, there is an in�nite number of
customers in the �rst queue, and there is an in�nite number of other queues,
which are initially empty and have to be passedby every customer one after
another. The �rst customer in any queue(if present) is served after a random
waiting time, which has the distribution of the waiting times in the corner
growth model, and he or she proceedsto the end of the next queue. Then,
at every time t, the height of the i -th column of the set A(t) is equal to the
number of customerswhich have passedor reached the i -th queue. A general
and systematicdiscussionof the relation betweentandem queuesand orthogonal
polynomial ensembles appears in [OC03]. 3

A systematic study of the random variable on the right side of (3.2) and its
asymptotics towards Brownian analogsis in [Ba01]; seealso [GTW01], [OY02],
[BJ02] and [Do03]. In fact, for N �xed and under appropriate moment condi-
tions, in the limit M ! 1 , this random variable (after proper centering and
rescaling) convergesin distribution towards

L (N ) = max
1� t 1 ���� � t N � 1 � 0

h
W1(1) � W1(t1) + W2(t1) � W2(t2) � : : :

� WN (tN � 1) � WN (0)
i
;

(3.3)
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where W1; : : : ; WN are N independent standard Brownian motions on R start-
ing at the origin. Using Donsker's invariance principle, this may be explained
as follows. Assume that E[w(1; 1)] = 0 and E[w(1; 1)2] = 1. The �rst upstep
of a path � in (3.2) may be expected in the (tN � 1M )-th step, the secondin
the (tN � 2M )-th step and so on, where we later optimize on 1 � t1 � � � � �
tN � 1 � 0. The partial sums of w(i; t i � 1M ); : : : ; w(i; t i M � 1) approach the
distribution of

p
M [Wi (t i � 1) � Wi (t i )] for i = 1; : : : ; N . Hence, we have that

M � 1=2G(M ; N ) =) L (N ) as M ! 1 , in the caseof centered and normalized
random variables w(i; j ).

A rather beautiful fact [Ba01], [GTW01] is that L (N ) is in distribution equal
to the largest eigenvalue of a GUE matrix, � ( N )

N . (For generalisationsof this fact
to Brownian motion in the fundamental chamber associated with a �nite Coxeter
group see[BBO05].) Recall from Theorem 2.17that we may approximate � ( N )

N �p
2N + (

p
2N

1
6 )� 1F2 for N large.Combining the limits for M ! 1 and N ! 1 ,

one is lead to the appealing conjecture (still assumingthat E[w(1; 1)] = 0 and
E[w(1; 1)2] = 1)

p
2N

1
6

� G(M ; N )
p

M
�

p
2N

�
=) F2; M ; N ! 1 : (3.4)

This assertion has indeed been proven independently in [BM05] and [BS05],
under the additional assumption that M = o(N a) for a < 3

14 . The main tool is
a classicalstrong approximation of random walks by Brownian motion, which
works so well that M can diverge together with N at some speed. However,
the most interesting caseis where M and N are of the same order, and this
caseis open yet in general. For the two special casesof the geometric and the
exponential distribution, (3.4) has beenproven for M � const: � N . Our next
two sectionsare devoted to a description of this result.

3.3 Johansson's iden ti�cation of the distribution
In his beautiful work [Jo00a], Kurt Johanssondeeply investigated the corner-
growth model for both particular waiting-time distributions, the geometric and
the exponential distribution. He identi�ed the distribution of G(M ; N ) in terms
of the distribution of the largest particle of the Laguerre ensemble(see(2.6)) in
the exponential case,and of the Meixner ensemble (its discrete analog) in the
geometric case.

Prop osition 3.5 (Distribution of G(M ; N ), [Jo00a ]). Let G(M ; N ) be de-
�ne d as in (3.2), and let the w(i; j ) be i.i.d. geometrically distributed with para-
meter q 2 (0; 1), i.e., w(i; j ) = k 2 N with probability (1 � q)qk . Then, for any
M ; N 2 N with M � N , and for any t 2 N,

P(G(M ; N ) � t) =
1

ZM ;N

t + N � 1X

x 1 ;::: ;x N =1

� N (x)2
NY

i =1

h�
x i + M � N

x i

�
qx i

i
: (3.5)

Remark 3.6. (i) The right hand side of (3.5) is the probabilit y that the
largest particle in the Meixner ensembleon NN with parameters q and
M � N is smaller than t + N .
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(ii) There is an extensionof Proposition 3.5 to the casewherethe parameterof
the geometricdistribution of w(i; j ) is of the form ai bj for certain numbers
ai ; bj 2 (0; 1), see[Jo01c, Sect. 2].

(iii) An analogousformula holds for the caseof exponentially distributed wait-
ing times, and the corresponding ensemble is the Laguerreensemble (Gam-
ma-distribution in place of the negative Binomial distribution), see(2.6).
This formula is derived in [Jo00a] using an elementary limiting procedure
which producesthe exponential distribution from the geometric one. It is
remarkable that no direct proof is known yet. Distributions other than the
exponential or geometric one have not yet beensuccessfullytreated. 3

Sketch of the pro of of Prop osition 3.5. The proof in [Jo00a] relieson various
combinatoric tools, which have beenuseful in various parts of mathematics for
decades.A general referenceis [Sa91].

A generalized permutation is an array of two rows with integer entries such
that the row of the pairs is non-decreasinglyordered in lexicographical sense.
An example is

� =
�

1 1 1 1 1 2 2 2 2 3 4 4
1 1 3 3 3 1 1 1 3 3 2 3

�
; (3.6)

the entries of the �rst and secondline are taken from f 1; 2; 3; 4g and f 1; 2; 3g,
respectively. A longest increasingsubsequenceof the secondrow has the length
8; it consistsof all the `1' and the last three `3'. Also the �rst two onesand all
the threes form a longest increasingsubsequence.

Lemma 3.7 (Matrices and generalized perm utations). For any M ; N ; k 2
N, the following procedure de�nes a one-to-onemap between the set of (M � N )-
matrices (W (i; j )) i � M ;j � N with positive integer entries and total sumP

i � M ;j � N W (i; j ) equal to k, and the set of generalized permutations of length
k whose�rst row hasentries in f 1; : : : ; M g and whosesecond row hasentries in
f 1; : : : ; N g: Repeat every pair (i; j ) 2 f 1; : : : ; M g � f 1; : : : ; N g precisely W (i; j )
times, and list all pairs in lexicographical order. By this procedure, the quan-
tity max� 2 �( M ;N )

P
( i;j )2 � W (i; j ) is mapped onto the length of the longestnon-

decreasing subsequence of the second row.

As an example for M = 4, N = 3, the matrix

W =

0

B
B
@

0 1 1
0 0 1
3 0 1
2 0 3

1

C
C
A (3.7)

is mapped onto the generalizedpermutation � in (3.6). (In order to appeal to the
orientation of the corner growth model, we orderedthe rows of W from the bot-
tom to the top, contrary to the order oneis usedto from linear algebra.)The two
paths linking the coordinates (1; 1); (2; 1); (2; 3); (4; 3) and (1; 1); (1; 3); (4; 3), re-
spectively, are maximal paths in (3.2); they correspond to the longest increasing
subsequencesmentioned below (3.6).
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Remark 3.8. (i) For the application of Lemma 3.7 for W (i; j ) = w(i; j )
geometrically distributed random variables,it is of crucial importance that
this distribution induces a uniform distribution on the set of (M � N )-
matrices with �xed sum of the entries.

(ii) Obviously, Lemma 3.7 works a priori only for integer-valued matrices. 3

The next step is a famous bijection between generalizedpermutations and
Young tableaux. A semi-standard Young tableau10 is a �nite array of rows,
nonincreasingin lengths, having integer entries which are nondecreasingalong
the rows and strictly increasing along the columns. The shape of the tableau,
� = (� i ) i , is the vector of lengths of the rows. In particular, � 1 is the length
of the longest row of the tableau, and

P
i � i is the total number of entries. An

example of a semi-standard Young tableau with shape � = (10; 8; 8; 3; 1) and
entries in f 1; : : : ; 6g is as follows.

1 1 2 2 3 3 3 4 4 6
2 2 3 4 4 4 5 5
3 3 5 5 5 5 6 6
4 5 6
6

Lemma 3.9 (Robinson-Sc hensted-Kn uth (RSK) corresp ondence,
[K70 ]). For any M ; N ; k 2 N, there is a bijection between the set of gener-
alized permutations of length k whose�rst row has entries in f 1; : : : ; M g and
whosesecond row hasentries in f 1; : : : ; N g, and the setof pairs of semi-standard
Young tableaux of the sameshape with total number of entries equal to k, such
that the entries of the �rst Young tableau are taken from f 1; : : : ; M g and the
onesof the second from f 1; : : : ; N g. This bijection mapsthe length of the longest
non-decreasing subsequence of the second row of the permutation onto the length
of the �rst row of the tableau, � 1.

The algorithm was intro duced in [Sc61] for permutations (it is a variant of
the well-known patience sorting algorithm) and was extended to generalized
permutations in [K70].

Sofar, the distribution of G(M ; N ) has been reformulated in terms of the
length of the �rst row of pairs of semi-standardYoung tableaux. The next and
�nal tool is a combinatorial formula for the number of Young tableaux.

Lemma 3.10 (Num ber of semi-standard Young tableaux). The number
of semi-standard Young tableaux of shape � and elementsin f 1; : : : ; N g is equal
to Y

1� i<j � N

� i � � j + j � i
j � i

:

10 For the notions of (standard) Young tableaux and Young diagrams, seeSection 3.8 below.
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The reader easily recognizesthat the combinatorial formula in Lemma 3.10
is the kernel of the formula in (3.5). Putting together the tools listed sofar, one
easily arrivesat (3.5).

Remark 3.11. An alternate characterization and derivation of the distribution
of G(M ; N ) is given in [Jo02a, Sect. 2.4] in terms of the Kr awtchoukensemble,

Kr M ;n;q (x) =
1

ZM ;n;q
� M (x)2

MY

i =1

h�
n
x i

�
qx i (1� q)n � x i

i
; x 2 f 0; : : : ; ngM \ WM :

(3.8)
There a family of random non-colliding one-dimensionalnearest-neighbor proces-
sesis analyzed,which is a discrete analogof the multila yer PNG-droplet model
in Section 3.7 below. The joint distribution of this cascadeof processesis iden-
ti�ed in terms of the the Krawtchouk ensemble, and the marginal distribution
of the rightmost processis identi�ed in terms of G(M ; N ). This implies that

P(G(M ; N ) � t) =
X

x 2f 0;::: ;t + M � 1gM

Kr M ;t + N + M � 1;q(x); (3.9)

i.e., G(M ; N ) is characterizedin terms of the largest particle of the Krawtchouk
ensemble. 3

3.4 Asymptotics for the Mark ovian corner-gro wth mo del
Having arrivedat the description in (3.5), the machinery of statistical mechanics
and orthogonal polynomials can be applied. The outcome is the following.

Theorem 3.12 (Asymptotics for the corner-gro wth mo del, [Jo00a ]).
Consider the model of Proposition 3.5. Then, for any 
 � 1,

(i ) lim
N !1

1
N

E
�
G(b
 N c; N )

�
=

(1 +
p

q
 )2

1 � q
� 1 � f (
 ; q); (3.10)

(ii ) lim
N !1

P
� G(b
 N c; N ) � N f (
 ; q)

� (
 ; q)N 1=3
� s

�
= F2(s); s 2 R; (3.11)

where F2 is the distribution function of the GUE Tracy-Widom distribution
intr oduced in (2.55), and � (
 ; q) is someexplicit function.

Remark 3.13. (i) In Theorem 3.12 the weak law of large numbers
lim t !1

1
t A(t) = A is contained with

A = f (x; y) 2 [0; 1 )2 : y + 2
p

qxy + x � 1 � qg:

A qualitativ e picture of A is as follows.
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0
1 � q

q

q1 � q

y

xA

(ii) The analogousresult for exponentially distributed waiting times is also
contained in [Jo00a].

(iii) Theorem 3.12(ii) is equivalent to (3.4) with M = b
 N c (recall that the
w(i; j ) are centered and normalized there, but not in Theorem 3.12).

(iv) Theorem 3.12 is the �rst and yet only rigorous result of behavior of the
type `
uctuations � mean

1
3 ' for random growth models of the Eden type.

(v) In [Jo00a] also somelarge-deviation estimatesare proven, i.e., the proba-
bilities of the events f G(b
 N c; N ) � N (f (
 ; q)� " )g and of f G(b
 N c; N ) �
N (f (
 ; q) + " )g are asymptotically estimated. The former decays on the
scaleeO (N 2 ) , while the latter decays on the scaleeO (N ) .

(vi) The proof of Theorem 3.12 can also be built on the Krawtchouk repre-
sentation in (3.9) by using asymptotics for the Krawtchouk kernel; see
[Jo02a]. 3

Sketch of the pro of of Theorem 3.12. The structure of this proof is analo-
gousto the proof of Theorem 2.17. The right hand side of (3.5) may be written
in terms of the Meixner kernel

K ( N )

Me (x; y) =
N � 1X

j =0

mj (x)m j (y)
�
w( q )

L (x)w( q )

L (y)
� 1

2 ; L = M � N + 1; (3.12)

where m j (x) = � j x j + O(x j � 1) are the orthonormal polynomials with respect
to the discrete weight w( q )

L (x) =
� x + L � 1

x

�
qx , x 2 N. (Both the polynomials m j

and the kernel K ( N )

Me also depend on L and q.) Indeed, computations similar to
those of Section 2.7 imply that

right hand side of (3.5)

=
NX

k=0

(� 1)k

k!

X

h2f t + N ;t + N +1 ;::: gk

det
h�

K ( N )

Me (hi ; hj )
�

i;j =1 ;:::;k

i
:

(3.13)

The Meixner kernel satis�es the scaling limit

lim
N !1

� N
1
3 K ( N )

Me

�
(f + 1)N + � N

1
3 x; (f + 1)N + � N

1
3 y

�
= K Ai (x; y); (3.14)

where K Ai is the Airy kernel in (2.53), and f = f (
 ; q) and � = � (
 ; q) are as
in the theorem. Now the remainder of the proof is analogousto the proof of
Theorem 2.17.
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3.5 Longest increasing subsequences of random perm utations
Another problem that has been recognizedto be strongly related to random
growth processesis the problem of the length of the longest increasing subse-
quenceof a random permutation. Let S N denote the set of permutations of
1; : : : ; N , and let � be a random variable that is uniformly distributed on S N ,
i.e., a random permutation. The length of the longest increasing subsequence
of � is the maximal k such that there are indices 1 � i 1 < i 2 < � � � < i k � N
satisfying � (i 1) < � (i 2) < � � � < � (i k ). We denote this length by `N . In the
early 1960's,Ulam raised the question about the large-N behavior of `N . Based
on computer simulations, he conjectured that c = lim N !1 N � 1=2E(`N ) exists
in (0; 1 ). The veri�cation of this statement and the identi�cation of c have
becomeknown as `Ulam's problem'. A long list of researchers contributed to
this problem, including Hammersley, Logan and Shepp,Vershik and Kerov, and
Sepp•al•ainen. By the end of the 1990's,it was known that the above limit exists
with c = 2, and computer simulations suggestedthat 11

lim
N !1

E(`N ) � 2
p

N
N 1=6

� � 1:7711: (3.15)

A survey on the history of Ulam's problem may be found in [OR00] and [AD99].
There is a `Poissonized'version of Ulam's problem, which is strongly related

and provides a technical tool for the solution of Ulam's problem. Consider a
homogeneousPoissonprocesson (0; 1 )2 with parameter one, and let L (� ) be
the maximal number of points of this processwhich can be joined together by
a polygon line that starts at (0; 0), ends at (

p
� ;

p
� ) and is always going in

an up/righ t direction. Then it is easy to see12 that the distribution of L (� ) is
equal to the distribution of `N � , where N � is a Poissonrandom variable with
parameter � . Via Tauberian theorems, asymptotics of the distribution of L (� )
as � ! 1 stand in a one-to-onecorrespondenceto the large-N asymptotics of
`N .

There are exact formulas for the distributions both of `N and L(� ), which
havebeenprovedby many authors usingvarious methods (see[BDJ99]). Indeed,
for any n 2 N, we have

P(`N � n) =
22N N !
(2N )!

Z

[� � ;� ]n

� nX

j =1

cos� j

� 2N Y

1� k<j � n

jei � j � ei � k j2
dn �

(2� )n n!
;

P(L (� ) � n) = e� �
Z

[� � ;� ]n
exp

n
2
p

�
nX

j =1

cos� j

o Y

1� k<j � n

jei � j � ei � k j2
dn �

(2� )n n!
:

(3.16)
In [BDJ99], sophisticatedand deepmethods are applied to the right hand sideof
(3.16), which have previously beenestablishedin [DZ93], [DZ95] and [DVZ97]:

11 Recall Remark 2.18(iii).
12 The main reason is the characteristic prop erty of the Poisson process that, given that

there are precisely N Poisson points in the square, these points are conditionally independent
and uniformly distributed.
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the steepest-decent method for the computation of asymptotics of solutions to
certain Riemann-Hilbert problems. As a result, a limit law for `N is proved,
which shows again the universality of the Tracy-Widom distribution for GUE
in (2.55):

Theorem 3.14 (Limit law for `N , [BDJ99 ]). Let `N be the length of the
longest increasing subsequence of a random permutation, which is uniformly
distributed over S N . Then, as N ! 1 , the scaled random variable

� N =
`N � 2

p
N

N 1=6
(3.17)

convergesin distribution towards the Tracy-Widom distribution for GUE. More-
over, all momentsof � N also convergetowards the momentsof this distribution.
Both assertionsare true also for (L (� ) � 2

p
� )� � 1

6 as � ! 1 .

Sketch of the pro of. We sketch some elements of the proof, partially also
following [P03, Sect. 3.1]. We consider the Poissonizedversion and consider
L (� 2) instead of L (� ).

The starting point is an explicit expressionfor the probabilit y of f L (� 2) �
N g for any N 2 N and any � > 0 in terms of the Toeplitz determinant 13

DN ;� = det TN (e2� cos(�) ). More precisely, one has

P(L (� 2) � N ) = e� � 2

det TN (e2� cos(�) ) = e� � 2

DN ;� ; (3.18)

a remarkable formula which has �rst beenderived in [Ge90], basedon the RSK-
correspondenceof Lemma 3.9. On [0; 2� ] we intro duce the inner product

hp;qi � =
Z 2�

0
p(ei � )q(ei � ) e2� cos � d�

2�
: (3.19)

Consider the sequenceof orthogonal polynomials (� ( � )

N )N 2 N0 with respect to
h�; �i � which is obtained via the Gram-Schmidt algorithm from the monomials
zn , n 2 N0. We normalize � ( � )

N such that � ( � )

N (z) = zN + O(zN � 1) and de�ne
V ( � )

N = k� ( � )

N k2, such that we have

h� ( � )

N ; � ( � )

N 0 i � = � N ;N 0V ( � )

N ; N ; N 0 2 N0: (3.20)

Classical results on orthogonal polynomials (see [Sz75] for some background)
imply the identities

DN ;� � det TN (e2� cos(�) ) = det
�
(hzk ; zl i � )k ;l =0 ;:::;N � 1

�
=

N � 1Y

k=0

V ( � )

k

= (V ( � )

0 )N
N � 1Y

k=0

kY

l =1

�
1 � (� ( � )

l (0))2�
:

(3.21)

13 We recall that the (N � N ) Toeplitz matrix TN (f ) = (� k � l )k ;l =0 ;:::;N � 1 with respect

to the weight function f on [0; 2� ] is de�ned by the Fourier coe�cien ts � k =
R2�

0
ei k � f (� ) d �

2� .
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For our special choice of the weight function, e2� cos � , one obtains a nonlinear
recursion relation for the sequence(� ( � )

N (0))N 2 N0 , which are called the discrete
Painlev�e II equations. Indeed, the numbers R ( � )

N = (� 1)N +1 � ( � )

N (0) satisfy

R( � )

N +1 � 2R ( � )

N + R( � )

N � 1 =
( N

� � 2)R ( � )

N + 2(R ( � )

N )3

1 � (R ( � )

N )2
; N 2 N: (3.22)

Putting N = b2� + �
1
3 sc, multipling (3.22) with � and letting � ! 1 , we see

that the function

eq(s) = � lim
� !1

�
1
3 R( � )

b2� + �
1
3 sc

; s 2 R; (3.23)

should satisfy the (continuous) Painlev�e I I equation in (2.54). The initial value
R( � )

0 = � 1, i.e., eq(� 2�
2
3 ) � �

1
3 , implies that we are dealing with that solution

of (2.54) that is positive in (�1 ; 0). Hence, eq is identical to the solution q of
(2.54) with q(x) � Ai (x) as x ! 1 ; recall the text below (2.54).

Note that (3.21) implies that DN +1 ;� DN � 1;� =D2
N ;� = 1 � (R ( � )

N )2. Using this
in (3.18) we obtain, for � ! 1 ,

� d
ds

� 2
logP

�
(L (� 2) � 2� )� � 1

3 � s
�

� �
2
3

�
logDN +1 ;� � 2 logDN ;� + logDN � 1;�

�

= �
2
3 log

�
1 �

�
R( � )

b2� + �
1
3 sc

� 2
�

� �
�

�
1
3 R( � )

b2� + �
1
3 sc

� 2
� � q(s)2 = (log F2)00(s):

(3.24)
Hence,we have �nished the identi�cation of the limiting distribution of L (� 2).

The technically hardest works of the proof are the proofs of the convergence
in (3.23) and of the convergenceof the moments, which require an adaptation
of the Deift-Zhou steepest descent method for an associated Riemann-Hilbert
problem.

3.6 The poly nuclear gro wth mo del
Consider the boundary of a one-dimensionalsubstrate, which is formed by the
graph of a piecewiseconstant function with unit steps.At each time t � 0, the
separation line betweenthe substrate and its complement is given as the graph
of the function h(�; t) : R ! R. Occasionally, there occur random nuclear events
in states x � at times t � , and the processof the pairs (x � ; t � ) forms a Poisson
point processin the space-timehalf plane R� [0; 1 ) with intensity equal to two.
Such an event createsan island of height onewith zerowidth, i.e., h hasa jump
of size one in x � at time t � . Every island grows laterally (deterministically) in
both directions with velocity one, but keepsits height, i.e., for small " > 0 the
curve h(�; t � + ") has the height h(x � ; t � ) in the "-neighborhood of x � and stays
on the samelevel as before t � outside this neighborhood:
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q q

�

q

q

q

h(x � ; t � ) � 1

h(x � ; t � )

h(x; t � + ")

x

x � � " x � x � + "

! 

The bullet marks the nucleation event, and the two arrows indicate the lateral
growth of velocity one in the two directions. We call the graph of h(�; t � + ") in
the "-neighborhood of x � a growing island. If two growing islands at the same
level collide, then they mergetogether and form a commongrowing island. The
nucleation events occur only on top of a growing island, and they occur with
constant density equal to two.

This is a (rather simple) model for poly nuclear growth (PNG) in 1+ 1 dimen-
sion. Among various initial conditions that one could impose,we shall consider
only two: the 
at case,where h(x; 0) = 0 for any x 2 R, and the droplet case,
where h(x; 0) = �1 for x 6= 0 and h(0; 0) = 0. The droplet casemay also be
de�ned with the initial condition h(�; 0) = 0 by requiring that nucleation events
at time t may happen only in [� t; t].

Let us �rst considerthe droplet case.A beautiful observation [PS00] is the fact
that the PNG model stands in a one-to-onerelation to the Poissonizedproblem
of the longest increasingsubsequencein a rectangle.Using this correspondence,
one arrivesat the following limit assertion.

Theorem 3.15 (Limit law for the PNG droplet, [PS00]). Let h(x; t) be
the height of the PNG droplet at time t over the site x, and let c 2 [� 1; 1]. Then

lim
N !1

P
� h(ct; t) � 2t

p
1 � c2

(1 � c2)
1
6 t

1
3

� s
�

= F2(s); s 2 R; (3.25)

where F2 is the GUE Tracy-Widom distribution function, see (2.55).

Idea of pro of. We considerthe space-timehalf plane R� [0; 1 ). For any space-
time point (x; t), we call the quarter plane with lower corner at (x; t) and having
the two lines through (x; t) with slope 1 and � 1 asboundariesthe (x; t)-quarter
plane. Recall that nucleation events occur in the (0; 0)-quarterplane only, which
is the region f (x; t) : jxj � tg.

First note that every nucleation event at somespace-timepoint (x � ; t � ) in
u-
encesthe height of the curve h only within the (x � ; t � )-quarter plane. Second,
note that any nucleation event (y� ; s� ) within the (x � ; t � )-quarter plane con-
tributes an additional lifting by level one (to the lift created by the nucleation
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event (x � ; t � )) for any space-timepoint in the intersection of the two quarter
planesof the nucleation events, sincethe growing island created by (y � ; s� ) will
be on top of the growing island created by (x � ; t � ). However, if (y� ; s� ) occurs
outside the (x � ; t � )-quarter plane, their in
uences are merged to a lift just by
one step sincetheir growing islands are mergedto one growing island.

Now �x a space-timepoint (x; t) in the (0; 0)-quarter plane. In the space-time
plane, considerthe rectangleR having two opposite cornersat the origin and at
the point (x; t) and having sidesof slopes1 and � 1 only. Condition on a �xed
number N of nucleation events (x �

1; t �
1); : : : ; (x �

N ; t �
N ) in the rectangle R.

�
�

�
�

�
�

�
�

�
�

� �

@
@

@
@

@
@

@
@@

�
�

�
�

�
�

��

@
@

@
@

@
@

@@

(x �
i ; t �

i )

R

q q

q q
(x; t)

space

�

�
�

�

�

�

�

time

x

t

0

Rotate the rectangle by 45 degrees.The preceding observations imply that
only thosenucleation events contribute to the height h(x; t) which can be joined
together by a polygon line consistingof straight up/righ t lines, leading from the
corner of the rectangle R at the origin to the corner at (x; t). The maximal
number of nucleation events along such path is equal to the height h(x; t).
Hence, the length of the longest increasing subsequencein a unit square with
Poissonintensity � =

p
t2 � x2 has the samedistribution as the height h(x; t).

Using Theorem 3.14, one concludesthe assertion.

In particular, the 
uctuation exponent 1=3 is rigorously provedfor this growth
model. Such a result has not yet been achieved for any other growth model of
this type. However, this 
uctuation behavior is conjectured for a large classof
(1 + 1)-dimensional growth processes,provided the spatial correlations are not
too weak.

The 
at initial condition, h(�; 0) = 0, interestingly leads to the GOE Tracy-
Widom distribution instead of the GUE one:

Theorem 3.16 (Limit law for the 
at PNG mo del, [PS00]). Let h(x; t)
be the height of the 
at PNG model at time t over the site x. Then,

lim
t !1

P
� h(0; t) � 2t

t
1
3

� 2� 2=3 s
�

= F1(s); s 2 R; (3.26)

where F1 is the GOE Tracy-Widom distribution function, see (2.58).
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The above explanation for the droplet casehas to be adapted to the 
at case
by replacing the rectangle with corners at the origin and (x; t) by the triangle
with baseon the axis t = 0, corner at (x; t) and sideslopes1 and � 1. See[Fe04a]
for more detailed results on the 
at PNG model.

For other initial conditions (amongwhich someleadto the GSETracy-Widom
distribution, F4), see[P03, Sect. 3]. We recall that a discrete-spaceversion of
the PNG model is analyzedin [Jo02a, Sect.2.4]; seealsoRemark 3.11. A recent
survey on the PNG droplet and its relation to random matrices and further
random processes,like directed polymers, the longest increasing subsequence
problem and Young tableaux, appears in [FP05].

3.7 The multi-la yer PNG droplet and the Airy pro cess
The PNG droplet hasbeenanalysedalsoasa process.Interestingly, the limiting
distribution of the height processin the correct scalingbearsa closerelationship
to Dyson's Brownian motions (seeTheorem 4.1), which is best seenwhen ad-
ditional layersof substrate separation lines are intro duced.The so-calledmulti-
layer PNG droplet (sometimesalso called the discrete PNG model) is de�ned
as follows. We write h0 instead of h and add an in�nite sequenceof separation
lines h` (x; t) with ` 2 � N with initial condition h` (x; 0) = `. Nucleation events
only occur to the zeroth line h0, and they occur at time t in the interval [� t; t]
only (i.e., we consider the droplet case).Every merging event in the `-th line
(i.e., every event of an amalgamation of two neighboring growing islands at the
sameheight) createsa nucleation event in the (` � 1)-st line at the samesite.
Apart from this rule, every island on any level grows deterministically with unit
speedinto the two lateral directions as before.

Hence,randomnessis induced only at the zeroth line, and all the other lines
are deterministic functions of h0. Observe that the strict ordering h` (x; t) >
h` � 1(x; t) for any x; t; ` is preserved. Hence, the lines form a family of non-
colliding step functions with unit steps.For any ` 2 � N0 and at any time t > 0,
the `-th line h` (�; t) is constant equal to ` far away from the origin. Only a
�nite (random) number of them have received any in
uence coming from the
nucleation events, and only within a �nite (random) space-timewindow.14

An interesting observation [PS02a] is that, in the long-time limit, the multi-
layer PNG droplet processapproaches the large-N limit of Dyson's Brownian
motions (seeSection 4.1 below) in the appropriate scaling.15 More precisely, let
� ( N ) (t) = (� ( N )

1 (t); : : : ; � ( N )

N (t)) 2 WN be Dyson's Brownian motion at time t as
in Theorem 4.1. Then the Airy processmay be intro ducedasthe scaledlimiting
distribution of the largest particle, more precisely,

� p
2N

1
6
�
� ( N )

N (yN � 1
3 ) �

p
2N

� �

y2 R
=)

�
Ai (y)

�
y2 R: (3.27)

14 Computer simulations show that the space-time region in which the lines are not constant
asymptotically forms a droplet that approaches a circle. This region stays strictly inside the
circle, which is due to the negativit y of the expectation of the GUE Tracy-Widom distribution,
recall Remark 2.18(iii).

15 To be more precise, in contrast to Section 4.1, here Dyson's Brownian motions are not
basedon Brownian motions, but on Ornstein-Ulen beck processes,which are Brownian motions
with drift to the origin and hence stationary .
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Convergencehasbeenestablishedin the senseof �nite-dimensional distributions
in [PS02a] and in processsensein [Jo03]. For any y > 0, the random variable
Ai (y) has the GUE Tracy-Widom distribution F2 in (2.55), and the family of
theserandom variablesforms an interesting stochastic process.The Airy process
(Ai (y)) y2 R is a stationary, continuous non-Markovian stochastic processwhich
may be de�ned via its �nite dimensional distributions, using a determinant
formula involving the Airy kernel K Ai in (2.52) [PS02a], seealso [P03, Sect. 5].

In [PS02a] it turns out that, in the appropriate scaling, the joint distribution
of all the lines h` of the multila yer PNG droplet approaches the Airy process.
We state the consequenceof this statement for the �rst line as follows.

Theorem 3.17 (Pro cess convergence of the PNG droplet, [PS02a ]).
Let h(x; t) be the height of the PNG droplet at time t over the site x. Then, in
the senseof �nite-dimensional distributions,

lim
t !1

h(t
2
3 y; t) � 2t

t
1
3

= Ai (y) � y2; y 2 R; (3.28)

where (Ai (y)) y2 R is the Airy process.

Someprogresson the processversion of the 
at PNG model has beenmade
in [Fe04a]. Discrete versionsof the PNG model have been analysedin [IS04a],
[IS04b].

Another interesting processthat converges(after proper rescaling) in distri-
bution towards the Airy processis the north polar region of the Aztec diamond
[Jo05].

3.8 The Planc herel measure
The Plancherel measureis a distribution on the set of Young tableaux which
exhibits an asymptotic behavior that is remarkably similar to that of the spec-
trum of Gaussian matrix ensembles. Most interestingly, this measuremay be
studied for any value of the parameter � , which is restricted to the values1, 2
and 4 in the matrix cases.

A Youngdiagram, or equivalently a partition � = (� 1; � 2; : : : ) of f 1; : : : ; N g is
an array of N boxes,such that � 1 of them are in the �rst row, � 2 of them in the
secondand soon. Here � is an integer-valued partition such that � 1 � � 2 � : : : ,
and

P
i � i = N . We think of the rows as being arranged on top of each other.

A standard Young tableau is a Young diagram together with a �lling of the
boxes with the numbers 1; : : : ; N such that the numbers are strictly increasing
along the rows and along the columns.16 The vector � is called the shape of the
tableau. For every � , we denote by d� the number of Young tableaux of shape
� . For every � > 0, we de�ne the Plancherel measure as the distribution on the
set YN of partitions of f 1; : : : ; N g, which is given by

Pl ( � )

N (� ) =
d�

�P
� 2 YN

d�
�

; � 2 YN : (3.29)

16 Compare to the de�nition of a semistandard Young tableau prior to Lemma 3.9, where
more numbers may appear, and their order is just nondecreasing.
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We can conceive � ( N )

k , the length of the k-th row, as an N0-valued random
variable under the probabilit y measurePl ( � )

N on YN .
The case � = 2 has been studied a lot. Basically, it was shown that the

limiting statistics of the sequence� ( N )

1 ; � ( N )

2 ; : : : , in an appropriate scaling, is the
sameasthe onefor the eigenvaluesof an (N � N ) GUE-matrix. We mention just
a few important results. As a by-product of their study of the longest increasing
subsequenceof a random permutation, in [BDJ99] the limit theorem

lim
N !1

Pl (2 )

N

� � ( N )

1 � 2
p

N

N
1
6

� s
�

= F2(s); s 2 R; (3.30)

is shown, where F2 is the Tracy-Widom GUE distribution function. The con-
jecture of [BDJ99] that for every k 2 N the scaledlimiting distribution of � ( N )

k
is identical to the one of the k-th largest eigenvalue of a GUE-matrix was in-
dependently proved in [BDJ00] for k = 2, and for general k in [Jo01b] and
[BOO00]. The convergenceof the moments of the scaledrow lengths was also
proved in [BDJ99], [BDJ00] and [Jo01b], respectively. The bulk-scaling limit
was also proved in [BOO00]. The case� = 1 (which is analogousto the GOE
caseinstead the GUE case)has beenstudied in [BE01].

4. Non-colliding random pro cesses

In this section we systematically discuss conditional multi-dimensional ran-
dom processesgiven that the components never collide with each other. These
processesaresometimescalledvicious walkers, non-colliding processesor nonin-
tersecting paths in the literature. The earliest hint at a closeconnectionbetween
non-colliding random processesand orthogonal polynomial ensembleswasfound
in [Dy62b], where a natural processversion of the GaussianUnitary Ensemble
was considered.It turned out there that the mutual repellencein (2.3) receives
a natural interpretation in terms of Brownian motions conditioned on never col-
liding with each other. This theme apparently wasnot taken up in the literature
up to the beginning of the nineties, when peopleworking in stochastic analysis
turned to this subject. Since the discovery of closeconnectionsalso with ran-
dom growth models at the end of the nineties, non-colliding processesbecame
an active research area.

4.1 Dyson's Bro wnian motions
A glance at the Hermite ensemble in (2.3) shows that there is a mutually re-
pelling force between the eigenvalues: the density vanishesif any two of the N
arguments approach each other. It does not seemeasy to derive an intuitiv e
reason for this repellence from random matrix considerations, but if the ma-
trix M is embedded in a natural processof random Hermitian matrices, then
the processof eigenvaluesadmits a nice identi�cation that makesthe repellence
natural.

Theorem 4.1 (Dyson's Bro wnian motions, [Dy62b ]). For any i 2
f 1; : : : ; N g resp. i < j , let (M i;i (t)) t � 0 and (M (R )

i;j (t)) t � 0 and (M (I)

i;j (t)) t � 0 be
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independent real standard Brownian motions, starting at zero, such that the
Hermitian random matrix M (t) = (M i;j (t)) i;j =1 ;::: ;N with M i;j (t) = M (R)

i;j (t) +
i M (I)

i;j (t) has the distribution of GUE at time t = 1. Then the process(� (t)) t � 0

of eigenvaluevectors � (t) of M (t) is a conditional Brownian motion on RN ,
starting at zero, given that the particles never collide with each other, i.e., con-
ditional on the event f � 1(t) < � 2(t) < � � � < � N (t) for all t > 0g.

This theorem has to be explained in somedetail.

Remark 4.2. (i) It is remarkable that, in particular, the processof eigen-
value vectors is Markov. This is not true for, say, the processof the largest
eigenvalues, (� N (t)) t � 0.

(ii) The original proof in [Dy62b] makes nowadays an old-fashioned impres-
sion.See[Br91] for a modern stochastic analysistreatment of an analogous
matrix-v alued processfor Wishart-matrices in the real-valued setting. In
this setting, the processof eigenvalues also turns out to be Markov, but
doesnot admit a conditional interpretation. The latter is also true in the
analogousGOE setting.

(iii) The event of never colliding, f � 1(t) < � 2(t) < � � � < � N (t) for all t > 0g,
has zero probabilit y for N independent Brownian motions. Hence, the
de�nition of the conditioned processneedssomecare. First observe that
the non-colliding event is the event f � (t) 2 WN for all t > 0g, where
WN = f x 2 RN : x1 < x2 < � � � < xN g is the Weyl chamber. Probabilists
like to write this event as f T = 1g , where T = inf f t > 0: � (t) 2 W c

N g
is the exit time from WN , the �rst time of a collision of any two of the
particles. One way to construct the conditional processis to condition
on the event f T > tg and prove that there is a limiting processas t !
1 . Another one is to consider the Doob-h transform of the vector of
N independent standard Brownian motions with somesuitable function
h : WN ! (0; 1 ) that vanisheson the boundary of WN and is harmonic for
the generatorof the N -dimensionalBrownian motion in WN . Remarkably,
it turns out that h = � N , the Vandermondedeterminant, satis�es all these
properties, and that the h-transform with this function h is identical with
the outcome of the �rst construction. SeeSection 4.2 below for a general
treatment of this issue.

(iv) The Markov process(� (t)) t � 0 has the invariant measurex 7! � N (x)2 dx,
which cannot be normalized.

(v) Also in the real and the symplectic version,the eigenvalueprocess,(� (t)) t � 0,
turns out to be a di�usion. An elementary application of Ito's formula
showsthat (� (t)) t � 0 satis�es the stochastic di�eren tial equation (see[Br91]
for related formulas)

d� i = dB i + �
NX

j =1
j 6= i

1
� i � � j

dt; i = 1; : : : ; N ; (4.1)

where B1; : : : ; BN are independent Brownian motions, and � 2 f 1; 2; 4g is
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the parameter as in (2.5). The generator of the process(� (t)) t � 0 is

bGf (x) =
1
2

NX

i =1

@2
i f (x) + �

NX

i =1

h NX

j =1
j 6= i

1
x i � x j

i
@i f (x); (4.2)

The generators in the GOE and the GSE setting have a factor di�eren t
from 2 before the drift term. Apparently this circumstance makes it im-
possible to conceive the processesas Doob transforms of N independent
processes. 3

4.2 Harmonicit y of the Vandermonde determinan t
Now we consider more general multi-dimensional random processesand their
conditional versiongiven that no collision of the particles occurs.As waspointed
out in Remark 4.2(iii), the construction needssomecare,sincethe conditioning
is on a set of probabilit y zero. It turns out that the rigorous de�nition may be
given for many processesin terms of a Doob h-transform with h = � N , the
Vandermondedeterminant in (1.3). Even more striking, the marginal distrib-
ution of the transformed processturns out, for a couple of explicit examples,
to be given by well-known orthogonal polynomial ensembles, like the Hermite
ensemble in (2.3) for the caseof conditional Brownian motions.

4.2.1. The continuous case.

Let us turn �rst to the time-continuous casewith continuous paths, more pre-
cisely, to di�usions. We �x N 2 N and an interval I and let X = (X (t)) t � 0 be
a stochastic processon I N . Assume that X 1; : : : ; X N are N independent and
identically distributed di�usions X i = (X i (t)) t � 0 on I . Under the measurePx

they start at X i (0) = x i 2 I , wherex = (x1; : : : ; xN ). By pt (x; y) we denote the
transition density function of any of the di�usions X i , i.e.,

Px (X (t) 2 dy) =
NY

i =1

�
pt (x i ; yi ) dyi

�
; x; y 2 I N : (4.3)

Recall the Weyl chamber and its exit time,

WN = f x 2 RN : x1 < � � � < xN g and T = inf f t > 0: X (t) =2 WN g:
(4.4)

In words: T is the �rst time of a collision of any two of the N components of the
process.Recall the Vandermondedeterminant � N (x) =

Q
1� i<j � N (x j � x i ). In

order to be able to construct a Doob-h transform of the processwith h = � N on
WN , the basic requirements are: (1) � N is positive on WN , (2) � N is harmonic
with respect to the generator G of the processX , i.e., G� N = 0, and (3)
� N (X (t)) is integrable for any t > 0.

Clearly, the �rst prerequisite is satis�ed. Furthermore, it turns out that � N

is harmonic for a quite large classof processes:



W. K•onig/Ortho gonal polynomial ensembles in probability theory 433

Lemma 4.3 (Harmonicit y of � N , contin uous case [K O01]). We have
G� N = 0 (i.e., � N is harmonic with respect to G) if there are a; b;c 2 R such
that

G =
NX

i =1

h
(axi + b)@2

i + c@i

i
or =

NX

i =1

h
(x2

i + axi + b)@2
i +

�
2
3 (N � 2)x i + c

�
@i

i
:

(4.5)

The proof consists of an elementary calculation. Lemma 4.3 in particular
covers the casesof Brownian motion, squaredBesselprocesses(squared norms
of Brownian motions) and generalizedOrnstein-Uhlenbeck processesdriven by
Brownian motion. For generaldi�usions, existenceand identi�cation of positive
harmonic functions for the restriction of the generator to the Weyl chamber are
open.

As a consequenceof Lemma 4.3, we can intro duce the Doob h-transform of
X with h = � N . This is a di�usion on WN \ I N , which we also denote X . Its
transition probabilit y function is given by

bPx (X (t) 2 dy) = Px (T > t; X (t) 2 dy)
� N (y)
� N (x)

; x; y 2 WN \ I N ; t > 0:

(4.6)
The transformed processis often called the conditional processX , given that
there is no collision of the components. In order to justify this name, one must
show that

lim
t !1

Px (X (s) 2 dy j T > t) = bPx (X (s) 2 dy); for any x; y 2 WN ; s > 0:

(4.7)
This may be proven in many exampleswith the help of the Markov property at
time s and an asymptotic formula for Pz (T > t) as t ! 1 , seeRemark 4.10(ii).
In Section 4.3 we provide two tools. In Section 4.4, we list a couple of exam-
plesof � N -transformed di�usions, whosemarginal distribution is an orthogonal
polynomial ensemble.

4.2.2. The discrete case.

There is alsoa discreteversionof Lemma 4.3. Recall that a vector v on a discrete
set I is called a positive regular function for a matrix Q with index set I � I if
all the components of v are positive and Qv = v holds.

Lemma 4.4 (Regularit y of � N , discrete case [K OR02 ]). Let (X (n))n 2 N

be a random walk on RN such that the step distribution is exchangeableand the
N -th moment of the stepsis �nite.

(i) Then � N is harmonic for the walk, i.e., Ex [� N (X (1))] = � N (x) for any
x 2 RN , and the process � N (X (n))n 2 N0 is a martingale with respect to
the natural �ltr ation of (X (n)) n 2 N.
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(ii) If (X (n))n takesvaluesin ZN only and no step from WN to W
c
N hasposi-

tive probability, then the restriction of � N to WN \ ZN is a positive regular
function for the restriction PW N = (p(x; y)) x;y 2 W N \ ZN of the transition
matrix P = (p(x; y)) x;y 2 ZN , i.e.,

X

y2 ZN \ W N

p(x; y)� N (y) = � N (x); for any x 2 ZN \ WN : (4.8)

The condition in Lemma 4.4(ii) is a severe restriction. It in particular ap-
plies to nearest-neighbor walks on ZN with independent components, and to
the multinomial walk, where at each discrete time unit one randomly chosen
component makesa unit step, seeSection 4.4. Further examplescomprisebirth
and death processesand the Yule process[Do05, Ch. 6].

Under the assumptionsof Lemma 4.4, one can again de�ne the h-transform
of the Markov chain X by using the transition matrix bP = (bp(x; y)) x;y 2 W N \ ZN

with

bp(x; y) = p(x; y)
� N (y)
� N (x)

; x; y 2 WN \ ZN :

Remark 4.5. Arbitr ary random walks with i.i.d. components are consideredin
[EK05+ ]. Under the sole assumption of �niteness of su�cien tly high moments
of the steps, it turns out there that the function

V (x) = � N (x) � Ex [� N (X (� ))] ; x 2 WN ;

where � = inf f n 2 N: X (� ) =2 WN g is the exit time from WN , is a positive reg-
ular function for the restriction of the walk to WN . (Note that V coincideswith
� N in the special casesof Lemma 4.4(ii).) Since the steps are now arbitrarily
large, the term `non-colliding' should be replacedby `ordered'. Furthermore, an
ordered version of the walk is constructed in terms of a Doob h-transform with
h = V , and someasymptotic statements are derived, in particular an invariance
principle towards Dyson's Brownian motions. 3

4.3 Some to ols
We present two technical tools that prove useful in the determination of prob-
abilities of non-collision events.

4.3.1. The Karlin-McGr egor formula

An important tool for calculating non-colliding probabilities is the Karlin-
McGregor formula, which expressesthe marginal distribution of the non-colliding
processin terms of a certain determinant.

Lemma 4.6 (Karlin-McGregor form ula, [KM59 ]). Let (X (t)) t � 0 be a dif-
fusion on RN that satis�es the strongMarkov property. Then, for any x; y 2 WN

and any t > 0,

Px (T > t; X (t) 2 dy)
dy

= det
�
(pt (x i ; yj )) i;j =1 ;:::;N

�
; (4.9)
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where pt (x; y) is the transition probability function of the di�usion, see (4.3).

Pro of. By S N we denote the set of permutations of 1; : : : ; N , and sign(� )
denotesthe signum of a permutation � . We write y� = (y� (1) ; : : : ; y� (N ) ). We
have

Px (T > t; X (t) 2 dy)
dy

� det
�
(pt (x i ; yj )) i;j =1 ;::: ;N

�

=
X

� 2 S N

sign(� )
hPx (T > t; X (t) 2 dy� )

dy
�

Px (X (t) 2 dy� )
dy

i

= �
X

� 2 S N

sign(� )
Px (T � t; X (t) 2 dy� )

dy
;

(4.10)
since all the summandsPx (T > t; X (t) 2 dy� )=dy are equal to zero, with the
exception of the one for the identical permutation.

At time T, the i -th and the j -th coordinate of the processcoincide for some
i < j , which we may chooseminimal. Re
ect the path (X (s)) s2 [T ;t ] in the (i; j )-
plane, i.e., map this path onto the path (X � (s)) s2 [T ;t ] , where � 2 S N is the
transposition that interchangesi and j . This map is measure-preserving,and
the endpoint of the outcome is at y� � � if X (t) = y� . Summing on all i < j (i.e.,
on all transpositions � ), substituting � � � and noting that its signum is the
negative signum of � , we seethat the right hand side of (4.10) is equal to its
negative value, i.e., it is equal to zero. The proof is �nished.

Remark 4.7. (i) The main properties of the processthat make this proof
possibleare the strong Markov property and the continuit y of the paths.
No assumptionon spatial dependenceof the transition probabilit y function
is needed.

(ii) For discrete-timeprocesseson Z there is an analogousvariant of Lemma 4.6,
but a kind of continuit y assumption has to be imposed:The steps must
be � 1, 0 or 1 only, i.e., it must be a nearest-neigbor walk. This ensures
that the path stepson the boundary of WN when leaving WN , and hence
the re
ection procedurecan be applied. 3

4.3.2. The Schur polynomials

Another useful tool when dealing with certain determinants is the Schur poly-
nomial ,

Schurz (x) =
det

h�
xz j

i

�
i;j =1 ;:::;N

i

� N (x)
; z 2 WN ; x 2 RN : (4.11)

It turns out that Schurz is a multip olynomial in x1; : : : ; xN , and it is homo-
geneousof degreez1 + � � � + zN � N

2 (N � 1). Its coe�cien ts are nonnegative
integers and may be de�ned in a combinatorial way. It has the properties
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Schurz (1; : : : ; 1) = � N (z)=� N (x � ) (where we recall that x � = (0; 1; 2; : : : ; N �
1)), Schurx � (x) = 1 for any x 2 RN , and Schurz (0; : : : ; 0) = 0 for any z 2
WN n f x � g.

A combination of the Karlin-McGregor formula and the Schur polynomials
identi�es the asymptotics of the non-collision probabilit y and the limiting joint
distribution of N standard Brownian motions before the �rst collision:

Lemma 4.8. Let (X (t)) t � 0 be a standard Brownian motion, starting at x 2
WN . Then, as t ! 1 , the limiting distribution of t � 1

2 X (t) given that T > t has
the density y 7! 1

Z ' (y)� N (y) on WN , where ' is the standard Gaussiandensity,
and Z the normalization constant. Furthermore, Px (T > t) = � N (x)t � N

4 (N � 1) �
(C + o(1)) as t ! 1 for someC > 0.

Note that the limiting distribution is of the form (1.1) with � 2
N replacedby

� N , i.e., with � = 1.

Sketch of pro of. Lemma 4.6 yields

Px (T > t; t � 1
2 X (t) 2 dy)

dy
= det

h�
(2� ) � N

2 e� (x i � y j
p

t )2 =(2 t )
�

i;j =1 ;:::;N

i

= (2� ) � N
2 e�k x k2

2 =(2 t ) e�k yk2
2 =2 det

h�
ex i y j =

p
t
�

i;j =1 ;:::;N

i

=
e�k yk2

2 =2

(2� )
N
2

e�k x k2
2 =(2 t ) � N (z)Schury (z);

(4.12)
where we put zi = ex i =

p
t . Now we consider the limit as t ! 1 . The second

term is (1 + o(1)), and the continuit y of Schury implies that the last term
convergesto � N (y)=� N (x � ). Using the approximation ex i =

p
t � 1 � x i =

p
t, we

seethat � N (z) � t � N
4 (N � 1) � N (x). Hence,the right hand sideof (4.12) is equal

to ' (y)� N (y)� N (x)t � N
4 (N � 1) (1=� N (x � ) + o(1)). Integrating on y 2 WN , we

obtain the last statement of the lemma. Dividing the left hand side of (4.12) by
Px (T > t) and using the above asymptotics, we obtain the �rst one.

4.4 Marginal distributions and ensembles
We apply now the technical tools of Section 4.3 to identify the marginal dis-
tribution of some particular � N -transformed processesas certain orthogonal
polynomial ensembles.

4.4.1. The continuous case.

Lemma 4.9 (Marginal distribution for � N -transformed di�usions,
[K O01]). Assume that I is an interval and X is a di�usion on I N such that
the Vandermondedeterminant � N is harmonic for its generator and � N (X (t))
is integrable for any t > 0. Assumethat there is a Taylor expansion

pt (x; y)
pt (0; y)

= f t (x)
1X

m =0

(xy)m am (t); t � 0; y 2 I ;
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for x in a neighborhood of zero, where am (t) > 0 and f t (x) > 0 satisfy
lim t !1 am +1 (t)=am (t) = 0 and f t (0) = 1 = lim t !1 f t (x). Then, for any t > 0
and somesuitable Ct > 0,

lim
x ! 0

x 2 W N

bPx (X (t) 2 dy) = Ct � N (y)2P0(X (t) 2 dy); y 2 WN : (4.13)

Furthermore, for any x 2 WN ;

Px (T > t) � Ct � N (x)E0
�
� N (X (t))1lf X ( t )2 W N g

�
; t ! 1 : (4.14)

Remark 4.10. (i) Relation (4.13) is remarkable since it provides a host of
examples of orthogonal polynomial ensembles that appear as the mar-
ginal distribution of h-transformed di�usions with h = � N (recall that
P0(X (t) 2 dy) is a product measure).Explicit examplesare the Hermite
ensemble for Brownian motion and the Laguerre ensemble for squared
Besselprocesses,where P0(X (t) 2 dy) is the Gamma distribution. Most
of the other examplescovered by Lemma 4.9 do not seemto be explicit.

(ii) Relation (4.7) may be deducedfrom (4.14), if the right hand side is as-
ymptotically equivalent when t is replacedby t � s for somes > 0. This
has not beenworked out yet in general,but can be easily seenin a couple
of special cases.It would justify the notion `non-colliding di�usion' for
h-transformed di�usions with h = � N .

(iii) A natural question is what examples(besidesthe Hermite ensemble, i.e.,
Brownian motions; seeSection 4.1) lead to processesthat can be repre-
sented as eigenvalue processesfor suitable matrix-v alued di�usions. We
mention here the Laguerre process,the non-colliding version of squared
Besselprocesses,which is in distribution equal to the eigenvalue process
of a natural processesof complex Wishart matrices ([KO01]; see Re-
mark 2.2(v)). We recall that the real-matrix case,which does not seem
to admit an h-transform interpretation, is worked out in [Br91].

(iv) Further important exampleswith physical relevanceare derived in [KT04];
in fact, processversions of all ten classesof Gaussian random matrices
mentioned at the beginning of Section2 are analysed,and their eigenvalue
processesare characterisedin terms of non-colliding di�usions.

(v) In [KNT04 ], independent Brownian motions areconditioned on non-collision
up to a �xed time, S. The result is a time-inhomogeneousdi�usion whose
transition probabilities depend on S. This conditioned processconverges
towards Dyson's Brownian motions as S ! 1 . In [KT03], the distribu-
tion of the conditional processis identi�ed in terms of a certain eigen-
value di�usion of a matrix-v alued di�usion. Indeed, let (M 1(t)) t � 0 be a
Hermitian matrix-v alued di�usion whose sub-diagonal and diagonal en-
tries are 1

2 N (N + 1) independent standard real Brownian motions, and
let (M 2(t)) t � 0 be an antisymmetric matrix-v alued di�usion whose sub-
diagonal entries are 1

2 N (N � 1) real independent Brownian bridges (i.e.,
Brownian motions conditioned on being back to the origin at time S).
Then the eigenvalue processfor the matrix M 1(t) + i M 2(t) is a realisation
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of the above conditioned Brownian motion process,given that no collision
happensby time S. The matrix di�usion (M 1(t) + i M 2(t)) t 2 [0;S ] is a one-
parameter interpolation between GUE and GOE (hence it is sometimes
called a two-matrix model). Indeed, recall the well-known independent de-
composition of a Brownian motion (B (t)) t � 0 into the Brownian bridge
(B (t) � t

S B (S)) t 2 [0;S ] and the linear function ( t
S B (S)) t 2 [0;S ] and decom-

pose M 1(t) in that way. Collecting the bridge parts of M 1(t) + i M 2(t)
in one processand the remaining variables in the other, we obtain the
interpolation.

(vi) In�nite systemsof non-colliding random processesareconsideredin [Ba00]
and in [KNT04 ]. The nearest-neighbor discrete-time caseis the subject of
[Ba00] where the limiting distribution at time N of the left-most walker
is derived, conditional on a certain coupling of the total number of left-
stepsamong all the walkers with N ; the outcome is a certain elementary
transformation of the Tracy-Widom distribution for GUE. In [KNT04 ], a
system of N Brownian motions, conditional on non-collision until a �xed
time S, is analysedin the limit N ! 1 and S ! 1 , coupled with each
other in various ways. 3

4.4.2. The discrete case.

We present three examplesof conditioned random walks on ZN : the binomial
random walk (leading to the Krawtchouk ensemble), the Poissonrandom walk
(leading to the Charlier ensemble) and its de-Poissonizedversion, the multino-
mial walk.

For i = 1; : : : ; N , let X i = (X i (n))n 2 N0 be the binomial walk, i.e., at each
discrete time unit the walker makesa step of sizeonewith probabilit y p 2 (0; 1)
or standsstill otherwise.The walks X 1; : : : ; X N areassumedindependent. Under
Px , the N -dimensional processX = (X 1; : : : ; X N ) starts at X 0 = x 2 NN

0 . The
� N -transformed processon ZN \ WN has the transition probabilities

bPx (X (n) = y) = Px (X (n) = y; T > n)
� N (y)
� N (x)

; x; y 2 ZN \ WN ; n 2 N:

(4.15)
This marginal distribution, when the processis started at the particular site
x � = (0; 1; 2; : : : ; N � 1), is identi�ed in terms of the Krawtchouk ensemble in
(3.8) as follows.

Lemma 4.11 ( � N -transformed binomial walk, [K OR02 ]). Let x � =
(0; 1; 2; : : : ; N � 1). Then, for any n 2 N, and y 2 ZN \ WN ,

bPx � (X (n) = y) = Kr N ;n + N � 1;p(y): (4.16)

Such an identi�cation is known only for the particular starting point x � . The
proof is basedon the Karlin-McGregor formula and someelementary calcula-
tions for certain determinants.
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The Poisson random walk, X i = (X i (t)) t � 0, on N0 makes steps of size one
after independent exponential random times. If X 1; : : : ; X N are independent,
the processX = (X 1; : : : ; X N ) on N0 makes steps after independent exponen-
tial times of parameter N , and the stepsare uniformly distributed on the set of
the N unit vectors. The embeddeddiscrete-time walk is the so-calledmultino-
mial walk; at times 1; 2; 3; : : : ; a randomly picked component makesa unit step.
Lemma 4.4(ii) applies also here, and we may considerthe � N -transformed ver-
sion, both in continuous time and in discrete time. The marginal distribution
of the discrete-time processis given in (4.15), and the sameformula holds true
for the continuous-time version with n 2 N replacedby t > 0.

Analogously to the binomial walk, the marginal distributions of both con-
ditioned walks, when the processis started at x � = (0; 1; 2; : : : ; N � 1), may
be identi�ed in terms of well-known ensembles, which we intro duce �rst. The
Charlier ensemblewith parameter � > 0 and N 2 N is given as

ChN ;� (x) =
1

Z �;N
� N (x)2

NY

i =1

� x i

x i !
; x 2 NN

0 \ WN : (4.17)

The de-Poissonized Charlier ensembleis de�ned as

dPChN ;n (x) =
1

ZN ;n
� N (x)2MuN ;n (x); x 2 NN

0 \ WN ; n 2 N0; ; (4.18)

where

MuN ;n (x) =

(
N � n

� n
x 1 ;::: ;x N

�
if x1 + � � � + xN = n;

0 otherwise.
(4.19)

Then the free multinomial random walk has the marginals Px (X (n) = y) =
MuN ;n (y � x).

Lemma 4.12 (Conditioned Poisson and multinomial walks, [K OR02 ]).
Let x � = (0; 1; 2; : : : ; N � 1).

(i) Let X = (X (t)) t � 0 be the Poisson walk, then the marginal distribution of
the conditional processsatis�es, for any t > 0 and x 2 ZN \ WN ,

bPx � (X (t) = x) = ChN ;t (x): (4.20)

(i) Let X = (X (n))n 2 N0 be the multinomial walk, then the marginal distribu-
tion of the conditional processsatis�es, for any n 2 N0 and x 2 NN

0 \ WN ,

bPx � (X (n) = x) = dPChN ;n + N (N � 1)=2(x): (4.21)

The proofs of Lemma 4.12 are basedon the Karlin-McGregor formula and
explicit calculations for certain determinants.
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