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ABSTRACT. We give a proof of the planar case of a longstanding conjecture of Kneser
(1955) and Poulsen (1954). In fact, we prove more by showing that if a finite set of disks in
the plane is rearranged so that the distance between each pair of centers does not decrease,
then the area of the union does not decrease, and the area of the intersection does not
increase.

1. Introduction.

Let | ... | be the Euclidean norm, so |p; —p;| is the Euclidean distance between p; and
p;- fp=(p1,...,p~) and g = (q1,...,qn) are two configurations of N points, where
each p; € E" and each q; € E" is such that for all 1 <i¢ < j < N, |p; — pj| < |di — q;],
we say that q is an ezpansion of p (and p is a contraction of q). If q is an expansion
of p, then there may or may not be a continuous motion p(t) = (p1(t),...,pn~(t)), with
pi(t) e E" for all 0 < ¢ <1 and 1 < i < N such that p(0) = p and p(1) = q, and
|pi(t) — p;(t)| is monotone increasing for 1 < ¢ < j < N. When there is such a motion,
we say that q is a continuous expansion of p. Let B(p;,r;) be the closed n-dimensional
ball of radius r; > 0 in E* about the point p;, and let Vol,, represent the n-dimensional
volume.

In 1954 Poulsen [2 and in 1955 neser [20 independently con ectured the following
for the case when ry = =ry

Con ctur 1. q=(qi,...,qn) is an ezpansion o p = (p1,...,pn) in E" t en

N N
(1) 0n B(pi,ri) < on B(q;, i)

[ 1

We will prove this con ecture for the case of the plane, n = 2, and with the same
hypothesis the following related con ecture, which was mentioned in [19 by lee and

Wagon.
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Con ctur 2. q=(qi,...,qn) is an ezpansion o p = (pP1,...,pn) in E" t en

N N
(2) 0n B(pi,ri) > on B(q;,7:)

1 [

In [5 ollobas proved Con ecture 1, for n = 2, when ry = = ry and q is a
continuous expansion of p. In [4  ern and ahai proved Con ecture 1 and Con ecture
2 for n = 2, but again with the additional assumption that q is a continuous expansion
of p. Previously in [11 Csi os had also extended ollobas s result to arbitrary radii
for n = 2, and later in [10 Csi os proved Con ecture (1) under the assumption that q
is a continuous expansion of p. In [ Capoyleas showed (2) for congruent radii in the
plane, but assuming that q is a continuous expansion of p. In [15  romov proved (2)
for arbitrary radii, but only for N <n 1. henin|[ Capoyleas and Pach proved (1)
for arbitrary radii in all dimensions, but again only for N < n 1. In these cases, it
is not hard to show that if q is an expansion of p, then it is a continuous expansion,
a property that does not hold even for n 2 points in E". For example in the plane,
consider a configuration p of four points, where one point is in the interior of the triangle
determined by the other three. If q is the configuration with the point on the interior
moved su ciently far, q will be an expansion of p, but it will not be a continuous
expansion. ( ee also the example of Figure 2 in ection .) In all of the cases above, it
1s assumed or implicitly holds that the configuration q is a continuous expansion of p.

In the following, we will use a formula of Csi os describing the derivative of the volume
of the union of 4-dimensional balls, when their centers are expanding analytically, to
show that the area of the union of 2-dimensional dis s increases when one configuration
of centers is an expansion of another, even when there is no continuous expansion in
the plane. ee ection of this paper for a related result which is that a particular
weighted surface volume changes monotonically under analytic expansions. For such
analytic (necessarily continuous) expansions this result extends the first result of Csi os
in [11.

Con ecture 1, with all the radii e ual, was repeated by adwiger in [1 . Later it was
included in a list of problems by Valentine in [2 | leein [1 , Croft, Falconer, and uy
in [9, oser and Pach in [22, and lee and Wagon in [19 ;, mentioning, in particular,
the case of dis s in the plane. his is the case that we prove here.

. Conn ctin con wur tion in i rdi nion.
ur plan is to use results about continuous (or di erentiable) motions of configurations
of points in a higher dimension to get information about pairs of configurations in a lower
dimension. he following lemma, which is fairly well- nown, is essentially the same as
formula ( )in lexander [1 , wherethe 1 —#and fin lexander s formulais replaced
by cos( t) and sin( t), respectively, and this is composed with a rotation to bring the
final image bac to the original copy of E*. ee romov [15 , and Capolyeas and Pach

[ , for a related result with a di erent proof. his allows us to connect configurations
in a higher dimension. We regard E" as the subset E* = E" E* E*=E".

L 1. uppose t at p=(p1,...,PN) an q=(d1,...,qnN) are t o con wurations
in E” ent e o o in s a continuous otion p(t) = (p1(t),...,pn(t)) inE™ ¢ at
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is ana tic int suc t at p(0) =p p(l) =qan or0 <t <1 |pi(t)—p;t)] s
onotone

() pit) = pqui (cos t)pi;qi,(sin HnP Ay <i<ji<N

00 ecalling that =| | for any vector , we calculate

3

4|pi(t) —p;(H)] = (pi —P;) (ai—q;) (cos )[(pi—Pj)—(a —q;)
(sin #) [(pi — p;) — (@i — qy)
=lpi—p;) (@i—a)l [pi—Ppj)—(a —qj)|
2(cos t)(Ipi —pjl —lai —q;l ).
his function is monotone, as re uired.

s stated here, the distances |p;(t)—p;(t)| could be monotone increasing or decreasing,
but we will mostly need the case when q is an expansion of p and thus all distances are
monotone increasing. ( f course, we regard a constant function as monotone.)

inr ut.
We say that a configuration q = (qq,...,qy) is a piecewise-analytic expansion of
p = (p1,...,pn) if q is a continuous expansion of p, and all the coordinates of all the
points are analytic functions of the parameter t except for a finite number of values of
t.  he following theorem and its corollaries are our main results. 1lso we regard E" as

the subset E* = E" Er E =E"

T or 1. etp=(p1,...,p~n) an q =(q1,...,qn) et o con urations in E"
suc t at q 18 a piece 1se ana tic erxpansion o p n K" en t e conc usions
an o onecture an  on ecture o nE"

he proof of this result will occupy the next few sections. he following includes the
neser-Poulsen con ecture in the plane.

Coro r 1. etp=(p1,....PN) an q=(q,...,qn) et o con wurations in E
suc t at q 1s an ar itrar expansion o P en an o orn=2

00 pply Lemma 1 to the configurations p and q to get that q is an analytic expan-
sion of pin E . hen heorem 1 applies, and the area ine ualities follow.

he following is obtained by ta ing the limit as r in Corollary 1, where r; =

= rny = r. It is one of the main results in [2 of uda ov,in [1 of lexander, and
in [ of Capoyleas and Pach. lthough all these papers do not prove Corollary 1, it is
explained carefully in [ how to derive Corollary 2 from the neser-Poulsen con ecture
in the plane.

Coro r 2. q=(qi,...,9nN) 18 an ar itrar expansion o p = (P1,...,pnN) in E
tente ent ot eperi etero t econexr u o pis esst anore ua tot e en t
o t epert etero t econex u o q

he following is an immediate conse uence of heorem 1 and formula ( ).
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Coro r . q=(qi,...,qn) is an ar itrar ezpansion o p = (pP1,...,pn) in E”
an t e ectorsp;—q; ora 1<i<N e a?22 1 ensiona su space o K" t en
ot an 0

he following related version of heorem 1 follows from its proof. ight after the proof
of heorem 1in ection we will mention the ad ustments for the proof of emar 1.

R r 1. Let p = (p1,...,pn~) and q = (q1,...,9n) be two configurations in E”

such that for some integer , q is a piecewise-analytic expansion of p in E ., where the

expansion is given by p(t), p(0) = p and p(1) = q, but the dimension of the a ne span

of p(t) = (p1(t),...,pn~(t)) is at most (n  2)-dimensional and is piecewise-constant.
hen the conclusions (1) and (2) of Con ecture 1 and Con ecture 2 hold in E”.

he following generali es a result of romov in [15, who proved it in the case N <
n 1.

Coro r 4. q=(qi,...,qn) is an ar itrar ezpansion o p = (pP1,...,pn) in E”
an N <n t en ot an 0

700 pply Lemma 1, to get the analytic expansion p(t) for 0 <t < 1 between p and
q. y ta ing the determinant of an appropriate number of coordinates of an appropriate
subset of the vectors p;(t) — p;(t) it follows that the dimension of the a ne span of
p(t) is piecewise-constant. y assumption, the n points can have an a ne span of
dimension no larger than n = 2. hen emar 1 applies.

s an example of how one might apply heorem 1 in higher dimensions to expansions
that are not continuous, we present the following result.

Coro r 5. etq=(qi,...,qn) e an ezpansion o p = (pP1,...,pn) in E* suc t at
or so e 1 orec i1=1,...,N eit erq; =p; orq; = Pi en q 18 a ana tic

ezpansion o p in E* ' an t us an o oran r; 0 ori=1,...,N

roo In the definition of the motion, we replace () with
P: qQ

pilt) = Db (cos 1)

pi_qi’(sin t) P: — q; 1<i<N,

2

which lives in E* !. o chec that it is an expansion, consider any 1 < i < j < N. If
either q; = p; or q; = pj, then a calculation similar to the one in the proof of Lemma
1 applies, and |p;(¢) — p;(t)| is monotone increasing.  therwise, consider the case when
q; = p; and q; = p;. We calculate

pi| — |pjl

—1
|Pi—Pj|

— P -py(0)] = 5( ~1) (sin Blpi-py| — (eos 1)

his is non-negative, which implies that |p;(¢) — p;(¢)| is monotone increasing.

ee ection for an example of this sort of expansion. For a di erent approach to the
case when the configurations are similar see [ by ouligand. When the sets forming the
union are not spherical balls, but translates of a convex set, then in [24 ; ehder shows
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that the volume of the union does not decrease when the sets are dilated. owever,
a general expansive rearrangement of convex sets di erent from ellipsoids can have the
volume of the intersection (union) increase (decrease), as shownin [21 by eyer, eisner
and chmuc enschlager.

. N r tpoint nd rt ¢t point oronoidi r
For a given configuration p = (p1,...,pn) of points in E", and radii ry,...,ry,
consider the following sets

i= p €& [forall j, [p —pil —r; <[p —pj| —r;
= p €k [forallj, [p —pi| —7r; 2|p —pj| — 7

he set ; is the closed exten e nearest point oronoi re ton of points p whose
po er, |p — pi| —r; with respect to p;, is less than or e ual to all of its powers
with respect to the other points p; of the configuration. here is a good discussion of
how this decomposition fit into the ind of problems that we are considering in [1 by
Edelsbrunner. he set ? is often called the exten e  art est point oronoi re ion of
points and there is a good discussion of this in [25 by eidel.
We now restrict each of the sets by intersecting them with a ball of radius r centered
at P:.

We shall be interested especially in the collections  ;(r;) ¥, and  (r;) V,, which
we call the nearest an  art est point truncate oronot ce s. Figure 1 shows some

examples of these sets in the plane.

Foreachi=jlet ;= ; jand Y = J,and for any p € E® andr 0,
define ;;(p ,r)= i B(p,r)and Y(p,r)= Y B(p,r).
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he ;jand " arethe a sbetween the nearest point and farthest point Voronoi

regions.  ote that some of the walls may be empty or low-dimensional, but in any
case the walls lie in a hyperplane of dimension n — 1.  efine the following for r =
(ri,r ,....7N)
N N
n(pvr) = B(piari)a n(p’r) = B(Pz,’“z)
t 1 t 1

We need the following easily verified properties of these Voronoi diagrams. We will use
dy[ to denote the boundary of a set  in E".

i. i(ri) NV, isatiling of ,(p,r)and (r;) ¥, is a tiling of "(p,r).

ii. dy[ n(p,r) B(pi,ri)= dy[ n»(p,r) 1(7‘1) and
dy[ "(p,r) B(pi,ri)= dy[ "(p,r)  ‘(ri).

1ii. i]‘(pi,ri) = i]‘(pj7rj) and ”(pi7ri) = Z]<pj7rj)'

i. When ;i(ps,7i) = , the vector p; — p; is a positive scalar multiple of the
outward pointing normal to the boundary of ;(r;) at ;;(p;,ri). imilarly,
when  “(p;,7;) = , the vector p; — p; is a negative scalar multiple of the

outward pointing normal to the boundary of (r;) at  “(p;,r;).
We note the following.
L 2. orr< ij(Pi;7) ij(pi; ) an Y(pir) J(pi, )
.Int r or u
ne of the ey ideas to prove heorem 1 is a relation between the surface volume of

the union (and intersection) of the higher-dimensional balls and the area of the union
(and intersection) of lower dimensional dis s. First we state a lemma from calculus.

L . et e a co pactinte ra e set i E* t atisasor o re oution a out
E®™ not er or st eproection o E* ( cos , sin ) wnto E™ is an inte ra e
set () in epen ent o en

on [ =2 onl ()

We speciali e to the case when the set  is the intersection of a ball of radius r, and
half-spaces whose boundary is orthogonal to E".

In the following p is a configuration of points in E” E* . We are especially
interested in the relation of the volume of ;(r) = ;(r,n) and ‘(r) = i(r,n)in E"
to the volume of the corresponding truncated Voronoi cell ;(r,n 2) and ‘(r,n 2)
n E”

L 4. p s a con wuration o points in E* K" t en
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roo It is clear, in both cases, that ;(r,n 2) and ‘(r,n 2) are compact sets of
revolution. Let B™ (p;,r) denote the closed ball of radius rin E* . hen B™ (p;,r)

E? ( cos , sin ) is an n-dimensional ball of radius r —  in a translate of E",
and thus by Lemma we have that

ut if we ma e the change of variable = r — . we get the desired integral.
similar calculation wor s for ‘(r,n  2).

pplying the fundamental theorem of calculus we get the following.

Coro r . e ae
— on [ ilr,n 2) =271 0,] i(r,n) ,an

— o0, (rn 2) =27 0, ‘(rn) .

R r . We can interpret —Vol,, [ ;(r,n 2), evaluated at r = r;, as the (n  1)-
dimensional surface volume of dy[ , (p,r) i(ri,n  2), since the radius vector
for the ball is orthogonal to that part of the boundary of ;(r;,n 2). We can ma e a
similar identification for dy[ ™ (p,r) “(ri,n  2).

.Cio or u
uppose that p(t) = (p1(t),...,pn(t)), for 0 < t < 1, is a smooth motion of the
configuration p = p(0) in some Euclidean space E". Let ;; = [p;(t) —p;(t)|, and let ;
be the t-derivative of ;;. hen Csi os s formula [10, heorem 4.1 for unions of balls is
the following. For intersections of balls, we indicate the appropriate ad ustments.

T or . etn>2an etp(t) eas oot otion o a con wuration in E" suc
t at or eac t t e points o t e con uration are pair ise istinct en re ar it e
0o 0o in as unctions o t L(t,r)= o0, H(p(t),r) an "(t,xr)= o,] "(p(t),r)
are ¢ erentia e an

- n(t,r) = ij On 1l a(pilt),rs),
14ij N

_t n(tvr): — 4 On 1[ ij(pi(t)vri)‘
14 N

roo  For the case of unions of balls, this is the same result as in [10 . For the case of
intersections, the proof proceeds in a very similar way, but when one uses property (iv.),
there is a sign change.

he following is a result in [1 of irs braun. here are other simple elementary

proofs, for example in [19 as described by lee and Wagon and described by lexander

in [2. It is immediate from heorem 2 and Lemma 1, which was also pointed out by
lexander.



K K

Coro r . t e con wration p 1s a contraction o t e con wuration q in E* an
fle(qi,ri) isnone pt ten fle(pi,ri) isnone pt as e
.E pndin t con ur tion.

In order to get a global relation between the (n  1)-dimensional volume of the surface
of our sets in E”  and the n-dimensional volume of our sets in E", we consider a partic-
ular deformation of ust the radii, fixing the configuration p. Foreach¢ =1,2,..., N and
0< ,definer;( )= r, . Each r; is constant, and the function r;( ) is independent
of the parameter t. his parametri ation is used crutially in the proof of heorem 1,
and 1t is particularly important for the case when the radii are not e ual. We assume

that each »; 0. hen we calculate that

1

4 —r; = .
( ) rl( ) 2rl( )

ow define r( ) = (r1( ),...,r~n( )), and regard Vol,[ ,(p(t),r( )) = (¢, ) and
Vol,,| ™(p(t),r( )) = "(t, ) as functions of both variables t and . hroughout we
assume that all »; 0.
L 5. etn>2an et p(t) eas oot otion o a con uration in E* suc
t at or eac t t e points o t e con wuration are pair ise istinct en t e wunctions
n(t, ) an  "(t, ) are continuous i erentia e int an  si utaneous an  or

ze t t e exten e mnearest point an  art est point oronoi ce s are constant

700 ecall that a point p isin an extended Voronoi cell ; or ‘. when for all j = i,
lp —pi| —|p —pj| —ri() r;j( ) is non-positive for ; and non-negative for .
ut ri( ) —r;() =r, — r; is constant. o each ;and 'is constant as a function of

ince p(t) is continuously di erentiable, then the partial derivatives of (¢, ) and
"(t, ) with respect to t exist and are continuous by heorem 2. Each ball B(p;(t),ri( ))
is strictly convex, and n > 2. ence the (n—1)-dimensional surface volume of the bound-
aries of ,(p,r( )) and "(p,r( )) are continuous functions of , and the partial deriva-
tives of ,(t, ) and "™(¢, ) with respect to exist and are continuous. hus (¢, )
and "(t, ) are both continuously di erentiable with respect to ¢t and simultaneously.

iven that the configuration p(¢) is an analytic function of ¢, we wish to define an
open, dense region  in the set [0,1 (0, ), where the volume functions ,(¢, ) and
"(t, ) are analytic in  and ¢ simultaneously. Each of the faces of the cells ; and

" is a function of ¢ alone, considering each r; as a constant. hose values of ¢, where
the combinatorial type of ; and ' changes depends on a polynomial condition on the
vertices of the Voronoi regions. hus, in the interval [0,1 , there are only a finite number
of values of ¢, where the combinatorial type changes. he volume of the truncated
Voronoi sets  ;(r;( )) and ‘(r;( )) are obtained from the volume of the spherical ball
of radius r;( ) by removing or adding the volumes of the regions obtained by coning over
the walls  ;;(pi(t),ri( )) or  “(p;(t),r;( )) from the point p;(#). y induction on n,
starting at » = 1, each  ;; or ¥ is an analytic function of ¢ and , when the sphere of

radius r;( ) is not tangent to any of the faces of ; or ! o for any fixed ¢ the sphere
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of radius r;( ) will not be tangent to any of the faces of ; or ' for all but a finite
number of values of . hus we define  to be the set of those and t where, for some
open interval about ¢ in [0, 1 , the combinatorial type of the Voronoi regions is constant,
and, for all ¢, the sphere of radius r;( ) is not tangent to any of the faces of ;(r;( ))
or ‘(ri( )). We also assume that the points of the configuration p(t) are distinct for
any ( ,t) in . If, for ¢ = j and for infinitely many values of ¢ in the interval [0,1 ,
pi(t) = p;(t), then they are the same point for all ¢, and those points may be identified.
hen the set  is open and dense in [0,1 (0, )and ,(¢, )and "(¢, ) are analytic
in and ¢ simultaneously.
ote that we now can interchange the order of partial di erentiation with respect to
the variables £ and . Combining Lemma 5 and heorem 2, we get the following.

L . et p(t) e an ana tic otion o a con wuration in E* an et (¢, ) e n
t eset as e ne aoe orn>2 ent e oo i o

t— n(t7 ): o iy On 1[ ij(pi(t),Ti( ))7

- )= = enal Yeit)ri()

ence 1 p(t) is expan in t en e a — qu(t, ) s onotone increasin in t

an — "(t, )is onotone ecreasin int ora tin[0,1 an  n (0, )

700 he formula for the mixed partial derivatives follows from heorem 2, and the
definition of the set . o show that — (¢, ) and — "(¢, ) are monotone, suppose
not. We will show a contradiction. If we perturb slightly to . say, we now that
the partial derivative of — (¢, ) and — ™(¢#, ) with respect to ¢ exists and has the
appropriate sign, except for a finite number of values of t for = . ince — ,(f, ) and
— ™(t, ) are continuous as a function of t at = by Lemma 5, they are monotone.

ut the functions at  approximate the functions at providing the contradiction. o
— n(t, ) and — "(¢, ) are indeed monotone.

ear in mind that we can replace ;(pi(t),r:( )) by :(p;(¢),r;( )) in the terms
above by property (iii.).
Let ;(p,r)and i(p,r)be the (n—1)-dimensional surface volume of dy[ ,(p,r)
;and dy[ "(p,r) " respectively. hen we observe the following, using Property

(ii.).

T or . e can interpret — ,(t, ) an — "(t, ) e auate atr =r(0) as
LT o L7 i
. i\p,xr) r; an a5 p,x) i,
2 11 2 t 1

te e te (n—1) & ensiona ou eo t e oun ar o ,(p,r)an  "(p,r) respec
ti e us un er ana tic expan in otions t ese oun ar ou es are onotone
unctions
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For analytic motions this generali es the result in [5 of ollobas for the plane as
well as Csi os s other proof in [11 for not necessarily congruent dis s in the plane. ee
ection for comments, however.

. Proo o T or 1.

We now speciali e to the case when the configuration is in E”, but the motion occurs
in E* . o we wish to connect the volumes of Vol,| »(p,r( )) = n»(p,r()) and
Vol,,| ™(p,r()) = ™(p,r())in E" to the corresponding volumes , (p,r( )) and

" (p,r())in E
L . etp=(p1,...,PN) €a ze con wuration in E* [E” en

r00 y Property (i.), » (p,r()) = f\]lVoln [ i(ri( ),n 2) applying Corol-
lary , the chain rule, and (4) we have that

— o (er())= — o (iln()n 2)

1
= 2 rl( ) n( l(rl( )7")) 2rz( )
1 1
= a(pr())
imilarly — ™ (p,r( )) is calculated.
We are now in a position to show our main result.
roo 0 eore uppose that the configuration q = (qi,...,qn) is an expansion
of the configuration p = (p1,...,pn) in E*. y assumption, there is a piecewise-
analytic expansion p(t) = (p1(),...,pn(t)), for 0 <t <1,in E®  such that p(0) = p,
and p(l) = q. o there is a finite number of sub-intervals of [0,1, where each pair
of points is distinct or remain coincident as well as being analytic on the interiors.
o in the interior of each interval, by Lemma applied to E® , we conclude that

— » (p(t),r()) is increasing in t. y ta ing limits as ¢ approaches the endpoints of
each interval, we have that — ,, (p(¢),r( )) is increasing for all 0 < ¢ < 1. pplying

Lemma n(p(O),I‘( )) = n (p(O),I‘( )) <— (p(l),r( )) = n(p(l)vr( ))

Evaluating when = 0, we get the desired result. similar argument shows that

"(p(0),r) > "(p(1),r).
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roo o e ar ere the motion of the configuration p(t) is in E |, but the dimen-
sion of the a ne span is at most n 2 and the the dimension of the span of p(t) is
piecewise-constant. n each interval, while the dimension is constant, it is possible to
continuously, analytically define an orthonormal coordinate system, whose dimension
is the dimension of the a mne span of the configuration p(t). If the dimension of the
a ne span is less than n 2, define additional coordinates so that there is always an
(n  2)-dimensional coordinate system during the interior of each of the time intervals.
For su ciently small subintervals of these intervals, the proof of heorem 1 applies to
these coordinate systems. o the (n  1)-dimensional weighted volume of the boundary
changes monotonically as before. hen Lemma applies, and we get the desired result.

E P nd co nt . heorem is delicate. If the configuration q is an
expansion of p but not a continuous expansion, then even in the plane with dis s of
the same radius, the length of the boundary of the union of dis s may not be larger for
q than for p. he example in Figure 2, due to abicht and neser, described in [19 ,
shows this in the plane.

RE

Except for a small portion of its boundary, the inner shaded region is covered by a
large number of congruent dis s. hen for a large . there are dis s that are arranged
on the boundary as indicated. his is the configuration p.  hen some of the inner
dis s are moved radially outward covering almost all of the old boundary, leaving behind
enough dis s to still almost cover the original union. his is the expanded configuration
q, and the associated dis s almost cover the boundary of the dis s about p, but now
the boundary is almost a perfect circle. he ratio of the length of the boundary of the
union of the dis s about q to the length of the boundary of the union of the dis s about
p approaches 2 1. We do not now how to get a better ratio in the plane. his
example extends to higher dimensions.

If we have incongruent dis s in the plane and an analytic motion, it can happen that
the (unweighted) length of the boundary of the union can decrease while the configuration
is expanding. he following example is very similar to the one described in [ by ern.
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he smaller dis moves as indicated, which is clearly an analytic expansion of the
three centers. he shaded triangular region , whose shape is close to an actual triangle,
represents the additional area. wo of the sides of  vanish as part of the boundary of
the union of the dis s, and the third side is the new part of the boundary. he triangle
ine uality implies that the length of the boundary decreases as the smaller circle moves.
ote that two of the circles are the same length, and by choosing the two e ual circles
su ciently close to each other, this example will wor when the radius of third dis is
arbitrarily close to the radius of the other two.
natural uestion with regard to Lemma 1, especially with regard to Con ecture 1
and Con ecture 2 for dimensions greater than 2, is whether it holds for dimensions lower

than 2 . oes it even hold for 1 instead of 2 Figure 4 shows an example showing
that Lemma 1 does not hold for 1 in general.
RE
ere p and q are two configurations in E (the Figure showing = 2) > 2 such

that q is an expansion of p, but there is no continuous expansion from p to qin E 1.
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he configuration q consists of the vertices of a regular -dimensional simplex together
with the vertices of each facet translated outwardly orthogonally some fixed distance,
say . he vertices of p consist of the vertices of | but with the remaining vertices,
corresponding to each facet, translated inwardly by . It is easy to see that the convex
hull of q is the underlying space of a convex cell complex, where each -dimensional
cell corresponds to an i-dimensional face of . Each of these cells is re ected about the
i-dimensional a ne subspace containing the corresponding i-dimensional face of . his
gives the vertices of the configuration p. ince the union of the cells of the configuration q
1s convex and each cell is mapped by a congruence, it is easy to see that p is a contraction
of q. (Loo at any straight arc connecting any pair of points in p. It is subdivided and
each subdivision is mapped congruently.  he contraction property follows from the
triangle ine uality.)

We now explain why there is no continuous contraction of q to pin E . uppose
there is such a motion. Each pair of points in the configuration q that lie in the same
cell of the cell complex must stay at the same distance apart during the motion. In other
words, each cell must move as a congruent set. Loo at any two cells, ; and  say, that

correspond to a -dimensional facet of | andlet  be a ( 1)-dimensional half-plane
that contains on its boundary. If the relative interior of ;| moves into the interior of
, then the relative interior of ~ must move into the interior of the complement of

in E !, by loo ing at an obtuse angled triangle at a common vertex of the two cells.
ut this leads to a contradiction for > 2.
We are still left with the uestion as to what happens for volumes of expansions of
unions and intersections of balls in higher dimensions. It is possible that an extension of
Lemma could help. We have the following comment.

R r . If the following ine ualities hold for and for a su ciently analytically
expanding configuration p(t) in E | then Con ecture 1 and Con ecture 2 hold in E
71 = —( ) Vol i (Pi ; >0
(t, )= gy Ve il ii(pi(t),ri( 1)) =0,
1 i34 N

N & ERTRRE R
oy )= ey Yl @) <o

.E tnion to o r.

We mention that our wor extends to include sets that are called owers . Flowers
were introduced in [14 by ordon and eyer. he following definition of owers was
suggested by Csi os in [12. Let  be a lattice polynomial. hat is an expression built
up from a finite set of variables using the binary operations of union and intersection

with properly placed brac ets indicating the order of the evaluation of the operations.
Let the sign of the lattice polynomial be defined in following way. If is the union

(respectively the intersection) of two shorter lattice polynomials, then we set n =1
(respectively, n = —1). If is a single variable, we set n = 0. ext, we define
the rooted tree assigned to by recursion on the length of as follows. If is
a single variable, then i1s a single vertex labeled with that variable. If n =1

(respectively, n = —1), then we write in the form ; (respectively,
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1 ;), where n < 0)foralll <i < j. hen is the dis oint union of
the trees , 1 <1 < j and a new vertex, the root of labelled with . We draw
an edge from the new vertex of to the roots of the trees , 1 <0 <. o er
in E* is a set of the form (B(p1,71),....B(pn~,rn)), where ( 1,..., n) is a lattice
polynomial with N variables such that each variable occurs in  exactly once, and the
sets B(p1,71),...,B(pn~,rn) are closed n-dimensional balls in E”.

For each 1 <7 < N there is exactly one vertex of which is labelled ;. For each

1 <i < j <N, consider the paths from the vertices ; and ; to the root of . hese

paths meet each other first at a vertex . Let ;; = ;; denote the sign of the lattice

polynomial at . he following extension of our heorem 1 for owers follows from our

proof of heorem 1 and Csi os s recent new formula for the derivative of the volume of
owers proved in [12. he details are left to the reader.

T or 4. et (B(pi,r1),...,B(pn~,rNn)) an  (B(qi,r1),...,Blan,rn)) et o
o ersin E" suc t at i;|pi —pjl < ijldi—q;] ora 1<i<j <N t ere is a

piece ise ana tic  otion p(t) = (p1(t),...,pn(t)) it pi(t) € E" ora 1<i<N
an 0 <t <1 suc tatp0) =p=(pi,....,pn) P(1) = q = (qi,-..,9n) an
ijlpi(t) — p;(t)] in  onotone increasin ora 1<i<j<N ten

ol (B(p1,71),...,B(pn,rn)) < ol (B(ai,r),...,Blan,rN)) .

he following is an immediate corollary of heorem 4 and Lemma 1.

Coro r . et (B(p1,71),...,B(pn,rn)) an  (B(qi,r1),...,B(an,rn)) et o
o ersmmE suc tat i;pi—p;l < ijlai—qj] ora 1<i<j<N en

[ (B(p1,71),---,B(pn,TN)) < [ (B(qi,71),-.-,Blan,rn)) -

Finally we mention that in [12 Csi os proves that if there is a continuous motion
p(t) = (pi(t),....pn(t)), where each p;(¢) for 1 < i < N is in either Euclidean space,
spherical space or hyperbolic space and ;; ;;(¢) is monotone increasing for all 1 < ¢ <
J < N, where ;;(t) is the distance between p;(t) and p;(t), then

al (B(pi(t).r1),-... B(pn(t). rn))

is monotone increasing in , for 0 < ¢ < 1.  his generali es results in [10 , [14 , and [15 .
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