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George Andrews proved the following identity:

m .
1 29—1
y Vs H i ( — 1) oy
AEPar j=1 - C] —rq )( — S87q )

where Par denotes the set of all partitions,

|A| denotes the size (sum of the parts) of A,

6(\) denotes the number of odd parts in the partition A, and
¢(\') denotes the number of odd parts in the conjugate of \.



We will use the following weight functions on the set of all
partitions:

a(A) = Y [Aai-1/2]
B = > [Mi-1/2]
Y(A) = > [Ai/2]
S(A) = > /2]

Also, let a, b, ¢, d be (commuting) indeterminates, and define

w(N) = QM) BN A (A) g6(N)

These were first introduced by Stanley.



Consider the following diagram for \:

a b|la|b|a
c|d|c|d
a  b|lal|b
c| d|c
a b
Then,

a(A) is the number of a’s in the diagram,

B(A) is the number of b’s in the diagram,

~v(A) is the number of ¢’s in the diagram, and

d(A) is the number of d’s in the diagram.

Moreover, w(\) is the product of the entries of the diagram.
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From this we obtain Andrews’ result by noting that
o A =a(A) + B(A) +v(A) +6(N),

o O(A) = a(A) = B(A) +7(A) —d(A),

o O(X') = a(A) + B(A) —v(A) — d(N).



Proof: Plan
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RB = {)\ € Par : \o;_1 — A\y; < 1}
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repeated an even number of times}

e bijection: RB x G «+—— Par
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Proof: Generating Function for B
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Proof: Generating Function for B
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Proof: Generating Function for B
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Proof: Generating Function for B

a bl a/bla bla|lb|a albla|bla|b|a

c dcldlcld|cl|d]|c (9.9) cld cld| cld (7.6)
a’bcd? a’b3cd?’
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o weights: a/b/c/d’ o Weights: a/b/c/d/ !
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Proof: Generating Function for B

al b
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e may occur multiple times
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Proof: Generating Function for B
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e may occur multiple times
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o weights: a’//c/d/ !
e

e Occurs at most once



Proof: Generating Function for B

o Weights: a/b/c/d’ o weights: a’t/c/d’ 1
el it /bl g1
e may occur multiple times e Occurs at most once

> (14 @b dd=) (1 + albi—1ei—1di—1)
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Proof: Generating Function for

G = {X e Par: )\ has only odd parts, each of which is
repeated an even number of times}
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Proof: Summary
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Proof: Summary
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e bijection: RB x G «—— Par

11



Proof: Bijection: RBx(G+«— Par
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Proof: Bijection: RBx(G+«— Par

e RB x (G — Par: take union of columns (sum of their parts)

e B x G «+—— Par: remove as many pairs of columns of odd height
as possible

e gives exactly partitions such that A\o; 1 — Ag; <1
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Proof: Bijection: RBx(G+«— Par

F

a
C

bla blal|lb
dcld|c|d
bla ' b|lal|b

dcld|c|d
blal blal|b

dcld|c|d
bla ' blal|b

dcld|cl|d
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Proof: Bijection: RBx(G+«— Par

cld|icld|c|d|cl|d]|c

cld|cld|c|d

cld|cld|c|d

cld|cld|c|d

a blalblal bla|b|a
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a ' bla|blalb

a bla|blalb

a
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Proof: Bijection: RBx(G+«— Par

a bla|bla|/bla|b|a
cldi cldicl|d|cl|d|c
a bla|bla|b|a
cldicld|c|d
a bla|blal|b
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a bla|blal|b
cldi cld|c|d

a

e R B: entries are the same
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Proof: Bijection: RBx(G+«— Par

S

ST R ESTR AR ESTE AR RS TR
QRO IQ O QDR
QU IS XSS

O[O Q|6 |Q |6 |8

S IR_ (O Q6 | 6 Q8 |6 |8
SRS XS

Q

e RB: entries are the same
e (. pairs of columns may need to be interchanged to put labels in
correct order, but overall weight is the same
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Proof: Conclusion

e bijection: RB x G «+— Par
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Proof: Conclusion

e bijection: RB x G «+— Par

> ﬁ (1+ VI di—1) (1 + b= 1)

(1— anJCJdJ)(l —albi a1 (1 —adbied—1di—1)
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Let D denote the set of all partitions with distinct parts.

Corollary 2.

* (14111 + ddb T i)
2w =]]

p i (1 — albic—1di—1)
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Proof: (by pictures again)

o (1 4+ a1+ ad g~ t@i 1)
H (1—albicg=1di—1)

> w(N)
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AePar 7=1
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Proof: (by pictures again)
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Proof: (by pictures again)

e bijection: Par «—— D x P
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Theorem 1.

S o= 1]

AePar le

Corollary 2.
> w(
AeD

1_|_ajbjcjdj—1)(1_|_ajbj—1cj—1dj—1)

(1 — albicidi) (1 — aibi—1cddi—1) (1 — albici—1di—1)

H (1+ a?bi~1ed=1di=1) (1 + af Wi T i)

1 (1 — aibici—1di—1)
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Theorem 1.

Corollary 2.
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A more general result

Let R be a subset of positive integers congruent to i(mod k) and let p be a
map from R to the even positive integers.

Let Par(i, k; R, p) be the set of all partitions with parts are congruent to
i(mod k) such that if »r € R, then r appears as a part less than p(r) times.

Theorem 3.
> w\)=8T
AePar(i,k;R,p)
where
o ﬁ |'(J+1)k+%'|bL(j+12)k+iJC|'jk2+i‘|dij;-iJ)
i1 (1= (ao) =71 (bd) 57 ) (1 — (ac) % (bd) G —1)F)
and
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