
Brownian couplings – my 
favorite open problems.
II. Synchronous couplings
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Synchronous couplings of
reflected Brownian motions

Synchronous couplings via
the Skorohod equation
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Synchronous couplings
in smooth domains
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By Gauss-Bonnet Theorem,

1 - number of holes



Corollary : If a smooth domain has 
at most one hole then synchronous
couplings converge.
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Scale invariance:
Domains with corners:
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Open problem. Are there any bounded
domains      with                ?
Idea for an example – domain with many
circular holes.

Open problem
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Lemma. If     is the exterior of a disc 
then

Another idea – use ellipses instead
of discs.
Lemma (Virag). If     is the exterior of 
an ellipse then
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are driven by the same 
Brownian motion

Open problem
y
tX
y
tX Dy∈

tB

?10),(suplim
,

=⎟
⎠
⎞

⎜
⎝
⎛ =

∈∞→

y
t

x
t

Dyxt
XXdistP

- stochastic flow
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Is it true that

Lions & Sznitman (1984)
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B and Chen (2002) : Synchronous
couplings converge in
(i) Polygonal domains

(ii) Lip domains

Open problem

Does there exist a bounded planar 
domain in which synchronous couplings
do not converge?
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Polygonal domains – idea of the proof Heat equation and reflected 
Brownian motion
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boundary conditions)

- reflected Brownian motion in D
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Neumann eigenfunctions
…++= − texctxu λϕ )(),(

))()(()()( AXPAXPeyx t
y

t
xt ∈−∈≈− λϕϕ

))()(()()( AYPAXPeyx t
y

t
xt ∈−∈≈− λϕϕ

)),(),(()()( tyutxueyx t −≈− λϕϕ
xX =0

yY =0

tYXyx tt ∀≤⇒≤

B and Kendall (2000)

tX tY

(monotonicity)

Effect of reflection

tX

tY

tt YX ≤

Eigenfunction monotonicity

x A
tY

tX

y

)()( AYPAXP t
y

t
x ∈≤∈

)()( yx ϕϕ ≤

tYXyx tt ∀≤⇒≤

t
t

t
t eYeX λλ ϕϕ −− − )()(

is a non-negative martingale

Synchronous couplings in lip domains


